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1 Jacobi forms

Definition. Let τ ∈ H and z ∈ C. Then a weak Jacobi form of weight k and
index m is a holomorphic function φ : H × C → C satisfying the following
equations:

1) φ
(

aτ+b
cτ+d ,

z
cτ+d

)
= (cτ + d)ke2πim

cz2

cτ+dφ(τ, z) for

(
a b
c d

)
∈ SL2(Z);

2) φ(τ, z + λτ + µ) = e−4πimλz−2πimλ2τφ(τ, z) for λ, µ ∈ Z;

3) φ(τ, z) has a Fourier expansion of the form

φ(τ, z) =
∑
n⩾0

∑
l∈Z

a(n, l)qnζl =
∑
n⩾0

∑
l∈Z

a(n, l)e2πinτe2πilz.

The set of all weak Jacobi forms is a bigraded ring

Jw
∗,∗ =

⊕
k,m

Jw
k,m.



Holomorphic and cusp Jacobi forms

There are two more types of Jacobi forms depending on their Fourier expan-
sion.

A Jacobi form is a holomorphic Jacobi form (Jk,m) if

a(n, l) ̸= 0 ⇒ 4nm− l2 ⩾ 0.

A Jacobi form is a cusp Jacobi form (Jcusp
k,m ) if

a(n, l) ̸= 0 ⇒ 4nm− l2 > 0.

It is clear that
Jcusp
∗,∗ ⊂ J∗,∗ ⊂ Jw

∗,∗.



2 Examples of Jacobi forms

Let us define the odd Jacobi theta-function

ϑ(τ, z) = q
1
8 (ζ

1
2 − ζ−

1
2 )

∏
n⩾1

(1− qnζ)(1− qnζ−1)(1− qn) =

= q
1
8 ζ

1
2

∑
n∈Z

(−1)nq
n(n+1)

2 ζn.

It is a holomorphic Jacobi form of weight 1
2 and index 1

2 with a multiplier
system v3η ⋉ vH .

Theorem (M. Eichler, D. Zagier).

Jw
2∗,∗ = ⊕k,mJ

w
k,m = M∗[φ−2,1, φ0,1]

where

φ−2,1(τ, z) =
ϑ(τ, z)2

η6(τ)
= (ζ − 2 + ζ−1) + q · (. . .) ∈ Jw

−2,1,

φ0,1(τ, z) = − 3

π2
℘(τ, z)φ−2,1(τ, z) = (ζ + 10 + ζ−1) + q · (. . .) ∈ Jw

0,1.



3 The modular differential operator Dk

Let D = q d
dq = 1

2πi
d
dτ . Then for any modular form f =

∑
a(n)qn of weight

k:
D(f) =

∑
na(n)qn.

Generally speaking, D(f) is not a modular form, but

Dk(f) = 12D(f)− kE2 · f ∈Mk+2.

One can show that for the Dedekind η-function q
1
24

∏
(1− qn)

D(η)

η
=

1

24
E2 =⇒ D k

2
(ηk) = 0.

The well-known Ramanujan differential equations also hold

D2(E2) = −E2
2 − E4, D4(E4) = −4E6, D6(E6) = −6E2

4 .



4 The modular differential operator Hk

In the case of Jacobi forms an analogue of D is the heat operator

H =
3

m

1

(2πi)2

(
8πim

∂

∂τ
− ∂2

∂z2

)
= 12q

d

dq
− 3

m

(
ζ
d

dζ

)2

.

It transforms φk,m =
∑
a(n, l)qnζl of weight k and index m to

H
(∑

a(n, l)qnζl
)
=

3

m

∑
(4nm− l2)a(n, l)qnζl.

As in the case of modular forms, H(φk,m) is not, generally speaking, a Jacobi
form, but

Hk(φk,m) = H(φk,m)− (2k − 1)

2
E2 · φk,m ∈ Jw,hol,cusp

k+2,m .

Examples. 1) H 1
2
(ϑ) = H(ϑ) = 0.

2) H−2(φ−2,1) = −3ζ − 3ζ−1 +
5

2
(ζ − 2 + ζ−1) + q(. . .) =

= −1

2
(ζ + 10 + ζ−1) + q(. . .) = −1

2
φ0,1.



5 The kernel of the modular differential operator

The Leibniz product rule.

For f ∈Mk1 , φ ∈ Jk2,m:
Hk1+k2

(fφ) =

= 12D(fφ) +
3

2π2m

(
∂

∂z
,
∂

∂z

)
(fφ) +

(
1

2
− k1 − k2

)
E2fφ =

= fHk2
(φ) + Dk1

(f)φ.

Remark. For any two Jacobi forms of non-zero indices the Leibniz product
rule does not hold.

Proposition. If φ(τ, z) is a Jacobi form of weight k and index m, then
φ(τ, tz), t ∈ N is a Jacobi form of weight k and index t2m.

Theorem (D.A., V. Gritsenko). Let φ ∈ Jw
k,m be a weak Jacobi form of

even weight and integral integral index. Then φ ∈ KerHk if and only if

φ = φ0,6(τ, az) ·∆(τ)n,

where φ0,6(τ, az) =
ϑ(τ,4z)
ϑ(τ,2z) , a ∈ N, n ∈ Z⩾0.



6 The Kaneko–Zagier equation

The differential equation

f ′′(τ)− k + 1

6
E2(τ)f

′(τ) +
k(k + 1)

12
E′

2(τ)f(τ) = 0

appeared in

M. Kaneko, D. Zagier, Supersingular j-invariants, hypergeometric series, and
Atkin’s orthogonal polynomials. AMS/IP Stud. Adv. Math. 7 (1997), 97–
126.

in connection with liftings of supersingular j-invariants of elliptic curves. In
terms of Dk the Kaneko–Zagier equation could be rewritten as

Dk+2Dkf = k(k + 2)E4f.

One can notice that E4(τ) and E6(τ) satisfy this equation. There is a unique
non-cusp solution for each k ≡ 0 or 4 mod 6.



7 Atkin polynomials

Theorem (O. Atkin, unpublished). There is the unique family of monic
orthogonal polynomials corresponding to a unique scalar product on the space
of polynomials in the modular j-invariant for which all Hecke operators are
self-adjoint.

They could be defined in different ways.

1) Recursion relation:

An+1(j) =

(
j − 24

144n2 − 29

(2n− 1)(2n+ 1)

)
An(j)−

−36
(12n− 13)(12n− 7)(12n− 5)(12n+ 1)

n(n− 1)(2n− 1)2
An−1(j)

2) Closed formula:

n∑
i=0

123i

[
i∑

m=0

(−1)m
(

− 1
12

i−m

)(
− 5

12

i−m

)(
n+ 1

12

m

)(
n− 7

12

m

)(
2n− 1

m

)−1
]
jn−i.



8 Kaneko–Zagier type differential equations

Kaneko–Zagier type equations are differential equations of the form

Hk+2Hk(φk,m) = λE4φk,m.

In 2016 T. Kiyuna found that solutions φ6k+4,1 could be written as

φk,1 =


E4∆

nPn(j)E4,1 +
7

11
5E6∆

nQn(j)E6,1, if k=4+12n;

E4E6∆
nRn(j)E4,1 +

7

11
∆n+1Sn(j)E6,1, if k=10+12n,

where
Pn(x) = (x− 1728)Rn−1(x) + µ2n−1Pn−1(x),

Qn(x) = Sn−1(x) + µ2n−1Qn−1(x),

Rn(x) = Pn(x) + µ2nRn−1(x),

Sn(x) = (x− 1728)Qn(x) + µ2nSn−1(x),

and

P0 = R0 = S0 = 1, Q0 = 0, µn = 48
(12n− 1)(12n+ 7)

(4n− 1)(4n+ 3)
for k = 6n+ 4.



9 3-terms recursive relations for φ6k+4,1

Polynomials Pn(x), Qn(x), Rn(x), Sn(x) satisfy

Pn(x) = (x− an)Pn−1(x)− bnPn−2(x),

Qn(x) = (x− an)Qn−1(x)− bnQn−2(x),

Rn(x) = (x− cn)Rn−1(x)− dnRn−2(x),

Sn(x) = (x− cn)Sn−1(x)− dnSn−2(x),

where

an = 1728− µ2n − µ2n+1 =
96

(
576n2 + 432n− 83

)
(8n− 1)(8n+ 7)

,

bn = µ2n−1µ2n =
2304(24n− 13)(24n− 5)(24n− 1)(24n+ 7)

(8n− 5)(1− 8n)2(8n+ 3)
,

cn = 1728− µ2n+1 − µ2n+2 =
96

(
576n2 + 1008n+ 277

)
(8n+ 3)(8n+ 11)

,

dn = µ2nµ2n+1 =
2304(24n− 1)(24n+ 7)(24n+ 11)(24n+ 19)

(8n− 1)(8n+ 3)2(8n+ 7)
.



Theorem (D.A., V. Gritsenko, 2023).

Let φk,m ∈ Jw
k,m be a non-trivial solution of a Kaneko–Zagier type equation.

Then the weight k ⩾ −2;

If k = −2, then

φk,m = ζ±l1 − ζ±l2 + q(. . .), where ζ±l = ζl + ζ−l.

The index m = l21 + l22 and λ =
(

3l2i
m + 2k−1

2

)(
3l2i
m + 2k+3

2

)
.

If k > −2, then

φk,m = ζ±l + q(. . .), λ =

(
3l2

m
+

2k − 1

2

)(
3l2

m
+

2k + 3

2

)
.

Let ck,l =
3l2

m + 2k−1
2 . Then λ = ck,lck+2,l.



10 Rankin–Cohen brackets

For a modular form f of weight k1, a Jacobi form φ of weight k2 and index
m, and l ∈ Z the Rankin–Cohen bracket of the type l is

[f, φ]l = k1fHk2
(φ)− ck2,lDk1

(f)φ ∈ Jw
k1+k2+2,m.

T. Kiyuna considered [f, φ] = k1fHk2
(φ)− 2k2−1

2 Dk1
(f)φ.

Proposition. Let φk,m be a non-trivial solution of the Kaneko–Zagier type
equation with λ = ck,lck+2,l. Then

Hk+6([E4, φk,m]l) =
2

3
ck−4,l[E6, φk,m]l;

Hk+8([E6, φk,m]l) =
3

2
ck−6,lE4[E4, φk,m]l.

In particular, [E4, φk,m]l is a solution of the Kaneko–Zagier type equation
with

λ = ck−4,lck−6,l.



11 Main result

Lemma. Let Φk,m = ζ±l + q(. . .) ∈ Jw
k,m is a solution of a Kaneko–Zagier

equation, k ⩾ 0. Then

Φk+6,m = E6Φk,m − 1

8ck+1,l
[E4,Φk,m]l = ζ±l + q(. . .) ∈ Jw

k+6,m

is a solution of a Kaneko–Zagier equation.

Lemma. Let
Φk,m = ζ±l + q(. . .) ∈ Jw

k,m and Φk−6,m = ζ±l + q(. . .) ∈ Jw
k−6,m are

solutions of a Kaneko–Zagier equations, k − 6 ⩾ 0. Then

Φk+6,m = E6Φk,m + 432
ck,lck−4,l

ck+1,lck−5,l
∆Φk−6,m =

= ζ±l + q(. . .) ∈ Jw
k+6,m

is a solution of a Kaneko–Zagier equation.



Theorem. Let fk ∈ Mk is a solution of Kaneko–Zagier equation. Then
fkφ0,6 is a solution of Kaneko–Zagier type equation. There are also 4 special
sequences of non-trivial solutions of Kaneko–Zagier type equations.

Solutions of index 1:

φ4,1 → φ10,1 → φ16,1 → . . .→ φ6k+4,1 → . . .

φ−2,1 ��
@R
ψ4,1 → ψ10,1 → ψ16,1 → . . .→ ψ6k+4,1 → . . .

Here

φ4,1 = − 1

24
[E4, φ−2,1]1 = 1 + q(. . .),

φ10,1 = E6φ4,1 − 56∆φ−2,1 = 1 + q(. . .),

and

ψ4,1 = − 1

12
[E4, φ−2,1]0 = ζ±1 + q(. . .),

ψ10,1 = E6ψ4,1 + 624∆φ−2,1 = ζ±1 + q(. . .).



Solutions of index 10:

Φ4,10 → Φ10,10 → Φ16,10 → . . .→ Φ6k+4,10 → . . .

Φ−2,10 ��
@R
Ψ4,10 → Ψ10,10 → Ψ16,10 → . . .→ Ψ6k+4,10 → . . .

Here

Φ−2,10 =
ϑ(τ, 2z)ϑ(τ, 4z)

η6(τ)
= ζ±3 − ζ±1 + q(. . .),

Φ4,10 = − 5

48
[E4,Φ−2,1]3 = ζ±1 + q(. . .),

Φ10,10 = E6Φ4,10 − 57∆Φ−2,10 = ζ±1 + q( . . .),

and

Ψ4,10 = − 5

48
[E4, φ−2,10]1 = ζ±3 + q(. . .),

Ψ10,10 = E6Ψ4,10 + 682∆Φ−2,10 = ζ±3 + q(. . .).



12 Idea of the proof.

Negative weight. Any Jacobi form of weight −2 is divisible by φ−2,1. Let

ϕ−2,m = φ−2,1ϕ0,m−1.

Lemma (Gritsenko, ‘99). For any weak Jacobi form ϕ0,m =
∑

n,l a(n, l)q
nζl

the following identities hold

m
∑
l

a(0, l) = 6
∑
l

l2a(0, l), 24m
∑
l

a(0, l) =
∑
n

(m− 6n2)a(1, n).

Non-negative weight. Let ϕk,m = ζ±l + q(. . .) is a solution of a Kaneko–
Zagier type equation.

Lemma. Then [E4, ϕk,m]l = ∆ϕk−6,m, where ϕk−6,m = ζ±l + q(. . .) is also
a solution.

Lemma. If [E4, ϕk,m]l = 0, then ϕk,m = φ0,6 or E4φ0,6.



13 Recursive relations for φ6k+4,1

T. Kiyuna found that solutions φ6k+4,1 could be written as

φk,1 =


1

12
E4∆

nPn(j)φ0,1 −
1

12
E6∆

nQn(j)φ−2,1, if k=4+12n;

1

12
E4E6∆

nRn(j)φ0,1 −
1

12
∆n+1Sn(j)φ−2,1, if k=10+12n,

where
Pn(x) = (x− 1728)Rn−1(x) + µ2n−1Pn−1(x),

Qn(x) = Sn−1(x) + µ2n−1Qn−1(x),

Rn(x) = Pn(x) + µ2nRn−1(x),

Sn(x) = (x− 1728)Qn(x) + µ2nSn−1(x),

and
P0 = Q0 = R0 = 1,

S0 = x− 1056,

µn = 432
ck,0ck−4,0

ck+1,0ck−5,0
for k = 6n+ 4.



14 3-terms recursive relations for φ6k+4,1

Polynomials Pn(x), Qn(x), Rn(x), Sn(x) satisfy

Pn(x) = (x− an)Pn−1(x)− bnPn−2(x),

Qn(x) = (x− an)Qn−1(x)− bnQn−2(x),

Rn(x) = (x− cn)Rn−1(x)− dnRn−2(x),

Sn(x) = (x− cn)Sn−1(x)− dnSn−2(x),

where

an = 1728− µ2n − µ2n+1 =
96

(
576n2 + 432n− 83

)
(8n− 1)(8n+ 7)

,

bn = µ2n−1µ2n =
2304(24n− 13)(24n− 5)(24n− 1)(24n+ 7)

(8n− 5)(1− 8n)2(8n+ 3)
,

cn = 1728− µ2n+1 − µ2n+2 =
96

(
576n2 + 1008n+ 277

)
(8n+ 3)(8n+ 11)

,

dn = µ2nµ2n+1 =
2304(24n− 1)(24n+ 7)(24n+ 11)(24n+ 19)

(8n− 1)(8n+ 3)2(8n+ 7)
.



15 Recursive relations for ψ6k+4,1

Solutions ψ6k+4,1 could be written as

ψk,1 =

{
E4∆

nPn(j)φ0,1 + 5E6∆
nQn(j)φ−2,1, if k=4+12n;

E4E6∆
nRn(j)φ0,1 + 5∆n+1Sn(j)φ−2,1, if k=10+12n,

where
Pn(x) = (x− 1728)Rn−1(x) + µ2n−1Pn−1(x),

Qn(x) = Sn−1(x) + µ2n−1Qn−1(x),

Rn(x) = Pn(x) + µ2nRn−1(x),

Sn(x) = (x− 1728)Qn(x) + µ2nSn−1(x),

and
P0 = Q0 = R0 = 1,

S0 = x− 4896

5
,

µn = 432
ck,1ck−4,1

ck+1,1ck−5,1
for k = 6n+ 4.



16 3-terms recursive relations for ψ6k+4,1

Polynomials Pn(x), Qn(x), Rn(x), Sn(x) satisfy

Pn(x) = (x− an)Pn−1(x)− bnPn−2(x),

Qn(x) = (x− an)Qn−1(x)− bnQn−2(x),

Rn(x) = (x− cn)Rn−1(x)− dnRn−2(x),

Sn(x) = (x− cn)Sn−1(x)− dnSn−2(x),

where

an = 1728− µ2n − µ2n+1 =
96(576n2 − 432n− 83)

(8n− 7)(8n+ 1)
,

bn = µ2n−1µ2n =
2304(24n− 13)(24n− 5)(24n− 1)(24n+ 7)

(8n− 5)(1− 8n)2(8n+ 3)
,

cn = 1728− µ2n+1 − µ2n+2 =
96(576n2 + 144n− 155)

(8n− 3)(8n+ 5)
,

dn = µ2nµ2n+1 =
2304(24n− 19)(24n− 11)(24n− 7)(24n+ 1)

(8n− 7)(8n− 3)2(8n+ 1)
.



17 Atkin-like polynomials

Introduced by J. Wimp (‘87) and studied by A. El-Guindy and M.E.H. Ismail
(‘14), Atkin-like polynomials could be defined by closed formulae

Gn(x; a, b, c) = (−1)n
(c+ 1)n(b+ c+ 1)n

(a+ b+ 2c+ n+ 1)nn!

×
n∑

k=0

(−n)k(n+ a+ b+ 2c+ 1)k
(c+ 1)k(b+ c+ 1)k

xk

× 4F3

(
k − n, n+ k + a+ b+ 2c+ 1, b+ c, c

k + b+ c+ 1, k + c+ 1, a+ b+ 2c

∣∣∣∣1)

Hn(x; a, b, c) = (−1)n
(c+ 1)n(b+ c+ 1)n

(a+ b+ 2c+ n+ 1)nn!

×
n∑

k=0

(−n)k(n+ a+ b+ 2c+ 1)k
(c+ 1)k(b+ c+ 1)k

xk

× 4F3

(
k − n, n+ k + a+ b+ 2c+ 1, b+ c+ 1, c

k + b+ c+ 1, k + c+ 1, a+ b+ 2c+ 1

∣∣∣∣1)



18 Expression of solutions in Atkin-like polynomials

Let y = 1− x
1728 . For solutions φ6k+4,1

Pn(x) = − 7

65
Gn

(
y;

1

3
,
1

2
,−13

24

)
+

72

65
Hn

(
y;

1

3
,
1

2
,−13

24

)
;

Qn(x) =
7

13
Gn

(
y;

1

3
,
1

2
,−13

24

)
+

6

13
Hn

(
y;

1

3
,
1

2
,−13

24

)
;

Rn(x) = Hn

(
y;

1

3
,
1

2
,− 1

24

)
;

Sn(x) = −16720Gn+1

(
y;

1

3
,
1

2
,− 1

24

)
− 347

85
Gn

(
y;

1

3
,
1

2
,− 1

24

)
+

+
432

85
Hn

(
y;

1

3
,
1

2
,− 1

24

)
.



For solutions ψ6k+4,1

Pn(x) = −65

7
Gn

(
y;

1

3
,
1

2
,− 7

24

)
+

72

7
Hn

(
y;

1

3
,
1

2
,− 7

24

)
;

Qn(x) =
13

7
Gn

(
y;

1

3
,
1

2
,− 7

24

)
− 6

7
Hn

(
y;

1

3
,
1

2
,− 7

24

)
;

Rn(x) = Hn

(
y;

1

3
,
1

2
,− 1

24

)
;

Sn(x) = − 4021

16720
Gn+1

(
y;

1

3
,
1

2
,
5

24

)
+ 816Gn

(
y;

1

3
,
1

2
,
5

24

)
+

+
20741

16720
Hn+1

(
y;

1

3
,
1

2
,
5

24

)
+Hn

(
y;

1

3
,
1

2
,
5

24

)
.



Thank you!


