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1 Jacobi forms

Definition. Let 7 € H and z € C. Then a weak Jacobi form of weight k and
index m is a holomorphic function ¢ : H x C — C satisfying the following
equations:

. b
D) o (855 ) = er + () or (40 € SLa(2

2) (P(T,Z + AT+ /~L) — e—47rim/\z—27rimk27'90(7_7 Z) for )\’u e Z;

3) ¢(7, 2z) has a Fourier expansion of the form

ZZ TL l nCl ZZ 'fL l 2minT 27r1lz

n20 l€EZ n>0 lEZ

The set of all weak Jacobi forms is a bigraded ring

I =PI
k.m



Holomorphic and cusp Jacobi forms

There are two more types of Jacobi forms depending on their Fourier expan-
sion.

A Jacobi form is a holomorphic Jacobi form (J ) if

a(n,l) #0 = 4nm —1* > 0.

A Jacobi form is a cusp Jacobi form (J;""F) if

a(n,1) #0 = 4nm — 1> > 0.

It is clear that
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2 Examples of Jacobi forms

Let us define the odd Jacobi theta-function

I(r,2) =q5(¢2 ¢ ) [[a-q" O - "¢ (1 - q") =

n>1
n(n+1)
n
= q7¢? > (- :
nez

It is a holomorphic Jacobi form of weight 3 and index 1 with a multiplier
3

system vy, X vpy.
Theorem (M. Eichler, D. Zagier).
Jéi,* = @k,mJ;élfm = M*[@—z,l, 900,1]

where

p-2.1(7,2) = p; = =2+ ) +a () €Ty,

P0(7,2) = — 5 0(7,2)0-24(1,2) = (C+10+CT) 4 () € I,



3 The modular differential operator D,

Then for any modular form f =3 a(n)q™ of weight

= 3 natn)g

Generally speaking, D(f) is not a modular form, but

_ d
k:

27rz dT

Dk(f) = 12D(f) —kE5 - f S Mk+2.
One can show that for the Dedekind 7-function g1 [J(1 — ¢™)

b _1p Dy (n") =0.

n 24
The well-known Ramanujan differential equations also hold

Dy(Fy) = —E3 — By, Dy(Ey) = —4Es, Dg(Eg) = —6E3.



4  The modular differential operator H,

In the case of Jacobi forms an analogue of D is the heat operator

31 G d 3 (. d\’
1= o (S~ ) = 12— (¢5)

It transforms ¢y = > a(n,1)g" ¢! of weight k and index m to

H (Z a(n, l)q"(l) = %Z(4nm —1®)a(n, gt

As in the case of modular forms, H (g ) is not, generally speaking, a Jacobi
form, but

(2k — 1)
2

w,hol,cusp
E2 * Pk,m € Jk+2,m

Hk((Pk;m) = H(@k,m) -
Examples. 1) Hy(J) = H(J) = 0.
2) Hoalpa) = —3C=3C +2(C =24+ b =

- _%(g +10+¢ ) +g(..) = —%V’M



5 The kernel of the modular differential operator

The Leibniz product rule.

For f € My,, ¢ € Jiym:
ch1+k2(f§0) =

=12D(fp) + 5 3 (8 a)(fgo)+(1k1 >E2f¢

03 03
= fsz (90) + ]D)’fl (f)‘p

Remark. For any two Jacobi forms of non-zero indices the Leibniz product
rule does not hold.

Proposition. If ¢(7,2) is a Jacobi form of weight k and index m, then
¢(7,tz), t € N is a Jacobi form of weight k and index t*m

Theorem (D.A., V. Gritsenko). Let ¢ € J;, be a weak Jacobi form of
even weight and integral integral index. Then ¢ € Ker Hy, if and only if

n

= po6(T,az) - A(T)",

where g 6(7,a2) = gg: 3;; aeN,n € Zsop.




6 The Kaneko—-Zagier equation

The differential equation

1) - )+ P g 0 ey = 0

appeared in

M. Kaneko, D. Zagier, Supersingular j-invariants, hypergeometric series, and
Atkin’s orthogonal polynomials. AMS/IP Stud. Adv. Math. 7 (1997), 97—
126.

in connection with liftings of supersingular j-invariants of elliptic curves. In
terms of Dj, the Kaneko—Zagier equation could be rewritten as

DyioDyf = k(k+ 2)E4f.

One can notice that E4(7) and Eg(7) satisfy this equation. There is a unique
non-cusp solution for each £ =0 or 4 mod 6.



7  Atkin polynomials

Theorem (O. Atkin, unpublished). There is the unique family of monic
orthogonal polynomials corresponding to a unique scalar product on the space
of polynomials in the modular j-invariant for which all Hecke operators are
self-adjoint.

They could be defined in different ways.

1) Recursion relation:

144n? — 29 .
Apt(J J—= ( n—l)(2n+1))An(J)_

(12n — 13)(12n — 7)(12n — 5)(12n + 1)
n(n —1)(2n — 1)2

—36 An—1(j)

2) Closed formula:

S (SRR |

m=0



8 Kaneko—-Zagier type differential equations

Kaneko—Zagier type equations are differential equations of the form
Hy 2 Hi(0r,m) = AEapr m-

In 2016 T. Kiyuna found that solutions gj44,1 could be written as

7
EsA"P,(j)Es1 + H5E6A"Qn(j)E671, if k=4-+12n;

Pr1 =
) 7
EyEsA" Ry (j)Ean + ﬁA”“ks*n(j)E&l, if k=10+12n,

where

e
—~
5
S~—
Il

(x = 1728)R,,—1 () + pon—1Pn—1(x),
Qn(r) = Sn—1(z) + p2n-1Qn-1(z),
(z) = Pu() + panRn—1(x),
Sp(x) = (x — 1728)Qy(x) + p20nSn—1(2),
and
120 — 1)(12n +7)
(4n —1)(4n + 3)

P0:R0:S0:1,Q0:O,ﬂ7l:48( for k = 6n + 4.



9 3-terms recursive relations for g4

Polynomials P, (z), @, (x), R.(x), Sy(x) satisfy

P, (z) = (x — an)Pp_1(x) — by Pr—a(x),

Qn(x) = (LL’ an)Qn l(x) nQn72((E>7

Ry (z) = (x — cn)Rn—1(x) — dpRp_2(x),

Sp(x) = (& — ¢pn)Sn—1(x) — dpSn—_2(x),
where

s 96 (57602 + 432n — 83)
ap = — H2n — H2n+1 = (STL — 1)(8n ¥ 7) )
. _2304(24n — 13)(24n — 5)(24n — 1)(24n + 7)
n = Han—tfion = (8n—5)(1—8n)2(8n + 3) !
B 96 (57602 + 1008n + 277)
Cn = 1728 = pion1 = Honv2 = —— g m v T Yy

g 2304(24n — 1)(24n + 7)(24n + 11)(24n + 19)
n = H2nH2n4+1 = (8n — 1)(8n T 3)2(871 T 7) .




Theorem (D.A., V. Gritsenko, 2023).

Let wr,m € J},, be a non-trivial solution of a Kaneko—Zagier type equation.
Then the weight k£ > —2;

If £k = —2, then
P = (=2 4 g(),  where ¢ =TT
The index m = 13 + 13 and A = (% 4 2571 (2 4 2531

2 m

If K > —2, then

32 2%k-—1 312 2k+3
§0k7m:Cil+q(...), )\(+ )<+ >
m 2 m 2

2 o
Let Ck,l = % + Qle Then A = Ck,1Ck+2,1-



10 Rankin—Cohen brackets

For a modular form f of weight k1, a Jacobi form ¢ of weight ks and index
m, and | € Z the Rankin—Cohen bracket of the type [ is

[fa @]l = klfsz (90) - Ckz,lD"Cl (f)(p € Jl::li+k2+2,m'

T. Kiyuna considered [f, ¢] = k1 fHy,(p) — 222Dy, (f)e.

Proposition. Let ¢y, ,,, be a non-trivial solution of the Kaneko—Zagier type
equation with A = ¢ ;ci42,. Then

2
Hir6([Ex, 0rmll) = 3Ck—4L [E6, Qk,mli;

3
His([Es, prmli) = §Ck76,lE4 [E4, ©kmli-

In particular, [E4, 9k m]; is a solution of the Kaneko—Zagier type equation
with
A= Cr_4,1Ck—6,-



11 Main result

Lemma. Let ®,, = (*' +¢(...) € J*,, is a solution of a Kaneko—Zagier
equation, k£ > 0. Then

Dri6,m = EesPrm — By, @i = +4q(..) € S 6.m

8Ck+1,1

is a solution of a Kaneko—Zagier equation.

Lemma. Let
Ppm =t 4gq(..) € S and p_gm = (Fl+q(...) € i 6.m are
solutions of a Kaneko—Zagier equations, £k — 6 > 0. Then

Ck,1Ck—4,1

(I)k+6,m = EGCDk,m + 432 Aq)k—fi,m =

Ck+1,1Ck—5,1

= +q(.) € Fiom

is a solution of a Kaneko—Zagier equation.



Theorem. Let f;, € My is a solution of Kaneko—Zagier equation. Then
frwo,6 is a solution of Kaneko—Zagier type equation. There are also 4 special
sequences of non-trivial solutions of Kaneko—Zagier type equations.

Solutions of index 1:

P4,1 = 10,1 = P16,1 —7 -+ 7 P6k4+4,1 ~7 .- -

Y-21 <

Ya1 — Y101 = Y161 = oo = Vekta1 = .-

Here 1
=——IF _ =1
V4,1 24[ 1 9—21)1 +q(...),
@101 = Espa1 —56A¢p_o1 =1+¢q(...),
and

1
Y41 = _E[E4’ p_21lo=C+q(...),

10,1 = Bt +624Ap_5 1 = ¢ +q(..0).



Solutions of index 10:

D410 = 10,10 = Pis,10 = - - — Pokta 10— -

®_s10 <

Vy10 = Y10,10 = Y1610 = - — Yerya,10 — - ..

Here 80 22)6(r 42)
7,22)0(7, 42
D pi0=——p— == (T gl
1°(7)
b)
P40 = —@[Ezl,@—z,lb =¢*+q(.),
D110 = EgPar0 — 5TAD o510 =T+ 40..),
and

5
Vg0 = —@[Ezlﬂp—zm]l = +q(..),

Wi0,10 = BeWa10 + 68248 519 = (53 +¢(...).



12 Idea of the proof.
Negative weight. Any Jacobi form of weight —2 is divisible by ¢_5 ;. Let

D—2m = P—-2,100,m—1-

Lemma (Gritsenko, ‘99). For any weak Jacobi form ¢o.m = >, ; a(n, D¢t
the following identities hold

m» a(0,1) =6 1%a(0,1),  24m _a(0,1) =Y (m—6n*)a(1,n).
l l l

n

Non-negative weight. Let ¢, = (' + ¢(...) is a solution of a Kaneko—
Zagier type equation.

Lemma. Then [E4, ¢r.m)i = APk—,m, Where ¢p_g . = ¢t 4 q(...) is also
a solution.

Lemma. If [Ey, ¢rm]i = 0, then ¢p m = @o.6 of Espo6.



13 Recursive relations for g;141

T. Kiyuna found that solutions ¢gj14,1 could be written as

1 1 .
EE‘lA P ( )@01 — EE@A Qn( )(p 2,15 if k:4-—|-12l'17

Pr1 = 1

EE4E6A Ry (j)¢01 — —A”“S (j)p—21, if k=10+12n,
where
P,(z) = (x — 1728)R 1(x) + pon—1Pn_1(x),
Qn(m) (CL’) + Manlanl(‘r%
Rn(o:) P (x) 4+ pionRn—1(),
Sp(z) = (x — 1728)Qn(x) + p2nSn—1(z),
and

Py=Qo =Ry =1,
So = x — 1056,

fiy = 432 OK=40 ok 6t 4.

Ck+1,0Ck—5,0



14 3-terms recursive relations for g4

Polynomials P, (z), @, (x), R,(x), S,(x) satisfy
= (x — an)Pp_1(x) — by Ppr_a(x),
) -

Po(a) =

Qn(z) = (z — an)Qn-1(z b Qn_a(),
R, (z) = (x — cp)Rn—1(x) — dy Ry—a(),
Sp(x) = (2 — ¢)Sn_1(x) — dpSn_s(z),

where
= 1728 — 1o — fiomss = 96 (576n° + 432n — 83)
Bn—1)8n+7)
by = o1 iy = 2304(24n — 13)(24n — 5)(24n — 1)(24n + 7),
(8n —5)(1—8n)*(8n +3)
2
e« R

g 2304(24n — 1)(24n + 7)(24n + 11)(24n + 19)
n = H2nH2n4+1 = (8n — 1)(8n T 3)2(871 T 7) .




15 Recursive relations for ;41

Solutions t)gr44,1 could be written as

’(/} . E4AnP (j)(po 1 4+ 5E6AnQn( )30 2,15 If k:4+12n,
BUT ) BaBs AT R, () o + BAMS, ()01, if k=10+12n,

where
P,(z) = (x — 1728)R 1(x) + pon—1Pn_1(x),
Qn(x) (IL’) + ﬂ?n—lQn—l(x)a
Rn(x) P(7) + panRn—1(x),
Sp(x) = (2 —1728)Qp (z) + pron Sn—1(x),
and
Po=Qo=Ry=1,

fiy = 432 LKA ok 6t 4,
Ck+1,1Ck—5,1



16  3-terms recursive relations for g4 1

Polynomials P, (z), @, (x), R,(x), S,(x) satisfy
P, (x) = (x — ap)Pp-1(x) — by Pr_a(x),
Qn(x) = (.I an)Qn 1(33) nQn 2(33)7
R, (z) = (x — ¢p)Rp—1(x) — dy Rp—2(x),
Sn(z) = (2 = cn)Sn-1(x) — dpSp—2(2),
where 96(576n? — 432 83
e
y _2304(24n — 13)(24n — 5)(24n — 1)(24n + 7)
n = Han—tfian = (8n —5)(1 — 8n)2(8n + 3) ’
96(576n? + 144n — 155
Cn = 1728 — pop41 — pont2 = ((Snn— ;)(87;:_ 5) ),

. _2304(24n — 19)(24n — 11)(24n — 7)(24n + 1)
n = Henliznd1 = (8n—7)(8n — 3)2(8n + 1)




17  Atkin-like polynomials

Introduced by J. Wimp ('87) and studied by A. El-Guindy and M.E.H. Ismail
(‘14), Atkin-like polynomials could be defined by closed formulae
(c+1)pb+c+1),
(a+b+26+n+1)nn!
n+a+b+2c+1) &
8 Z p(b+c+ 1)y
< F k—n, n+k+a+b+2c+1, b+c ¢
Y3\ k4+bdcetl, k+e+l, at+b+2c

Gn(z;a,b,c) = (—1)"

)
(c+1)p(b+c+1),
(a +b+2c+n—|—1)nn!

n+a+b+2c+1) k
XZ O+c+ 1)

< I F kfn,n+k+a+b+2c+1,b+c+l,c
B\ k+bte+l, kd+e+l, atb+2e+1

H,(xz;a,b,¢c) = (—1)"

)



18 Expression of solutions in Atkin-like polynomials

Let y = 1 — 555 For solutions gy 141

7 11 13\ 72 11 13
Px)=——a, (== -+ Zg (=2 2],
n(®) =55 ”(y’3’2’ 24>+65 "(y’3’2’ 2 )

11 1 347 11 1
Sp(x) = —16720G 11 (y; 3 7—24) - an (y; 39 —> +

432 11 1
7Hn oo .
35 (y 372 24)



For solutions ;44,1

65 11
Pn = *7Gn Yo
@ =-7 (y 372
13 11
Qn(‘r) - 7Gn <y7 ga ia -
R,.(z) = H,
4021 11
Sn = n s 90
(%) = ~Tg720 Cr+1 (y 372
20741

16720



Thank you!



