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Periods of algebraic varieties

A period of an algebraic variety is the integral of a rational form of the variety on a cycle.

/ A is a polynomial

Some integration domain A
without boundary —_— _ . R
P defines a smooth variety

k = —_
\_> T(}/) P\_/V(P) = {z| P(z) = 0)

Y

An elliptic curve

Torelli-type theorem for K3 surfaces:
Two K3 surfaces are isomorphic if and only if they have “the same” periods.

They describe the comparison between topological data (cycles)
and algebraic data (algebraic De Rham forms).

H,(S,Z) X Hpp(S) — C Vv, () > [ )
y
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Motivation and goals

%‘2000;' CMS Preliminary o S/B Weighted Data | . } ) . .
g:zg =l Roik=s 10 —po Periods appear in diverse fields of mathematics and
' — physics, such as Quantum field theory (Feynman
”*'\' integrals), Hodge theory, motives, number theory
) ; (BSD conjecture) ...

Hundreds of digits

120 T30 Sufficiently many to recover
m,, (GeV) algebraic invariants

7

Goal: compute numerical approximations of these integrals with large precision.

For this, we need an appropriate description of the integrals.

In particular we will focus on understanding the cycles of >
integration (the homology), how to represent them in a way that
makes integration concrete, and how to compute a basis of them.

Furthermore we want this to be effective and efficient.
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Previous works on period computations

[Deconinck, van Hoeij 2001],
[Bruin, Sijsling, Zotine 2018], [Molin, Neurohr 2017]:
Algebraic curves (Riemann surfaces)

S CONE;

[Elsenhans, Jahnel 2018], [Cynk, van Straten 2019]:
Higher dimensional varieties

(double covers of P%/P3 ramified
along a hyperplane arrangement)

[Sert6z 2019]: compute the period matrix of smooth
projective hypersurfaces by deformation.

Target variety
[Lairez PP Vanhove 2025]:

Variety for which Periods of hypersurfaces

the periods are known

[PP 2025 x2]:
Periods of elliptic surfaces

[Donlagic¢ 2025]: and fibre products of elliptic surfaces

Periods of fibre products of elliptic surfaces
with semi-simple singular fibres
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Periods of algebraic
curves



First example: algebraic curves

Let X be the elliptic curve defined by _ Cis O ~1
Peyitxi+1=0 The fibre above t € Cis X', = f~ (1)

andletf: (x,y) —» y/(2x+ 1) be a ={(2x+ 1) | P (X, t(2x + 1)) = 0}.
generic projection. It deforms continuously with respect to .

In dimension 1, we are looking for

closed paths in &', up to deformation (1- f@) £
cycles). ° o
¢ ®
¢ ®
Jf(loop) £~ (loop) = loop ?
= |oop ¢ . ° °
Not always,
° ° . see next slide f °
° i )
[ ) C

Values of ¢ for which
P, t2x+ 1) =Qx+ 1) +x3 +1
has a double root (critical values)
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What happens when you loop around a critical point?

A loop ¢ in C pointed at #; induces a permutation of

X, =11 .

2L

This permutation is called the action of monodromy along Z on &, .

It is denoted 7.
If £ is a simple loop around a critical value, £« is a transposition.
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Periods of algebraic curves

The lift of a simple loop £ around a critical value ¢ that has a non-trivial
boundary in &, is called the thimble of c. It is an element of H{ (X', ).

@
Relative homology
:@ of the pair (2, 2,)
A1
’ ¢, .
‘@ Simple loop
°€3 around ¢,

Thimbles serve as building blocks to recover H,(Z).
It is sufficient to glue thimbles together in a way such that their boundaries cancels.

Concretely, we take the kernel of the boundary map

Fact: all of H,(') can be recovered this way.

0> H((Z) > H(X, X)) - Hy(X)) Sletr;]?rr:tt;le:s 84
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Computing periods of algebraic curves

1. Compute simple loops &, ..., Cacrit. around the critical values —
basis of 7;(C\{crit. val.})
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Computing periods of algebraic curves

1. Compute simple loops &, ..., Cacrit. around the critical values —
basis of 7;(C\{crit. val.})

2. For each i compute the action of monodromy along £; on ',
(transposition)

10
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Computing periods of algebraic curves

1. Compute simple loops &, ..., Cacrit. around the critical values —
basis of 7;(C\{crit. val.})

2. For each i compute the action of monodromy along £; on ',
(transposition)

3. This provides the corresponding thimble A . Its boundary is the
difference of the two points of X', that are permuted.
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Computing periods of algebraic curves

1. Compute simple loops &, ..., Cacrit. around the critical values —
basis of 7;(C\{crit. val.})

2. For each i compute the action of monodromy along £; on ',
(transposition)

3. This provides the corresponding thimble A . Its boundary is the
difference of the two points of X', that are permuted.

4. Compute sums of thimbles without boundary — basis of

H\(Z)
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Computing periods of algebraic curves

1. Compute simple loops &, ..., Cacrit. around the critical values —
basis of 7;(C\{crit. val.})

2. For each i compute the action of monodromy along £; on ',
(transposition)

3. This provides the corresponding thimble A . Its boundary is the
difference of the two points of X', that are permuted.

4. Compute sums of thimbles without boundary — basis of

H\(Z)

5. Periods are integrals along these loops
— we have an explicit parametrisation of these paths — numerical integration.

o

Y
13
35



Elliptic surfaces



[Lairez PP Vanhove 2024

[PP 2024]

' Elliptic surfaces

An elliptic surface S is a smooth algebraic surface
equipped with a map to the projective line

f:S - P!

such that all but finitely many fibres £~1(¢) are elliptic curves.

@) f_l(f3) @)

-0

We will assume the surface has a

15
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Monodromy

Let 2 be a smooth surface in [P>. We consider a projection 2 — P!
The fibre X, =f_1(t) is a curve, which deforms continuously as ¢ moves in P!,

The map ¢ : H(Z,) = H{(X;) induced by this deformation alonga  Ehresmann’s

loop £ is called the monodromy along 7. fibration theorem

In other words, the first homology of the fibre is locally constant.
The associated sheaf over C\ X defines a local system.

16
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Extensions

ot (y) =y —vy

We can recover 2-cycles for the periods
of elliptic surfaces as extensions of 1-
cycles of the fibre.

S.b) X H,(E,) = Hy(S,E,)

y'=7Cxy

9 }/ = Tf(}/) © VQ
7 does not have boundary
iff y = 7/, that is
This description of cycles is well-suited for iff v € ker £ — id
integrating the periods:
2
¢ o
J J(x, y)dxdy = [ [ J(x, y)dx ) dy .
7o(7) 4 b
L) ' P!
o
Two line integrals: ®
we know how to compute these efficiently!
[Chudnovsky?, Van der Hoeven, Mezzarobbal]
such a path is called a 17
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Parabolic homology

9
Each contributes relative homology classes, O
called ,in Hy(S, Ey).

Thimbles serve as building blocks for
extensions: we can glue thimbles together
iIn a way that matches their boundary to

Ho(E,) O obtain closed cycles.
AN/
O Obtained from the monodromy :
0t (y) = sy — 7

Furthermore H,(S) is generated by
, fibre components, and a

Their periods are zero.

. . . - .- We only need to compute
Algorithm for computing periods of elliptic surfaces periods of extensions.

1. Compute the set 2 of critical values.
2. Compute a basis of £y, ...,¢. of ;(PI\Z,b).
3. Foreach 1 <i < r, compute the monodromy map 7,

4. Match boundaries of thimbles together to obtain
5. Integrate the periods on these extensions.

18
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Gauf3-Manin connection

The cohomology sheaf #Z7) (Et/Q(t)) inherits a connection from the derivation in the base P!
the GauB-Manin connection [Katz Oda 1968].

Period functions [ w, are solutions to a Fuchsian differential equation:

Vi
the Picard-Fuchs equation.

This connection can be computed explicitly via the Griffiths —Dwork reduction
[Griffiths 1969, Dwork 1964].

Example: Let X, = VX? + Y + Z2 4+ tXYZ) be an elliptic surface.

A basis of the De Rham cohomology sheaf is given by the residues of
X3Q
(1) =

X3+ Y3+ Z3+1XYZ)?2

and w,(t) =
X3+ Y3+ 73 +1XY7Z 0

Let & = (> + 27)0t2 + 3t20t + 1. Then L w, is an exact differential. In particular for any

cycle y, the period function 7(¢) = | res w,(?) is a solution of Z.
If 1

7t

19
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Computing monodromy

Globally defined
—— no monodromy

\ Analytic

: continuation ; Z ;
— l l — l

l.] [Chudnovsky2 90, Van der Hoeven 99,

}/j Mezzarobba 2010] Z K ij}/k k }/ k
Solution to )

Picard-Fuchs

equation of w, Vi = Z Cki¥k
k
The ¢;;'s are integers

¢ Thus T =T1IC i.e.
®
~ 177 —
f, 171 = C € GLy(2)
I1.. ¢ | It is sufficient to carry out this
o Y ?rzr:sifr?;';’:t;’f computation with precision < 1/2
nature to recover C exactly.

s



Computing monodromy of differential operators

[Chudnovsky290, Van der Hoeven 99, Mezzarobba 2010]

In a small radius around «a:

2, 19(a)

@) = Yt = @) | < Pmy2

| (k)
= k! Solynomial We compute f**(ar) from Z.
in m (effective)
[Mezzarobba Salvy 2009] In a disk around a, the precision given by
the Taylor formula is exponential in its order.
From the derivatives at «a,
we can recover the derivatives at 1.
@
o
O Linear complexity:
recover m digits in O(m) operations
(using binary splitting)
o
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Fibre products

of elliptic surfaces



Schoen’s construction

The fibre product 7' = §; Xp1 S, of two rational elliptic surface with disjoint critical
values yields a smooth Calabi-Yau threefold. [Schoen 1988]

“l...] a class of such threefolds which is large enough to exhibit many of the
phenomena which one wants to study, yet is special enough to be quite tractable.”

° ®
o [I:[)l
When critical values coincide, we obtain a singular threefold.
Under certain conditions, the singularities admit a crepant resolution:

we obtain a smooth Calabi-Yau threefold. [Kapustka2 2009]

Goal: We want to compute periods of such threefolds

s



Homology of smooth fibre products

We can use the same construction to compute the parabolic homology.

By the Klinneth formula, the homology of the fibre is

Hy(E, X E,) = H,(E)) @ H,(E,)

Periods of the fibres are products of periods Extensions are fibre products of

extensions of the elliptic surfaces
J 0)1®0)2=J0)1[ %)

0
0

V1X72 71 1%)

The monodromy representation on H,(E; X E,) is the

tensor product of the monodromy representations (r -

7A(11X72) ’

71 72

Vs



Homology of smooth fibre products

The homology group H;(T') is generated by extensions, and fibre
components of the elliptic surfaces.

Proposition: the homology of the fibre product
can be recovered from the monodromy

, o In the case of rational surfaces, we
representation of the elliptic surfaces.

recover a result of Schoen:

Hy(T*,F,) = H5(T') has rank
Hy(S*,Ey) @ Hy(Ey) @ Hy(SF, E,,) @ H(Ey,) 1/2'>< 24+ 12%2 —?1 —4 ‘=\40.
Hy(ST, Eyp) @ H(Eyyp) Gluing Homologically

boundaries  trjvial extensions

H,(S5, Eyp) @ Hy(Ep)

We have an explicit description of these cycles.
We can perform the same integration methods

[ w1®w2Adt=J(J le a)2>dt
7(11X12) 4] 72

s

Here * means that we removed one fibre “at infinity”



Smoothings and vanishing cycles

The one dimensional case Our threefolds

‘ll..
"
<
L]
n
- :
’0
L 4

/

Homologically (i@@)
trivial \_/

We reduce to the smooth case by
smoothing the variety.

This creates new cycles which collapse
in the singular limit:
the vanishing cycles.

We can compute the periods on the orthogonal complement of the lattice of
vanishing cycles.

s



Calabi-Yau operators



Hadamard products

The Hadamard product of two elliptic surfaces S; and 5, is the family of threefolds
T, =81 X,5, =51 Xp1 95,

where ¢,: P! — P, ¢ () = ult.

T, is equipped with a map to P! with fibre E,, X EZ%

Under some condition on the fibres of §; and $, at 0 and oo, there is
a maximal unipotent monodromy point at O.

The holomorphic period of is the Hadamard product of the periods of the underlying surfaces:

] I

m(u) = 2 abu'  where m(f) = Z at' and 7,(f) = Z bt

We are interested in the case where the Picard-Fuchs equation &2
has order 4 — see next slides.

T, is generically singular, but we can smooth homogeneously in u.

It is not known whether we can resolve homogeneously (and crepantly!) in u.
[Golyshev van Straten 2023]

s



Calabi-Yau operators

Calabi-Yau operators are differential operators in one variable satisfying certain
conditions:

— be Fuchsian, i.e. having solutions
that have “nice” singularities

— be self-dual, some technical notion
stemming from mirror symmetry

— have a Maximal unipotent
monodromy point, i.e. such that the
monodromy around it satisfies

M—-=1"=0and (M — 1)*#0,Vk < n — certain integrality conditions on the
holomorphic solution, instanton
numbers and g-coordinates

order

These operators are expected to be Picard—Fuchs equations of families of algebraic varieties.

s



Calabi-Yau operators of order 4

[AESZ 2010] gave a list of around 500 Calabi-Yau (CY) operators of order 4 obtained
partially through an extensive computer search.

They are conjectured to be the Picard-Fuchs equations of varieties
carrying a motive of type (1,1,1,1).

:y2—yx—ty::r3+tx2,

cy? = 2% — (12t — 1) 2% + 48t%x — 64¢°,

cy? = 2% + (144t — 3) x — 144t + 2,

:y2 =23 — 3z + 1728t — 2,

ry? — (2t — 1) yz + 3t°2° + 2%y + (—3t") z +t° = 2,

cy? — (t+ 1) yz — ty = 2° + ta?,

y? — (3t — 1) yz + 3t%2? + 2%y = 2 + 3tz — 5,

cy? — (4t — 1) yx + 2t%2% = 2% — 4tz — (8t2 — 8t + 1)t

. (16t — 1) y? — (16t — 1) yz — ty = (16t — 1) x> + tz?,

Yy’ — (Bt —1)yz+ 9’y =2° —t3(6t — 1) (9> — 3t +1) ,

y? — (6t — 1) yz — 263y = 23 — 3t%2? 4 3t'z — 5,

In particular this motivates using Lg% = 928 — 3(—1 + 3t)(—1 + 27t)3 — 6(27¢t — 1)* (2742 + 18t — 1) ,

smoothings instead of looking for (64t — 1) y? = (64t — 1) 2® — (48t — 3) & — 16t — 2,
resolutions. 7o (432t —1)y? = (432t — 1) 2° — (1296t — 3) = + 864t + 2.

There are 14 hypergeometric Calabi-Yau
operators of order 4 and 105 Hadamard
products of elliptic surfaces.

S Q& »

o>t R

In many cases, a geometric realisation is
not known, and in some cases a smooth
geometric realisation is not known
(e.g. 14th hypergeometric operator).

& O

St o

.
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Parabolic homology

In all considered cases, Hfam(Tu) has rank 4 and carries precisely the (1,1,1,1) motive.

The monodromy with respect to u acts by a braid action on ﬂl(Pl\Zu).

o [ )
o o
o Points move ~
® ] ®
° o around with u P ®
° > °

T/(y) = 1Y)

The parabolic homology H;’ara(Tu) is stable under monodromy.

In particular the monodromy matrices have integer coefficients.
In other words this realisation of the (1,1,1,1) motive carries a local system defined over Z.

*Vss



[Candelas, De la Ossa, Green, Parkes] An ansatz for the period matrix I1 can also be
obtained from topological invariants of the family from the formula

A new Gamma-class formula

(¢(3) o, H
(2in)3
3 C2H o H3 wl
Czi’l o 37 7 V||
1 0 0 0 @3
. 0 | 0O 0

and y,c,H, H 3 are the Euler characteristic, the second Chern class
and the triple intersection numbers of the mirror threefold.

) . i
- 0 %3 (@) where 2irx)'w; = Z h (1)
k=0

log"(?)
k!

form the Frobenius basis at the MUM point

Using our methods, we can compute this matrix numerically with very high precision (several
hundred digits) in reasonable time for Hadamard products.

(27xi)’

We find a slightly different version which we conjecture to be general:

(4O _aaH s of
Qi 224 2 4
cH o
> N7
1 0

N
(lﬁ N

( wo\
W
(%))

\ 3

with intersection product:

(0 0 M 0
0O 0 O N
-M 0 0 0
L0 -N 0 0

where y, czH,H3 e/, a,0,0€ {0,1} and M,N € N.

It agrees with the above when M = N=1andd=a =0

s



The 105 Hadamard products

Tu x e-H H ¢ a 6§ N M

Cxud —268 44
Cx,e —64 32

Cxuf -312 82 Tu x ©c-H H®

Tw x e-H H?

Cxug —172 204

cXu f 0 54 18
cX,g 108 36 36
cXy,h 312 198 18
Cc Xyt 448 108 12
cXy,jJ 728 —54 6
dXyud 80 16 16
dx,e 360 40 16
dx,f 138 38 12
dx.g 236 12 24
dx,h 462 54 12
dx,i 628 20 8
dx,j7 986 34 4
e Xy e 320 64 16
e Xyt 384 8 8
eX,j 528 28 4
fxue 384 20 12
fxuf 36 6 9
fxug 234 0 18
fXuh 504 6 9
fxui 696 40 6
fxug 1104 2 3
gX,e 328 120 24
gXug 264 72 36
g Xuh 390 0 18
g Xyt 500 24 12
gXuj 754 48 6
hx,e 336 180 12
hx.,h 324 54
hxyt 336 72
hx,j7 420 18
1 Xyt 304 40
i Xy ]J 320 8
JXug 244 22

C xuh 0 —126
C Xyt 80 52
CxyujJ 208 —10
Dx,D —120 22
D x,a —366 24
D x,b —-310 14
D x,c —364 0
D x,d —470 46
D x,e —200 40
Dx,f —-534 59
D x,g —338 66
D x,h -—126 27
Dx,1 —44 14
D xyj 62 25
aX,a 72 24
aXqyb —90 24
a Xy cC —60 72
aXyd 12 36
ax,e 216 0
ax,f —18 30
aXyg 96 —-396 36
ax,h 306 —18 18
aXy.i 444 12 12
axy,j 726 42 6
bxub —100 22 25
bx,c —80 0 30
bx.d =30 38 20
bxye 160 8 20
bx,f —60 127 15
bxug 50 -390 30
bx,h 240 63 15
bxui 360 118 10
bx.j 600 —115 5

Ax, A —-128 184 16
Ax,B -—144 12 12
Ax,C —176 8 8
Ax,D —256 4 4
Axya —120 24 24
Axy,b —120 20 20
Ax,c —112 0 24
Ax,d —88 40 16
Ax,e 96 112 16
Ax. [ —120 32 12
AXxyug -8 -96 24
Ax,h 168 216 12
Axyi 272 32 8
Ax,j3 472 64 4
Bx.,B —144 54 9
B x,C —156 48 6
Bx,D -204 42 3
B x,a —162 72 18
B x,b —150 66 15
B x,c —156 0 18
Bx,d -162 42 12
Bx,e 24 24 12
Bx,f —198 81 9
Bx,g -—T8 54 18
B xuh 90 —63 9
B x,1 180 —6 6
Bxu.j 342 51 3

4
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The Gamma-class formula
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enough to be quite tractable.”
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CYDB (at least up to order 20).
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seems to apply to all operators in the
which one wants to study, yet is special
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enough to exhibit many of the phenomena

“l...] a class of such threefolds wh



seaeene®? - The Deligne conjecture

Another application concerns numerical checks of the Deligne conjecture (1979),
which relates a minor ¢ of the period matrix to the value L(2) of the L-function

via the formula L(2) = gc™, where g € Q.

Fibre product ratio Fibre product ratio
Axi A —2—4 Ax_1B 22.32
Ax,B 22 .32 Ax_1b 25
AXxic 31 Ax_qc 31
Ax;d D Ax_i f —2.371
BxiB  28.37°% Bx_1B  28.374
Bxic  —2°-37° Bx_jc  20.37°
Ax_1 A 24 Bx_ysa T7-32.272

We are able to numerically recover the value of g for several examples
with many digits of precision.

In many examples of Hadamard products of elliptic surfaces the L-value vanishes.
Instead the Bellinson conjecture applies.
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Thank you!
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