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Confluence of Painlevé equations:

First diagram - H. Sakai, Second diagram- after L. Chekhov, M. Mazzocco
and V.R
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on the cubics by simple operations.

For example, we can produce the PV eD5 cubic by considering the PVI eD4 one
and rescaling x1 ! x1

� , x2 ! x2

� , !1 ! �1

� , !2 ! �2

� , !3 ! �3

�2 and !4 ! �4

�2 and
then keeping the dominant term as ✏ ! 0. This simple idea allows to us to extend
the parameterisation of the PVI cubic in terms of flat coordinates obtained in [3] to
all other Painlevé equations. Geometrically speaking, the confluence scheme on the
Painlevé cubics can be explained by our chewing-gum and cusp-removal operations.

Following the Fock–Goncharov philosophy, we also address the problem of whether
there is some cluster algebra structure hidden in each cubic. We prove that indeed

for eD4, eD5, eD6 and eE6 there is a generalised cluster algebra structure [5]. In partic-
ular this implies that the procedure of analytic continuation of the solutions to the
sixth Painlevé equation satisfies the Laurent phenomenon as explained in Section
4.

Interestingly we also produce a quantum confluence procedure in such a way
that quantisation and confluence commute.

This paper is organised as follows: in Section 2, we recall the link between the
parameters !1, . . . , !4 and the Painlevé parameters �, �, � and �. In Section 4 we
explain the generalised cluster algebra structure appearing in the case of PVI, PV,
PIII and PIV. In Section 3 we present the flat coordinates for each cubic. In Section
5 we present the quantisation and the quantum confluence.

Acknowledgements. The authors are grateful to P. Clarkson, M. van der Put, V.
Sokolov and T. Sutherland for helpful discussions. This research was supported by
the EPSRC Research Grant EP/J007234/1, by the Hausdor� Institute, by ANR
”DIADEMS”, by RFBR-12-01-00525-a, MPIM (Bonn) and SISSA (Trieste).

2. The Painlevé the monodromy manifolds

According to [26], the monodromy manifolds M(d) have all the form

(2.1) x1x2x3 + ✏
(d)
1 x2

1 + ✏
(d)
2 x2

2 + ✏
(d)
3 x2

3 + !
(d)
1 x1 + !

(d)
2 x2 + !

(d)
3 x3 + !

(d)
4 = 0,

where d is an index running on the list of the extended Dynkin diagrams eD4, eD5, eD6,
eD7, eD8, eE6, eE�

7 , eE7, eE8 and the parameters ✏
(d)
i , !

(d)
i , i = 1, 2, 3 are given by:

✏
(d)
1 =

�
1 for d = eD4, eD5, eD6, eD�

6 ,
eD7, eD8, eE6, eE�

7 ,

0 for d = eE7, eE8,

✏
(d)
2 =

�
1 for d = eD4, eD5, eD6, eD�

6 ,
eD7, eD8

0 for d = eE6, eE�
7 , eE7, eE8,

(2.2)

 

Marta Mazzocco Topology of Stokes phenomena
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Confluence of Hypergeometry (after K. Iwaki and O. Kidwai):
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Confluence of Painlevé and Hypergeometry (after O. Lisovyy and P. Gavrylenko):
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Figure 3: CMR confluence diagram for Painlevé equations.

Whittaker BesselGauss

Figure 4: Some solvable RHPs in rank N = 2: Gauss hypergeometric (3 regular punc-
tures), Whittaker (1 regular + 1 of Poincaré rank 1) and Bessel (1 regular + 1 of rank 1

2 ).

functions of regular type, first proposed in [GIL13] and expressed in terms of irregular conformal blocks
of [G, BMT, GT]. It is not clear to us how to extract from them irregular (long-distance) asymptotic expan-
sions. Let us mention a recent work [Nag] which relates such expansions to irregular conformal blocks of
a different type.

4. Given a matrix K 2 CX£X indexed by elements of a discrete set X, it is almost a tautology to say that the
principal minors detKY22X define a determinantal point process on X and a probability measure on 2X.
Fredholm determinant representations and combinatorial expansions of tau functions thus generalize
in a natural way various families of measures of random matrix or representation-theoretic origin, such
as Z - and Z W -measures [BO1, BO2] (the former correspond to the scalar case N = 1 with n = 4 regular
singular points, and the latter are related to hypergeometric kernel considered in the last subsection). We
believe that novel probabilistic models coming from isomonodromy deserve further investigation.

5. Perhaps the most intriguing perspective is to extend our setup to q-isomonodromy problems, in partic-
ular q-difference Painlevé equations, presumably related to the deformed Virasoro algebra [SKAO] and
5D gauge theories. Among the results pointing in this direction, let us mention a study of the connection
problem for q-Painlevé VI [Ma] based on asymptotic factorization of the associated linear problem into
two systems solved by the Heine basic hypergeometric series 2'1, and critical expansions for solultions
of q-P (A1) equation recently obtained in [JR].

Acknowledgements. We would like to thank F. Balogh, M. Bershtein, A. Bufetov, M. Cafasso, J. Harnad, N. Iorgov, A. Its,
A. Marshakov, H. Nagoya and V. Rubtsov for their interest to this project and useful discussions. The present work was
supported by the CNRS/PICS project “Isomonodromic deformations and conformal field theory” (F14-2016). P. G. has also
been supported by the “Young Russian Mathematics” fellowship and Russian Science Foundation under grant No. 16-11-
10160. This paper was prepared within the framework of a subsidy granted to the National Research University Higher
School of Economics by the Government of the Russian Federation for the implementation of the Global Competitiveness
Program.
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Main Heroes

• N− Bessel = "PN−1−Quantum DO:

(
x

d
dx

)N

Ψ− λNxΨ = 0, λ ∈ C

• Analytic solution:

∑
k≥0

(λNx)k

(k!)N =
1

(2π
√
−1)N−1

∮
(S1)N−1

expλ

(
N−1∑
k=1

zk +
x∏N−1

k=1 zk

)
N−1∏
k=1

dzk

zk
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Bessel Equation(s)

• Classical Bessel:

x2 d2f
dx2 + x

df
dx

− (x2 + ν2)f = 0, ν ∈ R, Jν(x) =
∑
k≥0

(−1)k

Γ(ν + 1 + k)k!

( x
2

)ν+2k

• Modified Bessel:

x2 d2f
dx2 + x

df
dx

+ (x2 − ν2)f = 0, ν ∈ R, Iν(x) =
∑
k≥0

1
Γ(ν + 1 + k)k!

( x
2

)ν+2k

• ν = 0 -2-Bessel (= 2-Kloosterman):

θ2u = λ2xu, θ = x
d
dx

.

• (N = 2, λ = −1. Solutions)

J0(2
√
−x) = I0(2

√
x) =

∞∑
k=0

xk

k!2
=

1
2π

√
−1

∮
e−(z+ x

z ) dz
z

= 0F1 (−; 1 | x)
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Origins-1
Gauss → Kummer → Bessel: confluence

• Gauss hypergeometry

d2F
dx2 +

γ − (α+ β + 1)x
x(1 − x)

dF
dx

− αβ

x(1 − x)
F = 0, γ /∈ (−N), F(x) = 2F1

[
α, β
γ

| x
]

• From Gauss to Kummer

x
d2F
dx2 + (γ − x)

dF
dx

− αF = 0, β = ϵ, x =
x
ϵ
, ϵ → ∞,F(x) = 1F1

[
α
γ
| x
]

• From Kummer to Bessel

F(y) := y−ν exp(iy)f (y), α := ν + 1/2, γ := 2ν + 1,

y
d2F
dy2 + (γ − 2

√
−1u)

dF
dy

− αF = 0 ⇒ y2 d2f
dy2 + y

df
dy

+ (y2 − ν2)f = 0
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Interpretation of N−Bessel on the language of algebraic D−modules

• N−Bessel equation can be converted to a connection Ben on the rank n
trivial bundle on the multiplicative group Gm,C.

∇ = x
d
dx

+ A = x
d
dx

+


0 1 0 . . . 0 0
0 0 1 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . 1 0
0 0 0 . . . 0 1
λnx 0 0 . . . 0 0


(the Bessel connection of rank N.)

• Put λ = 1. Then ∇N has a regular singularity at x = 0 with unipotent
monodromy generated by the principal unipotent exp(2π

√
−1A) with one

Jordan block.
• The singularity at x = ∞ is irregular with pure slope 1

N and the
eigenvalues

νk(x) = exp(
2π

√
−1k

N
)x

1
N .
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Mirror of P1

The integral

I =
∫
γ⊂{y1y2=q}

exp
(y1 + y2)

ℏ
dy1dy2

dq

satisfies the Bessel differential equation

[ℏθq)]
2I = qI

and therefore (Yq, fq, ωq) where Yq is given by the equation y1y2 = q in Y = C2,
the function fq is the restriction to Yq of f = y1 + y2, and ωq is the relative
“volume” form (dy1dy2)

d(y1y2)
on Yq can be taken on the role of the mirror partner of

X = P1.
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Number Theory analogy:

• N = 2 Kloostermann solution

J(2) := I0(2
√
λx) =

∞∑
k=0

λxk

k!2
=

1
2π

√
−1

∮
eλ(z+ x

z ) dz
z

• This integration can be viewed as a continuous analog of the discrete
Kloosterman 2-sums

Kl(2, a) :=
∑
x∈F∗p

(
2π

√
−1

p
) exp

(
x +

a
x

)
.

• In general, the Kloosterman sum is defined for an integer N ≥ 2, a prime
p and a ∈ F∗

p by

Kl(n, a) :=
∑
z∈F∗p

(
2π

√
−1

p
) exp

(
x1 + . . .+ xN−1 +

a
x1x2 . . . xN−1

)
.
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Origins and motivations-1
Classical Analysis and Special functions:

• Clausen duplication formula ("Crelle", 1828)(
2F1

[
a, b

a + b + 1
2
| x
])2

= 3F2

[
2a a + b 2b

a + b + 1
2 2b | x

]

• Schläfli formula for confluent hypergeometry = 0-kind modified Bessel

0F1

[
−
n
2
|

nx
2

]
0F1

[
−
n
2
|

ny
2

]
=

∫
Sn−1

0F1

[
−
n
2
|

n
2
(x + y + 2

√
xy < e1, µ >)

]
dµ

-homogeneous commutative coalgebra C(Rn)O(n).(L. Schläfli (1876), Math.Ann.X)
-n = 2− 2-valued cyclic formal group

• Bessel function of zero kind. Sonine-Gegenbauer formula(N. Sonine (1880)
Math. Ann. XVI, L. Gegenbauer (1884) Weiner Sitzungsberichte, LXXXVIII)

J0(x)J0(y) =
1

2π

x+y∫
|x−y|

J0(z)zdz√
x4 + y4 + z4 − 2x2y2 − 2x2z2 − 2y2z2

, x < y ∈ R

• D2-equation (small Apèry). Algebraic kernel

[∂t ◦ f (t) ◦ ∂t + t]ψ = λψ, f (t) = t3 + At2 + t

ϕλ(x)ϕλ(y) =
∫

ϕλ(z)√
P(x, y, z)

dz, P(x, y, z) = ∆t [f (t)− (t − x)(t − y)(t − z)]

An appearance of Kontsevich polynomials
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-n = 2− 2-valued cyclic formal group

• Bessel function of zero kind. Sonine-Gegenbauer formula(N. Sonine (1880)
Math. Ann. XVI, L. Gegenbauer (1884) Weiner Sitzungsberichte, LXXXVIII)

J0(x)J0(y) =
1

2π

x+y∫
|x−y|

J0(z)zdz√
x4 + y4 + z4 − 2x2y2 − 2x2z2 − 2y2z2

, x < y ∈ R

• D2-equation (small Apèry). Algebraic kernel

[∂t ◦ f (t) ◦ ∂t + t]ψ = λψ, f (t) = t3 + At2 + t

ϕλ(x)ϕλ(y) =
∫

ϕλ(z)√
P(x, y, z)

dz, P(x, y, z) = ∆t [f (t)− (t − x)(t − y)(t − z)]

An appearance of Kontsevich polynomials
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N−Bessel kernels : basics
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N-Bessel

Consider the N− Bessel equation(
x

d
dx

)N

Ψ− xλΨ = 0

and its analytic solution (N− Bessel function)

Ψ(x, λ) = J(N)(λ; x) =
∞∑

k=0

λk

(k!)N xk

Set λ = 1.
The Laplace transform:

L(J(N))(z) =
∞∑

k=0

(Nk)!
k!N

zk

J(N)(x)J(N)(y) =
∑
n,m

(
1

n!m!

)N

xnym =
∑
n,m

(
n + m

n

)N

xnym
(

1
(n + m)!

)N
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Integral form

The solution can be written in the integral form

J(N)(x) =
1

(2πi)N−1

∮
exp

(
N−1∑
i=1

Yi +
x

Y1Y2 . . . YN−1

)
dY1

Y1

dY2

Y2
. . .

dYN1

YN−1
, (1)

where one may recognize a Dwork family of super-potentials in the
exponential function.
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N-Bessel-2

When we multiply this by z−(m+n), multiply with J(N)(z), expand in powers of z
we find:

J(N)(x)J(N)(y) =
1

2πi

∮
K(x, y, z)J(N)(z)

dz
z

=
1

2πi

∮
H
(

x
z
,

y
z

)
J(N)(z)

dz
z
,

where

H(X, Y) =
∑
n,m

(
n + m

n

)N

XnYm.

Try to understand the singular locus of the D− module generated by H. For
N = 2 we have the algebraic kernel H(X, Y) = 1√

∆2(X,Y,1)
and

∆2(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz. This defines a circle, tangent the
coordinate lines xyz = 0 at the mid-points (0 : 1 : 1), (1 : 0 : 1), (1 : 1 : 0) in P2.

∆2(u2, v2,w2) = (u + v + w)(−u + v + w)(u − v + w)(u + v − w) = 16S2
∆−

("Heron configuration")
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Duplication kernels

Consider a "diagonal" x = y in order to get one dimensional families

Convolution of power series and explicit numbers
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Duplication kernels

Integral transformation to Sym2 of DE

ΦN(x)2 =
1

2πi

∮
KN(x/z)ΦN(z)

dz
z

For N = 2 – Clausen duplication

Φ2(x)2 =
1

2πi

∮
T

1√
1 − 4x/z

Φ2(z)
dz
z
.

which leads to
(θ3

x − 4x θx − 2x)Φ2(x)2 = 0, θx =
xd
dx
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Duplication kernels via multiplicative convolution

Taking the "diagonal" y = x we obtain the Clausen duplication formula

ΦN(x)2 =

(
∞∑

n=0

xn

n!N

)2

=

∞∑
n=0

cn

n!N
xn, cn =

n∑
k=0

(
n
k

)N

Hadamard product: f (x) =
∞∑
j=0

ajxj and g(x) =
∞∑
j=0

bjxj

(f ∗ g)(x) =
1

2πi

∮
f (x/t)g(t)

dt
t
=

∞∑
j=0

(aj · bj)xj.

Then

ΦN(x)2 = ΦN(x) ⋆
∞∑

n=0

cnxn = ΦN(x) ⋆ K(x) =
1

2πi

∮
K(x/t)ΦN(t)dt/t

K(x/z) = K(x, x|z) is a generating function of cn
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Binomial coefficient sums

KN(t) =
∞∑

n=0

[
n∑

k=0

(
n
k

)N]
tn, t = x/z

• N = 2 - Clausen duplication for Bessel

K2(x) =
1√

1 − 4t

• N = 3 - Apéry like sequence of type A (D. Zagier). Heun function

t(t + 1)(8t − 1)K
′′
+ (24t2 + 14t − 1)K

′
+ (8t + 2)K = 0

• Generic N > 1: period from Landau-Ginzburg model

VN =

N−1∏
i=1

(1 + Yi) +

N−1∏
i=1

(1 + Y−1
i )

• Corresponding family and its period

VN = 1/t, KN(t) =
1

(2πi)N−1

∮
TN−1

1
1 − tVN

dY1

Y1

dY2

Y2
. . .

dYN−1

YN−1
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Picard-Fuchs operators

N = 2 (4t − 1) θt + 2t,

N = 3 (t + 1) (8t − 1)θ2
t + t (16t + 7) θt + 2t(4t + 1),

N = 4 (16t − 1)(4t + 1)θ3
t + 6t(32t + 3)θ2

t + 2t(94t + 5)θt + 2t(30t + 1),

N = 5 (32t − 1)(4t − 7)2(t2 − 11t − 1)θ4
t + 2t(4t − 7)(256t3 − 2084t2 + 4942t + 143)θ3

t +

t(3072t4 − 23024t3 + 72568t2 − 102261t − 1638)θ2
t +

t(2048t4 − 12896t3 + 30072t2 − 66094t − 637)θt+

2t(256t4 − 1472t3 + 1904t2 − 7868t − 49),

N = 6 (t − 1)(27t + 1)(64t − 1)(75t3 + 1420t2 + 561t + 9)θ6
t +

+ (842400t6 + 18022725t5 − 1363487t4 − 4622791t3 − 127551t2 − 1977t − 9)θ5
t +

+ 5t(452880t5 + 10962507t4 + 2491544t3 − 1779376t2 − 46584t − 168)θ4
t +

+ 5t(644760t5 + 17135271t4 + 6994741t3 − 1716533t2 − 56024t − 96)θ3
t +

+ 2t(1282500t5 + 36696915t4 + 19164721t3 − 2088858t2 − 100236t − 72)θ2
t +

+ 2t(540900t5 + 16436910t4 + 9826066t3 − 428487t2 − 38811t − 9)θt+

+ 12t2(15750t4 + 503175t3 + 327205t2 − 1845t − 1044).
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Picard-Fuchs operators

N 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
ordDN 1 2 3 4 6 8 10 12 15 18 21 24 28 32 36 40

Number of unipotent blocks increase on each fifth iteration

M(7)
0 ∼



1 1/2! 1/3! 1/4! 1/5! 1/6! 0 0
0 1 1/2! 1/3! 1/4! 1/5! 0 0
0 0 1 1/2! 1/3! 1/4! 0 0
0 0 0 1 1/2! 1/3! 0 0
0 0 0 0 1 1/2! 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 1/2!
0 0 0 0 0 0 0 1


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Mirror maps

N = 3 q − 3q2 + 3q3 + 5q4 − 18q5 + 15q6 + 24q7 − 75q8 + 57q9 + 86q10 + O(q11)

N = 4 q − 4q2 − 6q3 + 56q4 − 45q5 − 360q6 + 894q7 + 960q8 − 6951q9 + 4660q10 + O
(

q11
)

N = 5 q − 5q2 − 40q3 + 115q4 − 645q5 − 12846q6 − 177350q7−

− 2574585q8 − 44198680q9 − 736554815q10 + O
(

q11
)

N = 6 q − 6q2 − 135q3 − 380q4 − 24960q5 − 696366q6−

− 26153302q7 − 901888104q8 − 35369115894q9 − 1381135576280q10 + O
(

q11
)

N = 7 q − 7q2 − 371q3 − 4543q4 − 378637q5 − 20096783q6 − 1568975093q7

− 112310305031q8 − 9251250532328q9 − 758736375700793q10 + O
(

q11
)
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KN(x, y|z) are periods of P2-families of algebraic varieties

K(m)
N (x1, x2 . . . xm|z) are periods of Pm-families



N-Bessel kernels as periods Singularities: Landau Discriminants, Buchstaber-Rees Connections

KN(x, y|z) are periods of P2-families of algebraic varieties

K(m)
N (x1, x2 . . . xm|z) are periods of Pm-families



N-Bessel kernels as periods Singularities: Landau Discriminants, Buchstaber-Rees Connections

Theorem

Let

WN(x, y, z) = x
N−1∏
j=1

(1 + Yj) + y
N−1∏
j=1

(1 + Y−1
j )− z = 0

Define

KN(x, y, z) =
1

(2πi)N−1

∮
1

WN(x, y, z|Y)

N−1∏
j=1

dYj

Yj

Theorem (I. Gaiur, V.R., D. van Straten) KN(x, y, z) is a kernel for N-Bessel
function

WN(x, y, z|Y) =
N−1∏
j=1

(1 + Yj)

(
x +

y
Y1Y2 . . . YN−1

)
− z = 0

Proof: Kontsevich-Odesskii formal power series for kernel + combinatorics

KN(x, y, z) =
∑

j,k

(
j + k

k

)N
xjyk

zj+k .
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Multi-Kernels

Multi-product

ΦN(x1)ΦN(x2) . . .ΦN(xm−1)ΦN(xm) =
1

2πi

∮
KN(x1, x2, . . . xm |z)ΦN(z)

dz
z
.

KN(x1, x2, . . . xm |z) is a convolution of KN(x, y|z) with itself m − 2 times

Theorem (I. Gaiur, V.R., D. van Straten) Kernel KN(x1, x2, . . . xm |z) is a
period of

W(m)
N (x1, . . . xm, z) =

N−1∏
j=1

(
1 +

m−1∑
l=1

Y(l)
j

)
·

x1 +
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xl+1

Y(l)
j
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Product formulas singularities

The singularities of the family

WN(x, y, z) = x
N−1∏
j=1

(1 + Yj) + y
N−1∏
j=1

(1 + Y−1
j )− z = 0

is a projective curve in P2 which a union of triangle

xyz = 0

and irreducible rational curve

∆N(x, y, z) = xN + yN + zN + . . . ,

which is given by the property

∆N(uN , vN ,wN) =
∏
ω,η

(u + ωv + ηw),

where in the product ω and η run over the N-th roots of unity.

Remark: ∆N(x, y, z) us a homogeneous polynomial with integer coefficients
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N = 2 singularity loci and unfolding

[1 : 1 : 0][0 : 1 : 1]

[1 : 0 : 1]



N-Bessel kernels as periods Singularities: Landau Discriminants, Buchstaber-Rees Connections

Singular locus

Theorem The polynomials ∆N(x, y, z) may be expressed via T-discriminants
of the 2N − 2 degree polynomials given by

Px,y,z(T) = xTN−1(1 + T)N−1 + y(1 + T)N−1 − TN−1z.

More precisely, the equality holds

(−1)N(N − 1)2(N−1)(xyz)N−2∆N(x, y, z) = discT(Px,y,z(T))

Theorem The projective curve ∆N = 0 is a rational curve that has
(N − 1)(N − 2)/2 double points. All singularities belong to P2(R). Moreover,
coordinates of the singularities belong to Q(cos(2π/N)).



N-Bessel kernels as periods Singularities: Landau Discriminants, Buchstaber-Rees Connections

Singular locus

Theorem The polynomials ∆N(x, y, z) may be expressed via T-discriminants
of the 2N − 2 degree polynomials given by

Px,y,z(T) = xTN−1(1 + T)N−1 + y(1 + T)N−1 − TN−1z.

More precisely, the equality holds

(−1)N(N − 1)2(N−1)(xyz)N−2∆N(x, y, z) = discT(Px,y,z(T))

Theorem The projective curve ∆N = 0 is a rational curve that has
(N − 1)(N − 2)/2 double points. All singularities belong to P2(R). Moreover,
coordinates of the singularities belong to Q(cos(2π/N)).



N-Bessel kernels as periods Singularities: Landau Discriminants, Buchstaber-Rees Connections

Links and perspectives
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Hecke operators and Kontsevich polynomial

Kontsevich (2007-2009): To make explicite Langlands correspondence for
SL2− local systems L on P1

Fp \ four points with unipotent local monodromies,
which correspond to a special Heun equation

L := ∂f∂ + t + λ, f = t3 + at2 + bt + c

- a cubic polynomial (See also Teruji Thomas, 2006 (MSci at U Chicago with
V. Drinfeld and Niels uit de Bos, 2019 (PhD U Essen with J. Heinloth.)
Define

P(x, y, z) = disct(f (t)− (t − x)(t − y)(t − z))
Let Fp− a finite field with a prime characteristic p ̸= 2. x ∈ P1(Fp),
Hx ∈ Mat(p+1)×(p+1)(Fp) such that

(Hx)yz := 2 + ♯{w|w2 = P(x, y, z) + correction term}
A miracle: [Hx,Hy] = 0! Operators Hx, x ∈ P1(Fp) generate a Hecke algebra H.

H ↷ Fun(P1(Fp)) : (Hx(v̄))y =
∑

z

(Hx)yz(vz), x, y, z ∈ P1(Fp), (v̄) = (vx) ∈ Fun(P1(Fp)).

Drinfeld: when PGL2(Fp(t))− automorphic representations correspond to
normalized common Hecke eigenvectors:

Hx(v̄) = vxv̄, vxvy =
∑

z

(Hx)yz(vz)
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Hecke operators and Kontsevich polynomial

2-Bessel kernel singularities is a degeneration of the Kontsevich polynomial

Kernel may be considered as an analog of the Hecke operator in the analytic
context

Higher Bessel Kernels should correpond to the degeneration of the higher
rank local systems
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Non-Abelian Abel’s theorem

• Non-Abelian Abel’s theorem by V. Golyshev, V.R., A. Mellit and D. van
Straten:

• Kernels are lifts of the Abel’s law on a base curve
• Example: Kontsevich polynomial - elliptic curve Abelians law

• N-Bessel kernels lift Buchstaber-Rees law
• Lift from the corresponding spectral curve

δ = x
d
dx

− A = x
d
dx

−


0 1 0 . . . 0 0
0 0 1 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . 1 0
0 0 0 . . . 0 1
x 0 0 . . . 0 0


Γ(x, λ) = (−1)N det(A/x − λ) = λN − 1/x = 0
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Bessel moments

• Bessel moments

(Pk)ij =

∞∫
0

I0(z)iK0(z)k−iz2j−1dz, 1 ≤ i, j ≤ ⌊(k − 1)/2⌋

• Bernoulli matrix

(Bk)ij = (−1)k−i (k − i)!(k − j)!
k!

Bk−i−j+1

(k − i − j + 1)!

• Quadratic relation
Pk · Dk · Pk = (−2πi)kBk

Conjectured by Broadhurst and Roberts. Proved and extended by Fresán,
Sabbah and Yu

• Known as Kloosterman motive, framework: Irregular Hodge theory
• => Oscillatory integrals for Dwork superpotentials and corresponding

Thom-Sebastiani sums
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Bessel moments

• P. Vanhove formula
∞∫

0

I0(z)K0(z)l+1 z dz =
1
2l

∫
Xi≥0

1
1 − W(X)

l∏
k=1

dXk

Xk
, W =

(
1 +

l+1∑
i=1

Xi

)(
1 +

l+1∑
i=1

X−1
i

)

• Same potential as for 2-Bessel multi-product restricted to diagonal, BUT different
integration path

• Studied as one parametric family

(X0 + X1 + . . .+ Xm)

(
x0

X0
+

x1

X1
+ . . .+

xm

Xm

)
= 1/t.

Appeared in banana graph Feynman integrals (Bloch, Kerr, and Vanhove; Klemm,
Dühr). Calabi-Yau case m = 5 (Hulek and Verrill; Candelas c.s.)

• WN gives a universal differential form that connects oscillatory integrals in LHS
and periods in RHS

• Works not only for diagonal
• Reminds us of Givental’s MS which connects

Oscillatory Integrals ↔ Periods

• Should work also for N > 2, but need to find a corresponding pairing
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Oscillatory Integrals ↔ Periods

• Should work also for N > 2, but need to find a corresponding pairing
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Kloosterman motive MomentsBk

QH•(PN−1)
WN

LG-models
Quantum DE

K(x, y, z)
Picard-Fuchs

Dwork family Picard-Fuchs

MS

FSY

Kernel

? FSY ?

Laplace
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Many thanks for your attention!
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