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Plan of talk

. Objects, origins, and motivations.

. N—Bessel kernels : basics

N-Bessel kernels as periods

Singularities: Landau Discriminants, Buchstaber-Rees
Integrality properties: computer experiments

Links and perspectives
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Confluence of Painlevé equations:

First diagram - H. Sakai, Second diagram- after L. Chekhov, M. Mazzocco
and V.R
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Confluence of Hypergeometry (after K. lwaki and O. Kidwai):
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Confluence of Painlevé and Hypergeometry (after O. Lisovyy and P. Gavrylenko):
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Figure 3: CMR diagram for Painl
Gauss Whittaker Bessel

Figure 4: Some solvable RHPs in rank N = 2: Gauss hypergeometric (3 regular punc-
tures), Whittaker (1 regular + 1 of Poincaré rank 1) and Bessel (1 regular + 1 of rank 1).
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Main Heroes

e N— Bessel = "PY~' —Quantum DO:

d N
(xa> U —Xx¥ =0, AeC
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Main Heroes

e N— Bessel = "P"~'—Quantum DO:

d N
(xa> V- MWxt=0, NeC

® Analytic solution:

(XVx)k 1 f N dz
2 Gy Q@ry/—D 1 Jigw OF sz I w) Ha

k>0
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Bessel Equation(s)

e Classical Bessel:

df | df (—1)* X\ 2%
2 2 2\p _ =z
Xog A (x +V)f_o’VER’JV(X)_;F(V-FI-FIC)H(2)
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Bessel Equation(s)
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e Classical Bessel:

L
dxz

af

7+xi_

dx

1 X\ v+
&+ )fzo,ueR,Ju(X)IkZ;p(,,il)Jrk)H(z)

® Modified Bessel:

L
d 2

af

L x4

dx

v—+2k
(=) =0,veER, L Z: 1/—|-1+k)k'(7)
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Bessel Equation(s)
¢ Classical Bessel:
’f | df (=D* X\ vk
2 2 2
L CoveRr A=Y L (1)
Xog A (x+v)f ve (x) ;F(l/—l—l—l—k)k! 3

® Modified Bessel:

d*f df
2
Tttt

2
X — UV

(

1
< T(v+ 1+ kK

Nf=0,veER, L(x) = %

k>

()

® v =0-2-Bessel (=2-K

loosterman):

0%u = Nxu, i
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Bessel Equation(s)

e Classical Bessel:

&f  df (—1) o\ 2k
2 2 2 _ — ol
Xog A (x +V)f_o’VeR’JV(x)_kZ;F(V—l—I—i—k)k!(2)

® Modified Bessel:

d&f  df 1 X\ v
2 2 2 _ _ _
P x o+ (x 1/)f—O,VE]R,IV(x)—k>0F(V+1+k)k!(2)

® v =0 -2-Bessel (= 2-Kloosterman):

*u = Noxu, 0= xi.

® (N =2 )= —1. Solutions)

BV = b(2vE) =S % — zmlﬂ %e—(w%)% — oF1 (=51
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Origins-1

Gauss — Kummer — Bessel: confluence

e Gauss hypergeometry

&*F v —(a+ B+ 1xdF af _ _ a,p
Ofprmlon b ledt b p ooy g (-1, Fw =am [ 1]
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Origins-1

Gauss — Kummer — Bessel: confluence

e Gauss hypergeometry

&d’F  y—(a+ B+ 1)xdF af _ _ a,p
W+wa*mF—ovw¢(7N)7F(x)_2F1 { v |x]

® From Gauss to Kummer

d’F

* A dx

dF
—|—(W—x)——aF:O,,Bze,x:g,e—)oo,F(x):lFl {:H}
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Origins-1

Gauss — Kummer — Bessel: confluence

e Gauss hypergeometry

&d’F  y—(a+ B+ 1)xdF af _ _ a,p
W+WE*X(1_X)F—077¢(7N)7F(x)_2F1 { v |x]

® From Gauss to Kummer

d’F

* A dx

dF
—|—(W—x)——ozF:0,,8:e,x:§,e—)oo,F(x):1F| ﬁ|x}

® From Kummer to Bessel

F(y) ==y "exp(iy)f(y),a:=v +1/2,7:=2v + 1, ‘

d*F dF 2 | df >
Ly ov—)E —aF=0= A =0
ydszr(’y u)dy e yderyd + (O = A)f
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Interpretation of N—Bessel on the language of algebraic D—modules

® N—Bessel equation can be converted to a connection Be, on the rank n
trivial bundle on the multiplicative group G, c.

0 1 .0 0
O 0 1 .. 0 0

d a |
V=xnt4=z 1o o o 10
0 0 0 0 1
My 00 0 0

(the Bessel connection of rank N.)
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Interpretation of N—Bessel on the language of algebraic D—modules

® N—Bessel equation can be converted to a connection Be, on the rank n
trivial bundle on the multiplicative group G, c.

0 1 .0 0
O 0 1 .. 0 0

d d
V=xnt4=z 1o o o 10
0 0 ... 0 1
My 0 0 ... 0 0

(the Bessel connection of rank N.)

e Put A = 1. Then Vy has a regular singularity at x = 0 with unipotent
monodromy generated by the principal unipotent exp(27+/—1A) with one
Jordan block.
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Interpretation of N—Bessel on the language of algebraic D—modules

® N—Bessel equation can be converted to a connection Be, on the rank n
trivial bundle on the multiplicative group G, c.

0 1 .0 0
O 0 1 .. 0 0

d a |
V=xnt4=z 1o o o 10
0 0 ... 0 1
My 0 0 ... 0 0

(the Bessel connection of rank N.)

e Put A = 1. Then Vy has a regular singularity at x = 0 with unipotent
monodromy generated by the principal unipotent exp(27+/—1A) with one
Jordan block.

* The singularity at x = oo is irregular with pure slope ;. and the

eigenvalues
2/ =1k, 1
T)XN'

v (x) = exp(



N-Bessel kernels as periods Singularities: Landau Discriminants, Buchstaber-Rees Connections
0000 00000 00000000

Mirror of P!

The integral
I— / exp WLT2) dyidy
YC{yiy2=q} h dq

satisfies the Bessel differential equation

[16,)]'1 = gl

and therefore (Y,,f,,w,) where Y, is given by the equation y;y, = gin ¥ = C?
the function f, is the restriction to ¥, of f = y1 + y2, and wj is the relative
“volume” form {192) on y, can be taken on the role of the mirror partner of

X d(y1y2)
X=P.
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Number Theory analogy:

e N = 2 Kloostermann solution

= /\xk dz
IO = neva) =Y o5 Mt
o — k!2 27r\/
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Number Theory analogy:

e N = 2 Kloostermann solution

J? = 1(2Vx) = Z k&

C2m/—1

® This integration can be viewed as a continuous analog of the discrete
Kloosterman 2-sums

K1(2,a) := Z(%T\/jl)exp (x—l— %)

xE]F;

Connections
00000000



N-Bessel kernels as periods Singularities: Landau Discriminants, Buchstaber-Rees

Connections
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00000000

Number Theory analogy:

e N = 2 Kloostermann solution

JD = 1h(2vVxx) = Zg’zﬁ
T

® This integration can be viewed as a continuous analog of the discrete
Kloosterman 2-sums

K1(2,a) := Z(zﬂpﬁ)exp (x—l— %)

xE]F;

® |n general, the Kloosterman sum is defined for an integer N > 2, a prime
panda € F, by

21/ —1 a
Kl = .. _ _ ).
(n,a) Z( P ) exp (x1 + .ot xNo1 + . XN71>
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Origins and motivations-1

Classical Analysis and Special functions:

® Clausen duplication formula ("Crelle", 1828)

F a,b 2—F 2a a+b 2b
21a+b+%|x =32 a+b+%2b|x

Connections
00000000
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Origins and motivations-1

Classical Analysis and Special functions:
® Clausen duplication formula ("Crelle", 1828)
a,b 2 2a a+b 2b
Crletiyd) =natidan

® Schlafli formula for confluent hypergeometry = 0-kind modified Bessel

—  hx — ., n — n
oF 1 |n | | oF) ﬂ|l =/ oF 1 | n | S(x4+y+2yay <ep,pu>)|du

2 2 2 2 sn—1 2 2

-homogeneous commutative coalgebra C(R")°( (L. Schiafli (1876), Math.Ann.X)
-n = 2— 2-valued cyclic formal group
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Origins and motivations-1

Classical Analysis and Special functions:

® Clausen duplication formula ("Crelle", 1828)

p[ @b P op [ atb 2
2la+b+%|x =3 a+b+%2b|x

® Schlafli formula for confluent hypergeometry = 0-kind modified Bessel
—  hx — ., n — n
oF1 [g \ *] oF1 [g | *y} =/ oF1 [g | —(x+y+2vxy<er,p >)} dp
2 2 7 2 sn—1 5 2

-homogeneous commutative coalgebra C(R")°( (L. Schiafli (1876), Math.Ann.X)
-n = 2— 2-valued cyclic formal group
® Bessel function of zero kind. Sonine-Gegenbauer formula(N. Sonine (1880)
Math. Ann. XVI, L. Gegenbauer (1884) Weiner Sitzungsberichte, LXXXVIII)
x+y

1 J d
Jo(o(y) = —— / o(z)zdz x<yeR
271—‘ VAt — 2 — 2x277 — 2y272
X

=yl
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Origins and motivations-1

® Clausen duplication formula ("Crelle", 1828)

F a,b 2—F 2a a+b 2b
281 a+b+%|x =3 a+b+%2b|x

® Schlafli formula for confluent hypergeometry = 0-kind modified Bessel

— nx — n — n
oF 1 [g \ 7] oF [g | —y} =/ oF 1 {g [ z(x+y+2Vxy <ep,p >)} dp
52 ) 11 72

-homogeneous commutative coalgebra C(R")°( (L. Schiafli (1876), Math.Ann.X)
-n = 2— 2-valued cyclic formal group

® Bessel function of zero kind. Sonine-Gegenbauer formula(N. Sonine (1880)
Math. Ann. XVI, L. Gegenbauer (1884) Weiner Sitzungsberichte, LXXXVIII)

x+y
Jo(2)2dz

-/
)_271" | \/x4+y“+z472x2y272x21272y222
x=y

Jo(x)Jo(y ,x<yeR

® D2-equation (small Apery). Algebraic kernel
[Orof()od + v =Xp, f()=r +AF+1
DD e ey, = A0 — (=0~ )~ )]

PA()PAY) = \/ﬁ

An appearance of Kontsevich polynomials
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N-Bessel

Consider the N— Bessel equation

d\V
(x—) U —x\U =0
dx

and its analytic solution (N— Bessel function)

e k
T(x, A) =N (A\x) = Z A)\

SetA=1.
The Laplace transform:

Connections
00000000
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Integral form

The solution can be written in the integral form

N—1
1 X dY, dY» dYn
JM :774 d Vit oo | S, (1
(X) (27Ti)N_] Xp 1 + YiYo... Yn—i Yi ' Y» Y]\]_l7 ( )

where one may recognize a Dwork family of super-potentials in the
exponential function.
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N-Bessel-2

When we multiply this by z~ "+ multiply with /) (z), expand in powers of z

we find:
1 dz 1 x dz
M) (TN () — ) — YY) m
IO@IN0) = 51 f KV E = L fﬂ(“) Ok
where

N
H(X, Y) _ Z (ntm) XY™,

Try to understand the singular locus of the D— module generated by H. For

N = 2 we have the algebraic kernel H(X,Y) = m and
204, 1,

As(x,y,2) = x> +y* + 22 — 2xy — 2xz — 2yz. This defines a circle, tangent the
coordinate lines xyz = 0 at the mid-points (0: 1:1),(1:0:1),(1:1:0)in P

Aol VW) = (u+v+w)(—u+v+w)(u—v+w)(u+v—w) = 1653 —

("Heron configuration")



N-Bessel kernels as periods Singularities: Landau Discriminants, Buchstaber-Rees Connections
0000 00000 00000000

Duplication kernels

Consider a "diagonal" x = y in order to get one dimensional families
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Duplication kernels

Consider a "diagonal" x = y in order to get one dimensional families

Convolution of power series and explicit numbers
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Duplication kernels

Integral transformation to Sym?* of DE

By (x)° = zim ?f KN(x/z)q)N(z)%

Connections
00000000
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Duplication kernels

Integral transformation to Sym? of DE

%@%j%fm@@%@%

For N = 2 — Clausen duplication
1 1 dz
By (x)* = — ?{ —_$,(2) =,
2(x) i V=T 2(2) .

d
(07 — 4x 0, — 2x)®,(x)> = 0, @:%

which leads to

Connections
00000000



N-Bessel kernels as periods Singularities: Landau Discriminants, Buchstaber-Rees Connections
0000 00000 00000000

Duplication kernels via multiplicative convolution

Taking the "diagonal" y = x we obtain the Clausen duplication formula

) = X ’ a " (n N
o = (L) -t w=2(3)

n=0 n=0 k=0
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Duplication kernels via multiplicative convolution

Taking the "diagonal" y = x we obtain the Clausen duplication formula

2 i P Cn n "\ (n !
o= (L) = e w-3())

n=0 n=0 k=0

Hadamard product: f(x) = iajxj and g(x) = ib,«xf
j=0

J=0

(f*g)(x ?{f x/1)g( Z(a./'bj)x/-
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Duplication kernels via multiplicative convolution

Taking the "diagonal" y = x we obtain the Clausen duplication formula

2 i P Cn n "\ (n !
o= (L) = e w-3())

n=0 n=0 k=0

Hadamard product: f(x) = iajxj and g(x) = ib,«xf
j=0

J=0

(f*g)(x 7{f x/1)g( Z(a./'b/)x/-
Then

() = D) 3 e’ = Bul) # K(0) = 5 74 K (/1) By ()dt 1
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Duplication kernels via multiplicative convolution

Taking the "diagonal" y = x we obtain the Clausen duplication formula

2 i P Cn n "\ (n !
o= (L) = e w-3())

n=0 n=0 k=0

Hadamard product: f(x) = iajxj and g(x) = ib,«xf
j=0

J=0

(f*g)(x ?{f x/1)g( Z(a./'bj)x/-
Then

() = D) 3 e’ = Bul) # K(0) = 5 f{ K (/1) By ()dt 1

K(x/z) = K(x,x|z) is a generating function of ¢,
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Binomial coefficient sums

N = 2 - Clausen duplication for Bessel
1
V1 —4t

N =3 - Apéry like sequence of type A (D. Zagier). Heun function

Kz (x) =

t(t+ 1)(8t — DK + (247 + 141 — DK + (8¢ +2)K =0
Generic N > 1: period from Landau-Ginzburg model

N—1 N—1

vw=[la+v)+Ja+r

i=1 i=1

Corresponding family and its period

Vv =1/t, Kn(t) = ..
N /7 N() I—IVN Yi Yv_1

(2mi)N-1

TN—1

1 7{ 1 dY, % dYn_1

Connections
00000000
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Picard-Fuchs operators

Connections
00000000

N=2 (4—1)6;+2t,
N=3 (t+1)(8 —1)82 +1(16r+7) 6, + 21(4t + 1),
N =4 (16t — 1)(4t + 1)0} + 61(32t + 3)6? + 21(94t + 5)6, 4 21(30t + 1),
N=5 (32t — 1)(4r — 7)2(% — 111 — 1)0} 4 2t(41 — 7)(2561° — 20847> + 49421 + 143)03 +
#(3072¢* — 2302413 + 725687> — 102261t — 1638)0%+
1(2048* — 128961 + 3007272 — 66094t — 637)0,+
20(2561* — 147273 4 1904:> — 78681 — 49),
N=6 (r—1)(27t+ 1)(64r — 1)(75¢ + 1420¢* + 561t + 9)0%+
+ (842400/% + 18022725¢° — 13634871* — 46227917 — 1275512 — 19771 — 9)67 +
+ 51(4528807° 4 109625071 4 24915441> — 1779376> — 465841 — 168)67 +
+ 51(644760F° 4 171352717 4 69947418 — 17165331* — 560241 — 96)67 +
+ 21(12825007° + 36696915¢* + 191647217 — 20888587> — 1002361 — 72)0% +
+ 2¢(5409007° 4 16436910¢* 4 98260661° — 4284871> — 388111 — 9)6,+
+ 12/2(15750¢* + 5031757 + 32720572 — 18451 — 1044).
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Picard-Fuchs operators

Connections
00000000

[ IE

:w
BN
:01
;m
:u
35
N
o
|

21 | 24

14 15 16 17
28 32 36 40
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Picard-Fuchs operators

72 [ 13 [ 14 [ 15 [ 16 [ 17
21 | 24 | 28 | 32 | 36 | 40

:w
BN
:m
;m
:u
35
N
o
|

Number of unipotent blocks increase on each fifth iteration
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Connections

0000 00000 00000000
Picard-Fuchs operators
[ W~ [2 [ 3 [ 45678 9 10 [ 11 [ 12 [ 13 | 17
[odDy | 1 | 2 | 3 | 4 | 6 | 8 | 10 | 12 | 15 | 18 | 21 | 24 | 28 | 32 | 36 | 40
Number of unipotent blocks increase on each fifth iteration
112t 1/3t 14t 15t 1760 0 0
0 1 /20 1/30 1740 1/5t 0 0
0 0 1 /20 1/30 0 1/40 0 0
) 0 0 0 1 /20 1/31 0 0
My "~ 0 0 0 0 1 /20 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 o172
0 0 0 0 0 0 0 1
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Mirror maps
N=3 q—3¢>+3¢ +5¢* — 184’ 4+ 15¢° + 24¢" — 75¢° + 574° + 86¢'° + 0(4"")
N=4 g—4g — 64> + 564" — 4545 — 3604° + 894q + 960¢° — 6951¢° + 46604'" + O (q”)
N=35 q—5¢*—40¢ + 115¢* — 645¢° — 128464° — 1773504 —

— 257458548 — 44198680¢° — 736554815¢'° + O (q“)
N=6 g—6¢>—135¢ —380q" — 249604° — 6963664°—

— 26153302g" — 901888104¢° — 35369115894¢° — 13811355762804'° + O (q”)
N=17 q—7¢*—371q" — 45434* — 378637¢° — 20096783¢° — 15689750934

— 112310305031¢% — 92512505323284° — 758736375700793¢4'° + O (q”)
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Ky (x,y|z) are periods of P2-families of algebraic varieties
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Ky (x,y|z) are periods of P2-families of algebraic varieties

K" (x1,%2 ... xa|z) are periods of P"-families
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Theorem
Let
N—1 N—1
vy, ) =x[Ja+r) +y[Ja+¥ ") —z=0
j=1 j=1
Define

N—1
dY;

Ky ')
(x:3,2) = 27r1 % W (x, y,z|Y E Y;
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Theorem
Let
N—1 N—1
vy, ) =x[Ja+r) +y[Ja+¥ ") —z=0
j=1 j=1
Define

N—1
dY;

Kn pait'
(x,2 27r1 f W (x, y,z|Y ,1;[| Y;

Theorem (l. Gaiur, V.R., D. van Straten) Ky(x,y, z) is a kernel for N-Bessel
function
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Theorem
Let
N—1 N—1
vy, ) =x[Ja+r) +y[Ja+¥ ") —z=0
j=1 j=1
Define X
N_
dy;
Kn pait'
(x5, 2 27r1 f W (x, y,z|Y ,1;[| Y;
Theorem (l. Gaiur, V.R., D. van Straten) Ky(x,y, z) is a kernel for N-Bessel
function

N—1

y
W, Y)= 1+ Yv . v ) "=
vy, 2Y) = [T +7) (X+Y]Y2...YN_1) ¢

j=1

Connections
00000000
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Theorem
Let
N—1 N—1
vy, ) =x[Ja+r) +y[Ja+¥ ") —z=0
j=1 j=1
Define X
N_
dy;
Kn pait'
(3,2 2m %WN (x,¥,2]Y) ,I;[, Y
Theorem (l. Gaiur, V.R., D. van Straten) Ky(x,y, z) is a kernel for N-Bessel
function
N—1 y
_ : ) —z=0
Wt = [T1+1) (+ g ) -

Proof: Kontsevich-Odesskii formal power series for kernel + combinatorics

N
JHkY Xy
KN(X,}’,Z)—Z( X ) e

Jrk
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Multi-Kernels

Multi-product

Oy (x1)Pv(x2) . .. Py (Xn—1) Py (X) = Zim fKN(xlaxL <X [2) ‘I’N(Z)%-
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Multi-Kernels

Multi-product

@N(xl)ch(xz) - <I>N(xm_1)<I>N(xm) = ziﬂ'l %KN(XI,-XZ, s Xm |Z) @N(Z)%

Ky(x1,x2,...xx|2) is @ convolution of Ky(x, y|z) with itself m — 2 times
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Multi-Kernels

Multi-product

Oy (x1)Pv(x2) . .. Py (Xn—1) Py (X) = 2%” %KN(XI,XL <X |2) D (2 )dZZ

Kn(x1,x2,...xn |2) is @ convolution of Ky(x, y|z) with itself m — 2 times

Theorem (l. Gaiur, V.R., D. van Straten) Kernel Ky(xi,x2,...xx[2) is @

period of
N—1 m—1 m—1N— lx
W (2 = [ <1+2Yj(”>- a+> [I75 | —==0
j=1 =1 =1 j=1 Y
i.e.
()
1 I dy;
KN(xth;v--xm |Z): NN f ;
(27TI)N ! Wl(vm)(x17x27...xm7z) ];;[ Yj([)
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Multi-Kernels
Multi-product

1 d
f%KN(xl,xz,. 6 2) ()

Dy (x1) P (x2) - . - P (Xim—1) P () = 5

Kn(x1,x2,...xn |2) is @ convolution of Ky(x, y|z) with itself m — 2 times

Theorem (l. Gaiur, V.R., D. van Straten) Kernel Ky(xi,x2,...xx[2) is @

period of
N—1 m—1 m—1N— lx
W (2 = [ <1+ZYj(”>- a+> [I75 | —==0
j=1 =1 =1 j=1 Y
i.e.
()
1 I dy;
KN(xth;v--xm |Z): NN f. ;
(27TI)N ! Wl(vm)(x17x27...xm7z) ];;[ Yj([)

Proof: Similar to the multiplication one
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Appeared families have a precise geometry of singularity loci
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Appeared families have a precise geometry of singularity loci

For standard multiplication formulas all singularities are of discriminant type
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Product formulas singularities

The singularities of the family

N—1 N—1
Wy(y, ) =x[[0+¥) +y[[a+y ") -z=0
j=1 =1

is a projective curve in P* which a union of triangle
xyz=0
and irreducible rational curve
An(x,y,2) :xN+yN+zN+...,
which is given by the property

Ay W) = T +wv+nw),

w,n

where in the product w and 7 run over the N-th roots of unity.
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Product formulas singularities

The singularities of the family

N—1 N—1
Wy(y, ) =x[[0+¥) +y[[a+y ") -z=0
=1 =1

is a projective curve in P* which a union of triangle
xyz=0
and irreducible rational curve
An(x,y,2) :xN+yN+zN+...,
which is given by the property

Aw (VY wh) = [T +wv +aw),

w,n

where in the product w and 7 run over the N-th roots of unity.

Remark: Ay(x,y,z) us a homogeneous polynomial with integer coefficients
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N = 2 singularity loci and unfolding
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Singular locus

Theorem The polynomials Ay(x,y,z) may be expressed via T-discriminants
of the 2N — 2 degree polynomials given by

Py (T) =xT" "1+ D) ya+ )" =1V 2
More precisely, the equality holds

(=DM = 1" (02)" 2 Aw(x, v, 2) = diser (Pry.a(T))
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Singular locus

Theorem The polynomials Ay(x,y,z) may be expressed via T-discriminants
of the 2N — 2 degree polynomials given by

Py (T) =xT" "1+ D) ya+ )" =1V 2
More precisely, the equality holds

(=DM = 1" (02)" 2 Aw(x, v, 2) = diser (Pry.a(T))

Theorem The projective curve Ay = 0 is a rational curve that has
(N — 1)(N — 2)/2 double points. All singularities belong to P?(R). Moreover,
coordinates of the singularities belong to Q(cos(27/N)).
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Hecke operators and Kontsevich polynomial

Kontsevich (2007-2009): To make explicite Langlands correspondence for
SL,— local systems L on IP}FP \ four points with unipotent local monodromies,
which correspond to a special Heun equation

L:=0f0+t+X f=r+a’ +bt+c

- a cubic polynomial (See also Teruji Thomas, 2006 (MSci at U Chicago with
V. Drinfeld and Niels uit de Bos, 2019 (PhD U Essen with J. Heinloth.)
Define

P(x,y,2) = disc,(f (1) — (1 = x)(t = y) (1 — 2))
Let F,— a finite field with a prime characteristic p # 2. x € P'(F,),
Hx S Mat(,,+|)><(p+])(Fp) such that
(Hx),. := 2 + #{w|w® = P(x,y,z) + correction term}
A miracle: [H,, H,] = 0! Operators H,,x € P'(F,) generate a Hecke algebra .
Hn Fun(IP’I (Fp)) = (H:())y = Z(HX))'Z(VZ): X,y,2 € P' (Fp), (0) = (v) € Fun(IP’] (Fp))-

Drinfeld: when PGL>(F,(¢))— automorphic representations correspond to
normalized common Hecke eigenvectors:

HX(T)) = ViV, VaVy = Z(Hx)yr(vz)

Z



N-Bessel kernels as periods Singularities: Landau Discriminants, Buchstaber-Rees Connections
0000 00000 00®00000
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2-Bessel kernel singularities is a degeneration of the Kontsevich polynomial
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Hecke operators and Kontsevich polynomial

2-Bessel kernel singularities is a degeneration of the Kontsevich polynomial

Kernel may be considered as an analog of the Hecke operator in the analytic
context
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Hecke operators and Kontsevich polynomial

2-Bessel kernel singularities is a degeneration of the Kontsevich polynomial

Kernel may be considered as an analog of the Hecke operator in the analytic
context

Higher Bessel Kernels should correpond to the degeneration of the higher
rank local systems
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Non-Abelian Abel’s theorem

® Non-Abelian Abel’s theorem by V. Golyshev, V.R., A. Mellit and D. van
Straten:
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Non-Abelian Abel’s theorem

® Non-Abelian Abel’s theorem by V. Golyshev, V.R., A. Mellit and D. van
Straten:

e Kernels are lifts of the Abel’s law on a base curve
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Non-Abelian Abel’s theorem

® Non-Abelian Abel’s theorem by V. Golyshev, V.R., A. Mellit and D. van
Straten:

e Kernels are lifts of the Abel’'s law on a base curve
e Example: Kontsevich polynomial - elliptic curve Abelians law
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Non-Abelian Abel’s theorem

® Non-Abelian Abel’s theorem by V. Golyshev, V.R., A. Mellit and D. van
Straten:

e Kernels are lifts of the Abel’'s law on a base curve
e Example: Kontsevich polynomial - elliptic curve Abelians law

® N-Bessel kernels lift Buchstaber-Rees law
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Singularities: Landau Discriminants, Buchstaber-Rees
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Non-Abelian Abel’s theorem

® Non-Abelian Abel’s theorem by V. Golyshev, V.R., A. Mellit and D. van

Straten:

e Kernels are lifts of the Abel’s law on a base curve

e Example: Kontsevich polynomial - elliptic curve Abelians law

e N-Bessel kernels lift Buchstaber-Rees law
e Lift from the corresponding spectral curve

0
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Bessel moments

® Bessel moments
oo
(00 = [ @K@ 1< < k=12
0

® Bernoulli matrix

1k (k= D)Wk =)' Bi—i—jyi

(B = ( k! (k—i—j+1)!

Connections
00008000
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Bessel moments

® Bessel moments
oo
(00, = [ K@ P e, 1< < k=12
0

® Bernoulli matrix

1k (k= D)Wk =)' Bi—i—jyi

(B = ( k! (k—i—j+1)!

® Quadratic relation
P - Di - P = (—2mi)* By,

Conjectured by Broadhurst and Roberts. Proved and extended by Fresan,
Sabbah and Yu

Connections
00008000
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Bessel moments

® Bessel moments
oo
(00, = [ K@ P e, 1< < k=12
0

® Bernoulli matrix

1k (k= D)Wk =)' Bi—i—jyi

(B = ( k! (k—i—j+1)!

® Quadratic relation
P - Di - P = (—2mi)* By,

Conjectured by Broadhurst and Roberts. Proved and extended by Fresan,
Sabbah and Yu

® Known as Kloosterman motive, framework: Irregular Hodge theory
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Bessel moments

® Bessel moments
oo
(00, = [ K@ P e, 1< < k=12
0

® Bernoulli matrix

1k (k= D)Wk =)' Bi—i—jyi

(B = ( k! (k—i—j+1)!

® Quadratic relation
P - Di - P = (—2mi)* By,

Conjectured by Broadhurst and Roberts. Proved and extended by Fresan,
Sabbah and Yu

® Known as Kloosterman motive, framework: Irregular Hodge theory

® —=> Oscillatory integrals for Dwork superpotentials and corresponding
Thom-Sebastiani sums
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Bessel moments

® P. Vanhove formula
!

oo I+1 1+1
0/10(Z)K0(Z)l+lzdzzll / I—;W(X) de—i", W= <1 +Zx,-> (1 +in—1>

X;>0 k=1 i=1 i=1

i
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Bessel moments

® P. Vanhove formula
!

7 1 1 dX; L s
Io(2)Ko(x) ' zdz = — —J[==, w= (1 X ) |1 X!
0/o(z) 0(2) " zdz le1>0 WD 11 X +; i +§ ;

k=1

® Same potential as for 2-Bessel multi-product restricted to diagonal, BUT different
integration path
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Bessel moments

® P. Vanhove formula

- ! I+1 I+1

/ I+1 1 ! Xy LY oX ) (1+ X!
. L 1 yrax _ . :

J 0(2)Ko(2)™" zdz 21X‘>0 11— W(X) I1 X’ il =

k=1
® Same potential as for 2-Bessel multi-product restricted to diagonal, BUT different
integration path
® Studied as one parametric family
(Xo + X +...+Xm)( + 34 +x—'") -1/t
X Xim

Appeared in banana graph Feynman integrals (Bloch, Kerr, and Vanhove; Klemm,
Dihr). Calabi-Yau case m = 5 (Hulek and Verrill; Candelas c.s.)
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Bessel moments

® P. Vanhove formula
!

7 1 1 dX; s &
In(DKo(2) . zdz = — L w=|1 X; 1 X!
dedd Z22§N1—WHII&’ +Z;, +Z;,

k=1
® Same potential as for 2-Bessel multi-product restricted to diagonal, BUT different
integration path
® Studied as one parametric family
X0 X1 Xm
X X e+ X)) =t =+ ...+ — ) =1/t
Xo+X1+...+ %%+&+ +M) /

Appeared in banana graph Feynman integrals (Bloch, Kerr, and Vanhove; Klemm,
Dihr). Calabi-Yau case m = 5 (Hulek and Verrill; Candelas c.s.)

® Wy gives a universal differential form that connects oscillatory integrals in LHS
and periods in RHS

® Works not only for diagonal
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Bessel moments

® P. Vanhove formula
!

7 1 1 dX; s &
In(DKo(2) . zdz = — L w=|1 X; 1 X!
dedd Z22§N1—WHII&’ +Z;, +Z;,

k=1
® Same potential as for 2-Bessel multi-product restricted to diagonal, BUT different
integration path
® Studied as one parametric family
X0 X1 Xm
X X e+ X)) =t =+ ...+ — ) =1/t
Xo+X1+...+ %&+&+ +M) /

Appeared in banana graph Feynman integrals (Bloch, Kerr, and Vanhove; Klemm,
Dihr). Calabi-Yau case m = 5 (Hulek and Verrill; Candelas c.s.)

® Wy gives a universal differential form that connects oscillatory integrals in LHS
and periods in RHS

® Works not only for diagonal
® Reminds us of Givental’'s MS which connects

Oscillatory Integrals +>  Periods
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Bessel moments

® P. Vanhove formula
!

7 1 1 dX; s &
In(DKo(2) . zdz = — L w=|1 X; 1 X!
dedd Z22§N1—WHII&’ +Z;, +Z;,

k=1
® Same potential as for 2-Bessel multi-product restricted to diagonal, BUT different
integration path
® Studied as one parametric family
X0 X1 Xm
X X e+ X)) =t =+ ...+ — ) =1/t
Xo+X1+...+ %&+&+ +M) /

Appeared in banana graph Feynman integrals (Bloch, Kerr, and Vanhove; Klemm,
Dihr). Calabi-Yau case m = 5 (Hulek and Verrill; Candelas c.s.)

® Wy gives a universal differential form that connects oscillatory integrals in LHS
and periods in RHS

® Works not only for diagonal
® Reminds us of Givental’'s MS which connects

Oscillatory Integrals +>  Periods

® Should work also for N > 2, but need to find a corresponding pairing
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Kloosterman motive Moments By,
FSY ? FSY ?
Wn K(z,y,2)

QH*(PN-1) femel, Quantum DE ——

LG-models Picard-Fuchs

MS Laplace

Dwork family Picard-Fuchs
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Many thanks for your attention!
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