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Rich class of examples realised M-
theory through branewebs

[Haghighat, Iqbal, Kozçaz, Lockhart, Vafa 2013]
[Haghighat, Kozçaz, Lockhart, Vafa 2013]
[SH, Iqbal 2013]

[SH, Iqbal, Rey 2015]
[Haghighat 2015]

[Haghighat, Murthy, Vafa, Vandoren 2015]

Classification of LSTs (ADE type for theories 
with                   supersymmetry )N = (2, 0)

[Bhardwaj, Del Zotto, Heckman, Morrison, Rudelius, Vafa 2016]
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notably: F-theory compactification on toric, non-compact Calabi-Yau threefolds
[Morrison, Vafa 1996]

[SH, Iqbal, Rey 2015]
[Bhardwaj, Del Zotto, Heckman, Morrison, Rudelius, Vafa 2016]

[Heckman, Morrison, Vafa 2013]
[Del Zotto, Heckman, Tomasiello,  Vafa 2014]
[Heckman 2014]
[Haghighat, Klemm, Lockhart, Vafa 2014]
[Heckman, Morrison, Rudelius, Vafa 2015]
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(mass deformed              theories upon compactification to 4 dimensions)N = 2⇤

Little Stringsdepending on the details of the brane configuration, a large class of different 
(or their duals) can be realised and studied very explicitly

Class of theories exhibits interesting (and non-expected) dualities (trialities)!

notably: F-theory compactification on toric, non-compact Calabi-Yau threefolds

Parallel M5-branes

[Bastian, SH 2018]
[Bastian, SH, Iqbal, Rey 2016, 2017, 2018]
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Deformations:
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Details of the Brane Configurations

Compactification: Compactify (0,1) to                             with radii        and       T 2 ⇠ S1 ⇥ S1 R0 R1 =:
⌧

2⇡i

Deformations:
introducing complex coordinates                                                and (z1, z2) = (x2 + ix3, x4 + ix5) (w1, w2) = (x7 + ix8, x9 + ix10)

gauge theory: Omega-background mass-deformation

there are two types of deformations with respect to the compactified (0,1)-directions
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[Nekrasov 2012]



For vanishing mass deformation (           ) the M-brane configuration is dual to D5-NS5-branes in IIBm = 0

Dual Type II Setup



For vanishing mass deformation (           ) the M-brane configuration is dual to D5-NS5-branes in IIBm = 0

0 1 2 3 4 5 6 7 8 9
D5 branes • • • • • • –
NS5 branes • • • • • – •

| {z }
gauge theory

| {z }
transverse R3

| {z }
(p,q)�plane

Dual Type II Setup



For vanishing mass deformation (           ) the M-brane configuration is dual to D5-NS5-branes in IIBm = 0

0 1 2 3 4 5 6 7 8 9
D5 branes • • • • • • –
NS5 branes • • • • • – •

| {z }
gauge theory

| {z }
transverse R3

| {z }
(p,q)�plane

=1 =2 =3 =M

=1 =2 =3 =M

|
1

|
2

|
3

|
N

|
1

|
2

|
3

|
N

... ... ... ...

. . .

. . .

. . .

. . .

Dual Type II Setup



For vanishing mass deformation (           ) the M-brane configuration is dual to D5-NS5-branes in IIBm = 0

0 1 2 3 4 5 6 7 8 9
D5 branes • • • • • • –
NS5 branes • • • • • – •

| {z }
gauge theory

| {z }
transverse R3

| {z }
(p,q)�plane

=1 =2 =3 =M

=1 =2 =3 =M

|
1

|
2

|
3

|
N

|
1

|
2

|
3

|
N

... ... ... ...

. . .

. . .

. . .

. . .

NS5-branesN

M D5-branes

Dual Type II Setup



For vanishing mass deformation (           ) the M-brane configuration is dual to D5-NS5-branes in IIBm = 0

0 1 2 3 4 5 6 7 8 9
D5 branes • • • • • • –
NS5 branes • • • • • – •

| {z }
gauge theory

| {z }
transverse R3

| {z }
(p,q)�plane

=1 =2 =3 =M

=1 =2 =3 =M

|
1

|
2

|
3

|
N

|
1

|
2

|
3

|
N

... ... ... ...

. . .

. . .

. . .

. . .

Deformation:

=)
(1,1) brane

Dual Type II Setup



For vanishing mass deformation (           ) the M-brane configuration is dual to D5-NS5-branes in IIBm = 0

0 1 2 3 4 5 6 7 8 9
D5 branes • • • • • • –
NS5 branes • • • • • – •

| {z }
gauge theory

| {z }
transverse R3

| {z }
(p,q)�plane

=1 =2 =3 =M

=1 =2 =3 =M

|
1

|
2

|
3

|
N

|
1

|
2

|
3

|
N

... ... ... ...

. . .

. . .

. . .

. . .

Deformation:

=)
(1,1) brane

uplift the deformed type II configuration to M-th.
on an elliptically fibered Calabi-Yau threefold XN,M

[Leung, Vafa 1997]

Dual Type II Setup



For vanishing mass deformation (           ) the M-brane configuration is dual to D5-NS5-branes in IIBm = 0

0 1 2 3 4 5 6 7 8 9
D5 branes • • • • • • –
NS5 branes • • • • • – •

| {z }
gauge theory

| {z }
transverse R3

| {z }
(p,q)�plane

=1 =2 =3 =M

=1 =2 =3 =M

|
1

|
2

|
3

|
N

|
1

|
2

|
3

|
N

... ... ... ...

. . .

. . .

. . .

. . .

Deformation:

=)
(1,1) brane

uplift the deformed type II configuration to M-th.
on an elliptically fibered Calabi-Yau threefold XN,M

[Leung, Vafa 1997]

topic diagram of              same as deformed brane webXN,M

Dual Type II Setup



Dual Calabi-Yau 3-fold Description
2-parameter series of toric, double elliptically fibered Calabi-Yau threefolds  XN,M



Dual Calabi-Yau 3-fold Description
2-parameter series of toric, double elliptically fibered Calabi-Yau threefolds  XN,M

Toric Web Diagram:

· · ·

· · ·

· · ·

··
·

··
·

··
·

=

1

=

2
=

M

=

1

=

2

=

M

– 1

– 2

–
N

– 1

– 2

–
N

 web on a torus(N,M)



Dual Calabi-Yau 3-fold Description
2-parameter series of toric, double elliptically fibered Calabi-Yau threefolds  XN,M

Toric Web Diagram:

 web on a torus(N,M)

 double elliptic fibration structure
with parameters (⇢, ⌧)

· · ·

· · ·

· · ·

··
·

··
·

··
·

=

1

=

2

=

M

=

1

=

2

=

M

– 1

– 2

–
N

– 1

– 2

–
N

⇢

⌧



Dual Calabi-Yau 3-fold Description
2-parameter series of toric, double elliptically fibered Calabi-Yau threefolds  XN,M

Toric Web Diagram:

 web on a torus(N,M)

 different parameters representing3NM

the area of various curves      of the CY3 C

d =

Z

C
!

 double elliptic fibration structure
with parameters (⇢, ⌧)

· · ·

· · ·

· · ·

··
·

··
·

··
·

=

1

=

2

=

M

=

1

=

2

=

M

– 1

– 2

–
N

– 1

– 2

–
N

⇢

⌧



Dual Calabi-Yau 3-fold Description
2-parameter series of toric, double elliptically fibered Calabi-Yau threefolds  XN,M

Toric Web Diagram:

 web on a torus(N,M)

 different parameters representing3NM

the area of various curves      of the CY3 C

d =

Z

C
!

Kähler form

 double elliptic fibration structure
with parameters (⇢, ⌧)

· · ·

· · ·

· · ·

··
·

··
·

··
·

=

1

=

2

=

M

=

1

=

2

=

M

– 1

– 2

–
N

– 1

– 2

–
N

⇢

⌧



Dual Calabi-Yau 3-fold Description
2-parameter series of toric, double elliptically fibered Calabi-Yau threefolds  XN,M

Toric Web Diagram:

 web on a torus(N,M)

 different parameters representing3NM

the area of various curves      of the CY3 

NM-)           horizontal lines h1,...,NM

NM-)           vertical lines v1,...,NM

NM-)           diagonal lines m1,...,NM

C

d =

Z

C
!

Kähler form

 double elliptic fibration structure
with parameters (⇢, ⌧)

· · ·

· · ·

· · ·

··
·

··
·

··
·

=

1

=

2

=

M

=

1

=

2

=

M

– 1

– 2

–
N

– 1

– 2

–
N

v1

v2

vNvN+1

vN+2

v2Nv2N+1

v2N+2

v3N

v (M
�1

)N
+
1

v (M
�1

)N
+
2

vMNv1

v2

vN

hN

h1

h2 hN�1

hN

h2N

hN+1

hN+2 h2N�1

h2N

hMN

h
(M

�
1
)N

+
1

h
(M

�
1
)N

+
2

hMN�1

hMN

m1

m2

mNmN+1

mN+2

m2N

m
(M

�
1)N

+
1

m
(M

�
1)N

+
2

mMN

⇢

⌧



Dual Calabi-Yau 3-fold Description
2-parameter series of toric, double elliptically fibered Calabi-Yau threefolds  XN,M

Toric Web Diagram:

 web on a torus(N,M)

 different parameters representing3NM

the area of various curves      of the CY3 

NM-)           horizontal lines h1,...,NM

NM-)           vertical lines v1,...,NM

NM-)           diagonal lines m1,...,NM

C

d =

Z

C
!

Kähler form

 double elliptic fibration structure
with parameters (⇢, ⌧)

 only                independentNM + 2

parameters due to consistency 
conditions

· · ·

· · ·

· · ·

··
·

··
·

··
·

=

1

=

2

=

M

=

1

=

2

=

M

– 1

– 2

–
N

– 1

– 2

–
N

v1

v2

vNvN+1

vN+2

v2Nv2N+1

v2N+2

v3N

v (M
�1

)N
+
1

v (M
�1

)N
+
2

vMNv1

v2

vN

hN

h1

h2 hN�1

hN

h2N

hN+1

hN+2 h2N�1

h2N

hMN

h
(M

�
1
)N

+
1

h
(M

�
1
)N

+
2

hMN�1

hMN

m1

m2

mNmN+1

mN+2

m2N

m
(M

�
1)N

+
1

m
(M

�
1)N

+
2

mMN

⇢

⌧



Dual Calabi-Yau 3-fold Description
2-parameter series of toric, double elliptically fibered Calabi-Yau threefolds  XN,M

Toric Web Diagram:

 web on a torus(N,M)

 different parameters representing3NM

the area of various curves      of the CY3 

NM-)           horizontal lines h1,...,NM

NM-)           vertical lines v1,...,NM

NM-)           diagonal lines m1,...,NM

C

d =

Z

C
!

Kähler form

 double elliptic fibration structure
with parameters (⇢, ⌧)

 only                independentNM + 2

parameters due to consistency 
conditions

· · ·

· · ·

· · ·

··
·

··
·

··
·

=

1

=

2

=

M

=

1

=

2

=

M

– 1

– 2

–
N

– 1

– 2

–
N

v1

v2

vNvN+1

vN+2

v2Nv2N+1

v2N+2

v3N

v (M
�1

)N
+
1

v (M
�1

)N
+
2

vMNv1

v2

vN

hN

h1

h2 hN�1

hN

h2N

hN+1

hN+2 h2N�1

h2N

hMN

h
(M

�
1
)N

+
1

h
(M

�
1
)N

+
2

hMN�1

hMN

m1

m2

mNmN+1

mN+2

m2N

m
(M

�
1)N

+
1

m
(M

�
1)N

+
2

mMN

⇢

⌧



Dual Calabi-Yau 3-fold Description
2-parameter series of toric, double elliptically fibered Calabi-Yau threefolds  XN,M

Toric Web Diagram:

 web on a torus(N,M)

 different parameters representing3NM

the area of various curves      of the CY3 

NM-)           horizontal lines h1,...,NM

NM-)           vertical lines v1,...,NM

NM-)           diagonal lines m1,...,NM

C

d =

Z

C
!

Kähler form

 double elliptic fibration structure
with parameters (⇢, ⌧)

 only                independentNM + 2

parameters due to consistency 
conditions

h

h0

v

v0

m

m0

different possible choices for
set of independent parameters

h+m = h0 +m0

v +m0 = m+ v0



BPS Partition Function
Free Energy: Counts number of BPS configurations, i.e. M2-branes wrapping holomorphic 
curves on the CY3             . XN,M



BPS Partition Function
Free Energy: Counts number of BPS configurations, i.e. M2-branes wrapping holomorphic 

[Haghighat, Iqbal, Kozçaz, Lockhart, Vafa 2013]

[SH, Iqbal 2013]
[Haghighat, Kozcaz, Lockhart, Vafa 2013]

curves on the CY3             . XN,M Captured by topological free energy                                of        FN,M = lnZN,M XN,M



BPS Partition Function
Free Energy: Counts number of BPS configurations, i.e. M2-branes wrapping holomorphic 

[Haghighat, Iqbal, Kozçaz, Lockhart, Vafa 2013]

[SH, Iqbal 2013]
[Haghighat, Kozcaz, Lockhart, Vafa 2013]

curves on the CY3             . XN,M Captured by topological free energy                                of        FN,M = lnZN,M XN,M

Compute the topological string partition function             using the   ZN,M refined topological vertex
[Aganagic, Klemm, Marino, Vafa 2003]
[Iqbal, Kozçaz, Vafa 2007]



BPS Partition Function
Free Energy: Counts number of BPS configurations, i.e. M2-branes wrapping holomorphic 

[Haghighat, Iqbal, Kozçaz, Lockhart, Vafa 2013]

[SH, Iqbal 2013]
[Haghighat, Kozcaz, Lockhart, Vafa 2013]

curves on the CY3             . XN,M Captured by topological free energy                                of        FN,M = lnZN,M XN,M

Compute the topological string partition function             using the   ZN,M refined topological vertex

· · ·

· · ·

· · ·

··
·

··
·

··
·

=

1

=

2
=

M

=

1

=

2

=

M

– 1

– 2

–
N

– 1

– 2

–
N

v1

v2

vNvN+1

vN+2

v2Nv2N+1

v2N+2

v3N

v (M
�1

)N
+
1

v (M
�1

)N
+
2

vMNv1

v2

vN

hN

h1

h2 hN�1

hN

h2N

hN+1

hN+2 h2N�1

h2N

hMN

h
(M

�
1
)N

+
1

h
(M

�
1
)N

+
2

hMN�1

hMN

m1

m2

mNmN+1

mN+2

m2N

m
(M

�
1)N

+
1

m
(M

�
1)N

+
2

mMN



BPS Partition Function
Free Energy: Counts number of BPS configurations, i.e. M2-branes wrapping holomorphic 

[Haghighat, Iqbal, Kozçaz, Lockhart, Vafa 2013]

[SH, Iqbal 2013]
[Haghighat, Kozcaz, Lockhart, Vafa 2013]

curves on the CY3             . XN,M Captured by topological free energy                                of        FN,M = lnZN,M XN,M

Compute the topological string partition function             using the   ZN,M refined topological vertex

· · ·

· · ·

· · ·

··
·

··
·

··
·

=

1

=

2
=

M

=

1

=

2

=

M

– 1

– 2

–
N

– 1

– 2

–
N

v1

v2

vNvN+1

vN+2

v2Nv2N+1

v2N+2

v3N

v (M
�1

)N
+
1

v (M
�1

)N
+
2

vMNv1

v2

vN

hN

h1

h2 hN�1

hN

h2N

hN+1

hN+2 h2N�1

h2N

hMN

h
(M

�
1
)N

+
1

h
(M

�
1
)N

+
2

hMN�1

hMN

m1

m2

mNmN+1

mN+2

m2N

m
(M

�
1)N

+
1

m
(M

�
1)N

+
2

mMN

assign trivalent vertex to each intersection

�

µ
⌫

•

-)



BPS Partition Function
Free Energy: Counts number of BPS configurations, i.e. M2-branes wrapping holomorphic 

[Haghighat, Iqbal, Kozçaz, Lockhart, Vafa 2013]

[SH, Iqbal 2013]
[Haghighat, Kozcaz, Lockhart, Vafa 2013]

curves on the CY3             . XN,M Captured by topological free energy                                of        FN,M = lnZN,M XN,M

Compute the topological string partition function             using the   ZN,M refined topological vertex

· · ·

· · ·

· · ·

··
·

··
·

··
·

=

1

=

2
=

M

=

1

=

2

=

M

– 1

– 2

–
N

– 1

– 2

–
N

v1

v2

vNvN+1

vN+2

v2Nv2N+1

v2N+2

v3N

v (M
�1

)N
+
1

v (M
�1

)N
+
2

vMNv1

v2

vN

hN

h1

h2 hN�1

hN

h2N

hN+1

hN+2 h2N�1

h2N

hMN

h
(M

�
1
)N

+
1

h
(M

�
1
)N

+
2

hMN�1

hMN

m1

m2

mNmN+1

mN+2

m2N

m
(M

�
1)N

+
1

m
(M

�
1)N

+
2

mMN

assign trivalent vertex to each intersection

C�µ⌫ = q
||µ||2

2 t�
||µt||2

2 q
||⌫||2
2 Z̃⌫(t, q)

X

⌘

⇣q
t

⌘ |⌘|+|�|�|µ|
2

⇥ s�t/⌘(t
�⇢q�⌫) sµ/⌘(q

�⇢t�⌫t

)

�

µ
⌫

•

Z̃⌫(t, q) =
Y

(i,j)2⌫

⇣
1� t⌫

t
j�i+1q⌫i�j

⌘�1
,

-)



BPS Partition Function
Free Energy: Counts number of BPS configurations, i.e. M2-branes wrapping holomorphic 

[Haghighat, Iqbal, Kozçaz, Lockhart, Vafa 2013]

[SH, Iqbal 2013]
[Haghighat, Kozcaz, Lockhart, Vafa 2013]

curves on the CY3             . XN,M Captured by topological free energy                                of        FN,M = lnZN,M XN,M

Compute the topological string partition function             using the   ZN,M refined topological vertex

· · ·

· · ·

· · ·

··
·

··
·

··
·

=

1

=

2
=

M

=

1

=

2

=

M

– 1

– 2

–
N

– 1

– 2

–
N

v1

v2

vNvN+1

vN+2

v2Nv2N+1

v2N+2

v3N

v (M
�1

)N
+
1

v (M
�1

)N
+
2

vMNv1

v2

vN

hN

h1

h2 hN�1

hN

h2N

hN+1

hN+2 h2N�1

h2N

hMN

h
(M

�
1
)N

+
1

h
(M

�
1
)N

+
2

hMN�1

hMN

m1

m2

mNmN+1

mN+2

m2N

m
(M

�
1)N

+
1

m
(M

�
1)N

+
2

mMN

assign trivalent vertex to each intersection

C�µ⌫ = q
||µ||2

2 t�
||µt||2

2 q
||⌫||2
2 Z̃⌫(t, q)

X

⌘

⇣q
t

⌘ |⌘|+|�|�|µ|
2

⇥ s�t/⌘(t
�⇢q�⌫) sµ/⌘(q

�⇢t�⌫t

)

�

µ
⌫

•

Z̃⌫(t, q) =
Y

(i,j)2⌫

⇣
1� t⌫

t
j�i+1q⌫i�j

⌘�1
,

Notation:
and 

integer partitions 

q = e2⇡i✏1 t = e�2⇡i✏2

µ , ⌫ ,�

||µ||2 =
X̀

i=1

µ2
i

|µ| =
X̀

i=1

µi

µi

`

sµ/⌘ skew Schur function

-)



BPS Partition Function
Free Energy: Counts number of BPS configurations, i.e. M2-branes wrapping holomorphic 

[Haghighat, Iqbal, Kozçaz, Lockhart, Vafa 2013]

[SH, Iqbal 2013]
[Haghighat, Kozcaz, Lockhart, Vafa 2013]

curves on the CY3             . XN,M Captured by topological free energy                                of        FN,M = lnZN,M XN,M

Compute the topological string partition function             using the   ZN,M refined topological vertex

· · ·

· · ·

· · ·

··
·

··
·

··
·

=

1

=

2
=

M

=

1

=

2

=

M

– 1

– 2

–
N

– 1

– 2

–
N

v1

v2

vNvN+1

vN+2

v2Nv2N+1

v2N+2

v3N

v (M
�1

)N
+
1

v (M
�1

)N
+
2

vMNv1

v2

vN

hN

h1

h2 hN�1

hN

h2N

hN+1

hN+2 h2N�1

h2N

hMN

h
(M

�
1
)N

+
1

h
(M

�
1
)N

+
2

hMN�1

hMN

m1

m2

mNmN+1

mN+2

m2N

m
(M

�
1)N

+
1

m
(M

�
1)N

+
2

mMN

assign trivalent vertex to each intersection

C�µ⌫ = q
||µ||2

2 t�
||µt||2

2 q
||⌫||2
2 Z̃⌫(t, q)

X

⌘

⇣q
t

⌘ |⌘|+|�|�|µ|
2

⇥ s�t/⌘(t
�⇢q�⌫) sµ/⌘(q

�⇢t�⌫t

)

Z̃⌫(t, q) =
Y

(i,j)2⌫

⇣
1� t⌫

t
j�i+1q⌫i�j

⌘�1
,

glue vertices according to web diagram 

�1

�2

µ1

µ2

⌫

m

•

•

-)

-)



BPS Partition Function
Free Energy: Counts number of BPS configurations, i.e. M2-branes wrapping holomorphic 

[Haghighat, Iqbal, Kozçaz, Lockhart, Vafa 2013]

[SH, Iqbal 2013]
[Haghighat, Kozcaz, Lockhart, Vafa 2013]

curves on the CY3             . XN,M Captured by topological free energy                                of        FN,M = lnZN,M XN,M

Compute the topological string partition function             using the   ZN,M refined topological vertex

· · ·

· · ·

· · ·

··
·

··
·

··
·

=

1

=

2
=

M

=

1

=

2

=

M

– 1

– 2

–
N

– 1

– 2

–
N

v1

v2

vNvN+1

vN+2

v2Nv2N+1

v2N+2

v3N

v (M
�1

)N
+
1

v (M
�1

)N
+
2

vMNv1

v2

vN

hN

h1

h2 hN�1

hN

h2N

hN+1

hN+2 h2N�1

h2N

hMN

h
(M

�
1
)N

+
1

h
(M

�
1
)N

+
2

hMN�1

hMN

m1

m2

mNmN+1

mN+2

m2N

m
(M

�
1)N

+
1

m
(M

�
1)N

+
2

mMN

assign trivalent vertex to each intersection

C�µ⌫ = q
||µ||2

2 t�
||µt||2

2 q
||⌫||2
2 Z̃⌫(t, q)

X

⌘

⇣q
t

⌘ |⌘|+|�|�|µ|
2

⇥ s�t/⌘(t
�⇢q�⌫) sµ/⌘(q

�⇢t�⌫t

)

Z̃⌫(t, q) =
Y

(i,j)2⌫

⇣
1� t⌫

t
j�i+1q⌫i�j

⌘�1
,

glue vertices according to web diagram 

�1

�2

µ1

µ2

⌫

m

•

•

-)

-)
X

⌫

(�e2⇡im)|⌫|Cµ1�1⌫Cµt
2�

t
2⌫

t



BPS Partition Function
Free Energy: Counts number of BPS configurations, i.e. M2-branes wrapping holomorphic 

[Haghighat, Iqbal, Kozçaz, Lockhart, Vafa 2013]

[SH, Iqbal 2013]
[Haghighat, Kozcaz, Lockhart, Vafa 2013]

curves on the CY3             . XN,M Captured by topological free energy                                of        FN,M = lnZN,M XN,M

Compute the topological string partition function             using the   ZN,M refined topological vertex

· · ·

· · ·

· · ·

··
·

··
·

··
·

=

1

=

2
=

M

=

1

=

2

=

M

– 1

– 2

–
N

– 1

– 2

–
N

v1

v2

vNvN+1

vN+2

v2Nv2N+1

v2N+2

v3N

v (M
�1

)N
+
1

v (M
�1

)N
+
2

vMNv1

v2

vN

hN

h1

h2 hN�1

hN

h2N

hN+1

hN+2 h2N�1

h2N

hMN

h
(M

�
1
)N

+
1

h
(M

�
1
)N

+
2

hMN�1

hMN

m1

m2

mNmN+1

mN+2

m2N

m
(M

�
1)N

+
1

m
(M

�
1)N

+
2

mMN

assign trivalent vertex to each intersection

C�µ⌫ = q
||µ||2

2 t�
||µt||2

2 q
||⌫||2
2 Z̃⌫(t, q)

X

⌘

⇣q
t

⌘ |⌘|+|�|�|µ|
2

⇥ s�t/⌘(t
�⇢q�⌫) sµ/⌘(q

�⇢t�⌫t

)

Z̃⌫(t, q) =
Y

(i,j)2⌫

⇣
1� t⌫

t
j�i+1q⌫i�j

⌘�1
,

glue vertices according to web diagram 

choose preferred direction

-)

-)

-)

X

⌫

(�e2⇡im)|⌫|Cµ1�1⌫Cµt
2�

t
2⌫

t



BPS Partition Function
Free Energy: Counts number of BPS configurations, i.e. M2-branes wrapping holomorphic 

[Haghighat, Iqbal, Kozçaz, Lockhart, Vafa 2013]

[SH, Iqbal 2013]
[Haghighat, Kozcaz, Lockhart, Vafa 2013]

curves on the CY3             . XN,M Captured by topological free energy                                of        FN,M = lnZN,M XN,M

Compute the topological string partition function             using the   ZN,M refined topological vertex

· · ·

· · ·

· · ·

··
·

··
·

··
·

=

1

=

2
=

M

=

1

=

2

=

M

– 1

– 2

–
N

– 1

– 2

–
N

v1

v2

vNvN+1

vN+2

v2Nv2N+1

v2N+2

v3N

v (M
�1

)N
+
1

v (M
�1

)N
+
2

vMNv1

v2

vN

hN

h1

h2 hN�1

hN

h2N

hN+1

hN+2 h2N�1

h2N

hMN

h
(M

�
1
)N

+
1

h
(M

�
1
)N

+
2

hMN�1

hMN

m1

m2

mNmN+1

mN+2

m2N

m
(M

�
1)N

+
1

m
(M

�
1)N

+
2

mMN

assign trivalent vertex to each intersection

C�µ⌫ = q
||µ||2

2 t�
||µt||2

2 q
||⌫||2
2 Z̃⌫(t, q)

X

⌘

⇣q
t

⌘ |⌘|+|�|�|µ|
2

⇥ s�t/⌘(t
�⇢q�⌫) sµ/⌘(q

�⇢t�⌫t

)

Z̃⌫(t, q) =
Y

(i,j)2⌫

⇣
1� t⌫

t
j�i+1q⌫i�j

⌘�1
,

glue vertices according to web diagram 

choose

must be common to all vertices of diagram

preferred direction

-)

-)

-)

X

⌫

(�e2⇡im)|⌫|Cµ1�1⌫Cµt
2�

t
2⌫

t



Instanton Partition Functions



ZN,M ({h}, {v}, {m}, ✏1,2) = Zp({v}, {m})
X

~k

e�
~k·h Z~k({v}, {m}) = Z(N,M)

hor

= Zp({h}, {m})
X

~k

e�
~k·v Z~k({h}, {m}) = Z(N,M)

vert

= Zp({h}, {v})
X

~k

e�
~k·m Z~k({h}, {v}) = Z(N,M)

diag

Different choices of preferred direction afford different (but equivalent) expansions:

Instanton Partition Functions



ZN,M ({h}, {v}, {m}, ✏1,2) = Zp({v}, {m})
X

~k

e�
~k·h Z~k({v}, {m}) = Z(N,M)

hor

= Zp({h}, {m})
X

~k

e�
~k·v Z~k({h}, {m}) = Z(N,M)

vert

= Zp({h}, {v})
X

~k

e�
~k·m Z~k({h}, {v}) = Z(N,M)

diag

Different choices of preferred direction afford different (but equivalent) expansions:

common normalisation factor 
 (perturbative partition function)

Instanton Partition Functions



ZN,M ({h}, {v}, {m}, ✏1,2) = Zp({v}, {m})
X

~k

e�
~k·h Z~k({v}, {m}) = Z(N,M)

hor

= Zp({h}, {m})
X

~k

e�
~k·v Z~k({h}, {m}) = Z(N,M)

vert

= Zp({h}, {v})
X

~k

e�
~k·m Z~k({h}, {v}) = Z(N,M)

diag

Different choices of preferred direction afford different (but equivalent) expansions:

common normalisation factor 
 (perturbative partition function)

Instanton Partition Functions

different parameters playing the role of coupling



ZN,M ({h}, {v}, {m}, ✏1,2) = Zp({v}, {m})
X

~k

e�
~k·h Z~k({v}, {m}) = Z(N,M)

hor

= Zp({h}, {m})
X

~k

e�
~k·v Z~k({h}, {m}) = Z(N,M)

vert

= Zp({h}, {v})
X

~k

e�
~k·m Z~k({h}, {v}) = Z(N,M)

diag

Different choices of preferred direction afford different (but equivalent) expansions:

common normalisation factor 
 (perturbative partition function)

Compare different series expansions with instanton partition functions of quiver gauge theories.

Instanton Partition Functions

different parameters playing the role of coupling



ZN,M ({h}, {v}, {m}, ✏1,2) = Zp({v}, {m})
X

~k

e�
~k·h Z~k({v}, {m}) = Z(N,M)

hor

= Zp({h}, {m})
X

~k

e�
~k·v Z~k({h}, {m}) = Z(N,M)

vert

= Zp({h}, {v})
X

~k

e�
~k·m Z~k({h}, {v}) = Z(N,M)

diag

Different choices of preferred direction afford different (but equivalent) expansions:

common normalisation factor 
 (perturbative partition function)

Compare different series expansions with instanton partition functions of quiver gauge theories.

Instanton Partition Functions

Equalities of partition functions implies dualities among different gauge theories: Triality
[Bastian, SH, Iqbal, Rey 2017]

different parameters playing the role of coupling



ZN,M ({h}, {v}, {m}, ✏1,2) = Zp({v}, {m})
X

~k

e�
~k·h Z~k({v}, {m}) = Z(N,M)

hor

= Zp({h}, {m})
X

~k

e�
~k·v Z~k({h}, {m}) = Z(N,M)

vert

= Zp({h}, {v})
X

~k

e�
~k·m Z~k({h}, {v}) = Z(N,M)

diag

Different choices of preferred direction afford different (but equivalent) expansions:

common normalisation factor 
 (perturbative partition function)

Compare different series expansions with instanton partition functions of quiver gauge theories.

Instanton Partition Functions

Equalities of partition functions implies dualities among different gauge theories: Triality
[Bastian, SH, Iqbal, Rey 2017]

<latexit sha1_base64="N0bcxqL+VwhRsslkfu2OqAOCiw4="></latexit>

U(N)

U(N)

U(N)

U(N)

· · ·

<latexit sha1_base64="HexdYOEZoRs5n4Oymm81F+i0BUw="></latexit>

U(M)

U(M)

U(M)

U(M)

· · ·

<latexit sha1_base64="6ZVsmPeQk0Xil+zusAzTc5rgEnw="></latexit>

U(MN
k )

U(MN
k )

U(MN
k )

U(MN
k )

· · ·

nodes nodes nodes
<latexit sha1_base64="3/4YisKq/bnccaEY7EkdQlpA6Eg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9i7LlXqlVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6l/jNs=</latexit>

N
<latexit sha1_base64="ASjT2Yz2xOq/AqQ2C1DRg1v6y+8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6f7jNo=</latexit>

M
<latexit sha1_base64="Nir6HBc/S7FvWXdddZTojbx/Sho=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUkJJIUS9C0YsXpYL9gDaUzWbTLt1swu5ELbE/xYsHRbz6S7z5b9y2OWjrg4HHezPMzPNizhTY9rexsLi0vLKaW8uvb2xubZuFnYaKEklonUQ8ki0PK8qZoHVgwGkrlhSHHqdNb3A59pv3VCoWiTsYxtQNcU+wgBEMWuqahcF5B+gjpD3ij0o3R9eHXbNol+0JrHniZKSIMtS65lfHj0gSUgGEY6Xajh2Dm2IJjHA6yncSRWNMBrhH25oKHFLlppPTR9aBVnwriKQuAdZE/T2R4lCpYejpzhBDX816Y/E/r51AcOamTMQJUEGmi4KEWxBZ4xwsn0lKgA81wUQyfatF+lhiAjqtvA7BmX15njSOy85JuXJbKVYvsjhyaA/toxJy0CmqoitUQ3VE0AN6Rq/ozXgyXox342PaumBkM7voD4zPH1KNk2U=</latexit>

k = gcd(N,M)<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠

different parameters playing the role of coupling



Further Dualities from <latexit sha1_base64="B83VHS7gumNFdW2iOG1Zxzqkg58=">AAAB7nicdVDLSsNAFJ34rPVVdelmsAguJEy00WZXdONGqWAf0IYymU7aoZNJmJkIJfQj3LhQxK3f486/cdJWUNEDFw7n3Mu99wQJZ0oj9GEtLC4tr6wW1orrG5tb26Wd3aaKU0log8Q8lu0AK8qZoA3NNKftRFIcBZy2gtFl7rfuqVQsFnd6nFA/wgPBQkawNlKr3ctujq8nvVIZ2cj1XAdBZLvI8U5z4nnViutCx0ZTlMEc9V7pvduPSRpRoQnHSnUclGg/w1Izwumk2E0VTTAZ4QHtGCpwRJWfTc+dwEOj9GEYS1NCw6n6fSLDkVLjKDCdEdZD9dvLxb+8TqrDqp8xkaSaCjJbFKYc6hjmv8M+k5RoPjYEE8nMrZAMscREm4SKJoSvT+H/pHliO2d25bZSrl3M4yiAfXAAjoADzkENXIE6aAACRuABPIFnK7EerRfrdda6YM1n9sAPWG+fQ5OPjQ==</latexit>

XN,M



Further Dualities from <latexit sha1_base64="B83VHS7gumNFdW2iOG1Zxzqkg58=">AAAB7nicdVDLSsNAFJ34rPVVdelmsAguJEy00WZXdONGqWAf0IYymU7aoZNJmJkIJfQj3LhQxK3f486/cdJWUNEDFw7n3Mu99wQJZ0oj9GEtLC4tr6wW1orrG5tb26Wd3aaKU0log8Q8lu0AK8qZoA3NNKftRFIcBZy2gtFl7rfuqVQsFnd6nFA/wgPBQkawNlKr3ctujq8nvVIZ2cj1XAdBZLvI8U5z4nnViutCx0ZTlMEc9V7pvduPSRpRoQnHSnUclGg/w1Izwumk2E0VTTAZ4QHtGCpwRJWfTc+dwEOj9GEYS1NCw6n6fSLDkVLjKDCdEdZD9dvLxb+8TqrDqp8xkaSaCjJbFKYc6hjmv8M+k5RoPjYEE8nMrZAMscREm4SKJoSvT+H/pHliO2d25bZSrl3M4yiAfXAAjoADzkENXIE6aAACRuABPIFnK7EerRfrdda6YM1n9sAPWG+fQ5OPjQ==</latexit>

XN,M

Flop transition for any two curves in the diagram:
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XN,M

X3,2 ⇠ X6,1

Flop transition for any two curves in the diagram:

Example: Series of flop and SL(2,Z) transformations for  [SH, Iqbal, Rey 2016]
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Flop transition for any two curves in the diagram:

Example: Series of flop and SL(2,Z) transformations for  [SH, Iqbal, Rey 2016]
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XN,M

Duality leaves partition function invariant

Z3,2({h}, {v}, {m}, ✏1,2) = Z6,1({h0}, {v0}, {m0}, ✏1,2) [Bastian, SH, Iqbal, Rey 2017]

X3,2 ⇠ X6,1

Flop transition for any two curves in the diagram:

Example: Series of flop and SL(2,Z) transformations for  [SH, Iqbal, Rey 2016]

hi

vi

m

hj

vj

=)

hi +m

vj +m

�m hj +m

vi +m



Further Dualities from <latexit sha1_base64="B83VHS7gumNFdW2iOG1Zxzqkg58=">AAAB7nicdVDLSsNAFJ34rPVVdelmsAguJEy00WZXdONGqWAf0IYymU7aoZNJmJkIJfQj3LhQxK3f486/cdJWUNEDFw7n3Mu99wQJZ0oj9GEtLC4tr6wW1orrG5tb26Wd3aaKU0log8Q8lu0AK8qZoA3NNKftRFIcBZy2gtFl7rfuqVQsFnd6nFA/wgPBQkawNlKr3ctujq8nvVIZ2cj1XAdBZLvI8U5z4nnViutCx0ZTlMEc9V7pvduPSRpRoQnHSnUclGg/w1Izwumk2E0VTTAZ4QHtGCpwRJWfTc+dwEOj9GEYS1NCw6n6fSLDkVLjKDCdEdZD9dvLxb+8TqrDqp8xkaSaCjJbFKYc6hjmv8M+k5RoPjYEE8nMrZAMscREm4SKJoSvT+H/pHliO2d25bZSrl3M4yiAfXAAjoADzkENXIE6aAACRuABPIFnK7EerRfrdda6YM1n9sAPWG+fQ5OPjQ==</latexit>

XN,M

Duality leaves partition function invariant

Z3,2({h}, {v}, {m}, ✏1,2) = Z6,1({h0}, {v0}, {m0}, ✏1,2)

Kähler parameters implied by duality transformation

[Bastian, SH, Iqbal, Rey 2017]

X3,2 ⇠ X6,1

Flop transition for any two curves in the diagram:

Example: Series of flop and SL(2,Z) transformations for  [SH, Iqbal, Rey 2016]
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XN,M

Duality leaves partition function invariant

Z3,2({h}, {v}, {m}, ✏1,2) = Z6,1({h0}, {v0}, {m0}, ✏1,2)

Kähler parameters implied by duality transformation

[Bastian, SH, Iqbal, Rey 2017]

Vertical expansion of           gives rise to a gauge theory with gauge group           and part. fct.U(6) Z(6,1)
vertZ6,1

X3,2 ⇠ X6,1

Flop transition for any two curves in the diagram:

Example: Series of flop and SL(2,Z) transformations for  [SH, Iqbal, Rey 2016]
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XN,M

Duality leaves partition function invariant

Z3,2({h}, {v}, {m}, ✏1,2) = Z6,1({h0}, {v0}, {m0}, ✏1,2)

Kähler parameters implied by duality transformation

[Bastian, SH, Iqbal, Rey 2017]

Further dualities among larger classes of gauge symmetries

Vertical expansion of           gives rise to a gauge theory with gauge group           and part. fct.U(6) Z(6,1)
vertZ6,1

X3,2 ⇠ X6,1

Flop transition for any two curves in the diagram:

Example: Series of flop and SL(2,Z) transformations for  [SH, Iqbal, Rey 2016]
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Network of Dual Theories



Extended moduli space of              : XN,M

XN,M ⇠ XN 0,M 0
NM = N 0M 0

gcd(N,M) = gcd(N 0,M 0)
for 

intermediate Kähler cone(s) that are passed through
in the series of flop- and symmetry transformations
connecting XN,M and XN0,M0

Kähler cone of XN,M

Kähler cone of XN0,M0

walls of Kähler cones

Partition function invariant
ZN,M ({h}, {v}, {m}, ✏1,2) = ZN 0,M 0({h0}, {v0}, {m0}, ✏1,2) [Bastian, SH, Iqbal, Rey 2017]

[SH, Iqbal, Rey 2016]

[Haghighat, Sun 2018]
(partial) proofs:

Network of Dual Theories



Extended moduli space of              : XN,M

XN,M ⇠ XN 0,M 0
NM = N 0M 0

gcd(N,M) = gcd(N 0,M 0)
for 

Partition function invariant
ZN,M ({h}, {v}, {m}, ✏1,2) = ZN 0,M 0({h0}, {v0}, {m0}, ✏1,2) [Bastian, SH, Iqbal, Rey 2017]

[SH, Iqbal, Rey 2016]

Weak coupling regions within each Kähler cone: 

•
••

•

R
m ! ! 1

•

R
h ! ! 1

•

R
v ! ! 1

[Haghighat, Sun 2018]
(partial) proofs:

Network of Dual Theories



Extended moduli space of              : XN,M

XN,M ⇠ XN 0,M 0
NM = N 0M 0

gcd(N,M) = gcd(N 0,M 0)
for 

Partition function invariant
ZN,M ({h}, {v}, {m}, ✏1,2) = ZN 0,M 0({h0}, {v0}, {m0}, ✏1,2) [Bastian, SH, Iqbal, Rey 2017]

[SH, Iqbal, Rey 2016]

[Haghighat, Sun 2018]
(partial) proofs:

Network of Dual Theories

Network of dual theories: 
<latexit sha1_base64="N0bcxqL+VwhRsslkfu2OqAOCiw4="></latexit>

U(N)

U(N)

U(N)

U(N)

· · ·

nodes
<latexit sha1_base64="ASjT2Yz2xOq/AqQ2C1DRg1v6y+8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6f7jNo=</latexit>

M

<latexit sha1_base64="/UtPi6YhpPvTAw7UcS+TVnXQNjQ="></latexit>

U(N 0)

U(N 0)

U(N 0)

U(N 0)

· · ·

<latexit sha1_base64="dmOq0bKQkRp4vNrygb605113qnM=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPoKexKUI9BL16EKOYBSQizk9lkyOzsMtMrhCV/4MWDIl79I2/+jZNkD5pY0FBUddPd5cdSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslIt3xquBSK11Gg5K1Ycxr6kjf90c3Ubz5xbUSkHnEc825IB0oEglG00sPdaa9YcsvuDGSZeBkpQYZar/jV6UcsCblCJqkxbc+NsZtSjYJJPil0EsNjykZ0wNuWKhpy001nl07IiVX6JIi0LYVkpv6eSGlozDj0bWdIcWgWvan4n9dOMLjqpkLFCXLF5ouCRBKMyPRt0heaM5RjSyjTwt5K2JBqytCGU7AheIsvL5PGedm7KFfuK6XqdRZHHo7gGM7Ag0uowi3UoA4MAniGV3hzRs6L8+58zFtzTjZzCH/gfP4ACFeNCw==</latexit>

M 0 nodes
<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠

for any                 with 
<latexit sha1_base64="Vbfc3DgRM+sFHNO/hWQoJEl5N8I=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZpBSmJFPVY9OJFqWA/oA1ls920SzabsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz87yYM6Vt+9vKrayurW/kNwtb2zu7e8X9g5aKEklok0Q8kh0PK8qZoE3NNKedWFIcepy2veBm6refqFQsEo96HFM3xEPBfEawNlK7cl8+uyuf9oslu2rPgJaJk5ESZGj0i1+9QUSSkApNOFaq69ixdlMsNSOcTgq9RNEYkwAPaddQgUOq3HR27gSdGGWA/EiaEhrN1N8TKQ6VGoee6QyxHqlFbyr+53UT7V+5KRNxoqkg80V+wpGO0PR3NGCSEs3HhmAimbkVkRGWmGiTUMGE4Cy+vExa51Xnolp7qJXq11kceTiCY6iAA5dQh1toQBMIBPAMr/BmxdaL9W59zFtzVjZzCH9gff4AM9mOLw==</latexit>

(N 0,M 0)

<latexit sha1_base64="S746fspG1Mp4uimL0Q26Pmnk6lc=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBapp5JIUS9C0YuXlgr2A9pQNttNu3SzCbsboYT+CC8eFPHq7/Hmv3Hb5qCtDwYe780wM8+POVPacb6t3Nr6xuZWfruws7u3f2AfHrVUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07Y/vZn77iUrFIvGoJzH1QjwULGAEayO167WbeqlW6ttFp+zMgVaJm5EiZGj07a/eICJJSIUmHCvVdZ1YeymWmhFOp4VeomiMyRgPaddQgUOqvHR+7hSdGWWAgkiaEhrN1d8TKQ6VmoS+6QyxHqllbyb+53UTHVx7KRNxoqkgi0VBwpGO0Ox3NGCSEs0nhmAimbkVkRGWmGiTUMGE4C6/vEpaF2X3slx5qBSrt1kceTiBUzgHF66gCvfQgCYQGMMzvMKbFVsv1rv1sWjNWdnMMfyB9fkDvzyOig==</latexit>

NM = N 0M 0
<latexit sha1_base64="7fneBrsmzHHBvBamduXq5vaJ2Fc=">AAACCnicbVDLSsNAFJ34rPUVdekmWqQtlJJIUTdC0Y2bSgX7gDaUyWTaDp08mLkRS+jajb/ixoUibv0Cd/6N0zaL2nrgwplz7mXuPU7ImQTT/NGWlldW19ZTG+nNre2dXX1vvy6DSBBaIwEPRNPBknLm0xow4LQZCoo9h9OGM7ge+40HKiQL/HsYhtT2cM9nXUYwKKmjH7WBPkLcI+4od1uo5C9n39lCJZvv6BmzaE5gLBIrIRmUoNrRv9tuQCKP+kA4lrJlmSHYMRbACKejdDuSNMRkgHu0paiPPSrteHLKyDhRimt0A6HKB2Oizk7E2JNy6Dmq08PQl/PeWPzPa0XQvbBj5ocRUJ9MP+pG3IDAGOdiuExQAnyoCCaCqV0N0scCE1DppVUI1vzJi6R+WrTOiqW7UqZ8lcSRQofoGOWQhc5RGd2gKqohgp7QC3pD79qz9qp9aJ/T1iUtmTlAf6B9/QIuGJlH</latexit>

gcd(N,M) = gcd(N 0,M 0)

[Bastian, SH, Iqbal, Rey 2017]



Web of dualities among different theories can be turned into symmetries for individual theories
[SH, Bastian 2018]

Dihedral Symmetries of Configurations (N,1)



Web of dualities among different theories can be turned into symmetries for individual theories

Example (N,M)=(2,1): 
[SH, Bastian 2018]
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Group Structure:
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Group Structure:

Symmetries act non-
perturbatively from 
the perspective of any 
of the gauge theories 



Generalisation to (N,1): Symmetry group

G(N) ⇥ DihN
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‘shuffling’ of roots
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<latexit sha1_base64="iILGGYSP1nCVkE3WnVJn94iDUmo=">AAACDnicbVDLSgNBEJyNrxhfUY9eBkMggoTdKOgxqKCnEME8ILuE2ckkGTL7YKZXDEu+wIu/4sWDIl49e/NvnE32oIkFDUVVN91dbii4AtP8NjJLyyura9n13Mbm1vZOfnevqYJIUtaggQhk2yWKCe6zBnAQrB1KRjxXsJY7ukz81j2Tigf+HYxD5nhk4PM+pwS01M0Xse0RGLpufD0p1Y7sYxu4xxROCHuA+IoPJ91aN18wy+YUeJFYKSmgFPVu/svuBTTymA9UEKU6lhmCExMJnAo2ydmRYiGhIzJgHU19onc68fSdCS5qpYf7gdTlA56qvydi4ik19lzdmdyu5r1E/M/rRNA/d2LuhxEwn84W9SOBIcBJNrjHJaMgxpoQKrm+FdMhkYSCTjCnQ7DmX14kzUrZOilXbk8L1Ys0jiw6QIeohCx0hqroBtVRA1H0iJ7RK3oznowX4934mLVmjHRmH/2B8fkD+mubcg==</latexit>

G(N) ⇠=

8
>><

>>:

Dih3 if N = 1 ,
Dih2 if N = 2 ,
Dih3 if N = 3 ,
Dih1 if N � 4 .

<latexit sha1_base64="BH7MfS0czGZMYWs8Y6hu1wJE8K0="></latexit>

‘shuffling’ of roots

where
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G(N) ⇠=

8
>><

>>:

Dih3 if N = 1 ,
Dih2 if N = 2 ,
Dih3 if N = 3 ,
Dih1 if N � 4 .

<latexit sha1_base64="BH7MfS0czGZMYWs8Y6hu1wJE8K0="></latexit>

‘shuffling’ of roots

where

Explicitly

G(N) ⇠=
⌦
{G2(N),G0

2(N)
��(G2(N))2 = (G0

2(N))2 = (G2(N) · G0
2(N))n = 11}

↵
<latexit sha1_base64="x1uH53h2Tzt4P8DRlVNwufDJgXA="></latexit>



Generalisation to (N,1): Symmetry group

G(N) ⇥ DihN
<latexit sha1_base64="iILGGYSP1nCVkE3WnVJn94iDUmo=">AAACDnicbVDLSgNBEJyNrxhfUY9eBkMggoTdKOgxqKCnEME8ILuE2ckkGTL7YKZXDEu+wIu/4sWDIl49e/NvnE32oIkFDUVVN91dbii4AtP8NjJLyyura9n13Mbm1vZOfnevqYJIUtaggQhk2yWKCe6zBnAQrB1KRjxXsJY7ukz81j2Tigf+HYxD5nhk4PM+pwS01M0Xse0RGLpufD0p1Y7sYxu4xxROCHuA+IoPJ91aN18wy+YUeJFYKSmgFPVu/svuBTTymA9UEKU6lhmCExMJnAo2ydmRYiGhIzJgHU19onc68fSdCS5qpYf7gdTlA56qvydi4ik19lzdmdyu5r1E/M/rRNA/d2LuhxEwn84W9SOBIcBJNrjHJaMgxpoQKrm+FdMhkYSCTjCnQ7DmX14kzUrZOilXbk8L1Ys0jiw6QIeohCx0hqroBtVRA1H0iJ7RK3oznowX4934mLVmjHRmH/2B8fkD+mubcg==</latexit>

G(N) ⇠=

8
>><

>>:

Dih3 if N = 1 ,
Dih2 if N = 2 ,
Dih3 if N = 3 ,
Dih1 if N � 4 .

<latexit sha1_base64="BH7MfS0czGZMYWs8Y6hu1wJE8K0="></latexit>

‘shuffling’ of roots

where

Explicitly

G(N) ⇠=
⌦
{G2(N),G0

2(N)
��(G2(N))2 = (G0

2(N))2 = (G2(N) · G0
2(N))n = 11}

↵
<latexit sha1_base64="x1uH53h2Tzt4P8DRlVNwufDJgXA="></latexit>

n =

8
<

:

3 for N = 1, 3
2 for N = 2
1 for N � 4

<latexit sha1_base64="l9tKloRf5h2V2MdtXSWdD06gpNU="></latexit>



Generalisation to (N,1): Symmetry group

G(N) ⇥ DihN
<latexit sha1_base64="iILGGYSP1nCVkE3WnVJn94iDUmo=">AAACDnicbVDLSgNBEJyNrxhfUY9eBkMggoTdKOgxqKCnEME8ILuE2ckkGTL7YKZXDEu+wIu/4sWDIl49e/NvnE32oIkFDUVVN91dbii4AtP8NjJLyyura9n13Mbm1vZOfnevqYJIUtaggQhk2yWKCe6zBnAQrB1KRjxXsJY7ukz81j2Tigf+HYxD5nhk4PM+pwS01M0Xse0RGLpufD0p1Y7sYxu4xxROCHuA+IoPJ91aN18wy+YUeJFYKSmgFPVu/svuBTTymA9UEKU6lhmCExMJnAo2ydmRYiGhIzJgHU19onc68fSdCS5qpYf7gdTlA56qvydi4ik19lzdmdyu5r1E/M/rRNA/d2LuhxEwn84W9SOBIcBJNrjHJaMgxpoQKrm+FdMhkYSCTjCnQ7DmX14kzUrZOilXbk8L1Ys0jiw6QIeohCx0hqroBtVRA1H0iJ7RK3oznowX4934mLVmjHRmH/2B8fkD+mubcg==</latexit>

G(N) ⇠=

8
>><

>>:

Dih3 if N = 1 ,
Dih2 if N = 2 ,
Dih3 if N = 3 ,
Dih1 if N � 4 .

<latexit sha1_base64="BH7MfS0czGZMYWs8Y6hu1wJE8K0="></latexit>

‘shuffling’ of roots

where

Explicitly

G(N) ⇠=
⌦
{G2(N),G0

2(N)
��(G2(N))2 = (G0

2(N))2 = (G2(N) · G0
2(N))n = 11}

↵
<latexit sha1_base64="x1uH53h2Tzt4P8DRlVNwufDJgXA="></latexit>

G2(N) =

0

BBBBB@

0 0

11N⇥N

...
...

0 0
1 · · · 1 �1 0
N · · · N �2N 1

1

CCCCCA

<latexit sha1_base64="8q9/C9GIDg3ryfjde7b44QPZZQg="></latexit>

with the  (N + 2)⇥ (N + 2)
<latexit sha1_base64="gD4+BufTtoJuFJNuRBZ0ukueaYc=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFqAglqYIui25cSQV7gTaUyXTSDp1MwsxEKbWP4saFIm59Ene+jdM0C239YeDjP+dwzvx+zJnSjvNt5VZW19Y38puFre2d3T27uN9UUSIJbZCIR7LtY0U5E7Shmea0HUuKQ5/Tlj+6ntVbD1QqFol7PY6pF+KBYAEjWBurZxfLt6fVk65mIVUo5Z5dcipOKrQMbgYlyFTv2V/dfkSSkA pNOFaq4zqx9iZYakY4nRa6iaIxJiM8oB2DAptV3iQ9fYqOjdNHQSTNExql7u+JCQ6VGoe+6QyxHqrF2sz8r9ZJdHDpTZiIE00FmS8KEo50hGY5oD6TlGg+NoCJZOZWRIZYYqJNWgUTgrv45WVoVivuWaV6d16qXWVx5OEQjqAMLlxADW6gDg0g8AjP8Apv1pP1Yr1bH/PWnJXNHMAfWZ8/ElaR7w==</latexit>

matrices

G0
2(N) =

0

BBBBB@

�2 1

11N⇥N

...
...

�2 1
0 · · · 0 �1 1
0 · · · 0 0 1

1

CCCCCA

<latexit sha1_base64="w8aeqi7a5WENzfUI4hRGjrUK1fo="></latexit>

and

n =

8
<

:

3 for N = 1, 3
2 for N = 2
1 for N � 4

<latexit sha1_base64="l9tKloRf5h2V2MdtXSWdD06gpNU="></latexit>



Action on the Free Energy: <latexit sha1_base64="FBMJV70Uio5HbRhzvhzbBnC0CJk=">AAAB7HicdVBNSwMxEM3Wr1q/qh69BItQQZasdrV7K3rxJBXcttCWkk3TNjSbXZKsUJb+Bi8eFPHqD/LmvzHbVlDRBwOP92aYmRfEnCmN0IeVW1peWV3Lrxc2Nre2d4q7ew0VJZJQn0Q8kq0AK8qZoL5mmtNWLCkOA06bwfgq85v3VCoWiTs9iWk3xEPBBoxgbSS/fHPiHPeKJWQj13MdBJHtIsc7y4jnVSuuCx0bzVACC9R7xfdOPyJJSIUmHCvVdlCsuymWmhFOp4VOomiMyRgPadtQgUOquuns2Ck8MkofDiJpSmg4U79PpDhUahIGpjPEeqR+e5n4l9dO9KDaTZmIE00FmS8aJBzqCGafwz6TlGg+MQQTycytkIywxESbfAomhK9P4f+kcWo753bltlKqXS7iyIMDcAjKwAEXoAauQR34gAAGHsATeLaE9Wi9WK/z1py1mNkHP2C9fQK3UY3/</latexit>

(N, 1)
Fourier Expansion of the Free Energy:

<latexit sha1_base64="rACQEq9Q0mEOApQvTlLzXNfxGnw="></latexit>

FN,1(bai, S,R; ✏1,2) = ln ZN,1(bai, S,R; ✏1,2) =
1X

s1,s2=0

1X

n=0

1X

i1,...,iN

X

k2Z
✏s1�1
1 ✏s2�1

2 f (s1,s2)
i1,...,iN ,k,n Q

i1
ba1

. . . QiN
baN

Qk
S Qn

R



Action on the Free Energy: <latexit sha1_base64="FBMJV70Uio5HbRhzvhzbBnC0CJk=">AAAB7HicdVBNSwMxEM3Wr1q/qh69BItQQZasdrV7K3rxJBXcttCWkk3TNjSbXZKsUJb+Bi8eFPHqD/LmvzHbVlDRBwOP92aYmRfEnCmN0IeVW1peWV3Lrxc2Nre2d4q7ew0VJZJQn0Q8kq0AK8qZoL5mmtNWLCkOA06bwfgq85v3VCoWiTs9iWk3xEPBBoxgbSS/fHPiHPeKJWQj13MdBJHtIsc7y4jnVSuuCx0bzVACC9R7xfdOPyJJSIUmHCvVdlCsuymWmhFOp4VOomiMyRgPadtQgUOquuns2Ck8MkofDiJpSmg4U79PpDhUahIGpjPEeqR+e5n4l9dO9KDaTZmIE00FmS8aJBzqCGafwz6TlGg+MQQTycytkIywxESbfAomhK9P4f+kcWo753bltlKqXS7iyIMDcAjKwAEXoAauQR34gAAGHsATeLaE9Wi9WK/z1py1mNkHP2C9fQK3UY3/</latexit>

(N, 1)

<latexit sha1_base64="7CzGFzOsDOn9cj2EBtf5c86AOWY="></latexit>

· · ·

a

a

1

2

3

N

1

2

N� 1

N

ba
1

ba
2

ba
N

S

R
�

N
S

Fourier Expansion of the Free Energy:
<latexit sha1_base64="rACQEq9Q0mEOApQvTlLzXNfxGnw="></latexit>

FN,1(bai, S,R; ✏1,2) = ln ZN,1(bai, S,R; ✏1,2) =
1X

s1,s2=0

1X

n=0

1X

i1,...,iN

X

k2Z
✏s1�1
1 ✏s2�1

2 f (s1,s2)
i1,...,iN ,k,n Q

i1
ba1

. . . QiN
baN

Qk
S Qn

R

Notation:
Qbai = e2⇡ibai

<latexit sha1_base64="citcnhY8oOaqs5kyViAbOHIQINk=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6KUkp6EYounHZgn1AW8NkctMOnUzCzEQpod/gxl9x40IRt67c+TdOHwvbeuDC4Zx7ufceP+FMacf5sVZW19Y3NnNb+e2d3b19++CwoeJUUqjTmMey5RMFnAmoa6Y5tBIJJPI5NP3BzdhvPoBULBZ3ephANyI9wUJGiTaSZ5/XvKzzyALoE52RkcdGV3CflToJw2xe9+yCU3QmwMvEnZECmqHq2d+dIKZpBEJTTpRqu06iuxmRmlEOo3wnVZAQOiA9aBsqSASqm01eGuFTowQ4jKUpofFE/TuRkUipYeSbzojovlr0xuJ/XjvV4WU3YyJJNQg6XRSmHOsYj/PBAZNANR8aQqhk5lZM+0QSqk2KeROCu/jyMmmUim65WK6VC5XrWRw5dIxO0Bly0QWqoFtURXVE0RN6QW/o3Xq2Xq0P63PaumLNZo7QHKyvX3/UnqI=</latexit>

QS = e2⇡iS

<latexit sha1_base64="Vll4LfNGozFq0DGI6QxD3t7SdBY=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kkkp6EUoevHYUvsBbQyb7aRdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq2Nza3tnd3CXnH/4PDo2D45bas4lRRaNOax7AZEAWcCWpppDt1EAokCDp1gfD/3OxOQisXiUU8T8CIyFCxklGgj+bbd8Ju38JRV+gnDDDdnvl1yys4CeJ24OSmhHHXf/uoPYppGIDTlRKme6yTay4jUjHKYFfupgoTQMRlCz1BBIlBetrh8hi+NMsBhLE0JjRfq74mMREpNo8B0RkSP1Ko3F//zeqkOb7yMiSTVIOhyUZhyrGM8jwEPmASq+dQQQiUzt2I6IpJQbcIqmhDc1ZfXSbtSdqvlaqNaqt3lcRTQObpAV8hF16iGHlAdtRBFE/SMXtGblVkv1rv1sWzdsPKZM/QH1ucPICeSsA==</latexit>

QR = e2⇡iR

<latexit sha1_base64="tvDxOVffGwhBTtw161VssPgUf1c=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kkkp6EUoevHYFvsBbQyb7aRdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq2Nza3tnd3CXnH/4PDo2D45bas4lRRaNOax7AZEAWcCWpppDt1EAokCDp1gfD/3OxOQisXiUU8T8CIyFCxklGgj+bbd8Ju38JRV+gnDDDdnvl1yys4CeJ24OSmhHHXf/uoPYppGIDTlRKme6yTay4jUjHKYFfupgoTQMRlCz1BBIlBetrh8hi+NMsBhLE0JjRfq74mMREpNo8B0RkSP1Ko3F//zeqkOb7yMiSTVIOhyUZhyrGM8jwEPmASq+dQQQiUzt2I6IpJQbcIqmhDc1ZfXSbtSdqvlaqNaqt3lcRTQObpAV8hF16iGHlAdtRBFE/SMXtGblVkv1rv1sWzdsPKZM/QH1ucPHRGSrg==</latexit>

⇢ =
NX

i=1

bai

<latexit sha1_base64="lw5itjarLv8Hc5WMKXwiUMu0okM=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmkoJtC0Y0rqWAf0MQwmUyaoZNJmJkoJWTpxl9x40IRt36CO//G6WOhrQcuHM65l3vv8VNGpbKsb6O0tLyyulZer2xsbm3vmLt7HZlkApM2Tlgiej6ShFFO2ooqRnqpICj2Gen6w8ux370nQtKE36pRStwYDTgNKUZKS5556IgoaTgyi72cNuzi7ho6DzQgEVI5KjzqmVWrZk0AF4k9I1UwQ8szv5wgwVlMuMIMSdm3rVS5ORKKYkaKipNJkiI8RAPS15SjmEg3nzxSwGOtBDBMhC6u4ET9PZGjWMpR7OvOGKlIzntj8T+vn6nw3M0pTzNFOJ4uCjMGVQLHqcCACoIVG2mCsKD6VogjJBBWOruKDsGef3mRdE5rdr1Wv6lXmxezOMrgAByBE2CDM9AEV6AF2gCDR/AMXsGb8WS8GO/Gx7S1ZMxm9sEfGJ8/zAmZ2A==</latexit>

<latexit sha1_base64="clIqqF6WjtphVTB1rKF9Ik6MFGY=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZItWNUHTjsgX7gM44ZNK0Dc0kQ5IRytiFv+LGhSJu/Q13/o2ZdhbaeuDCyTn3kntPGDOqtON8W4WV1bX1jeJmaWt7Z3fP3j9oK5FITFpYMCG7IVKEUU5ammpGurEkKAoZ6YTjm8zvPBCpqOB3ehITP0JDTgcUI22kwD5qBp4ciStyn1a9mEIKs+c0sMtOxZkBLhM3J2WQoxHYX15f4CQiXGOGlOq5Tqz9FElNMSPTkpcoEiM8RkPSM5SjiCg/ne0/hadG6cOBkKa4hjP190SKIqUmUWg6I6RHatHLxP+8XqIHl35KeZxowvH8o0HCoBYwCwP2qSRYs4khCEtqdoV4hCTC2kRWMiG4iycvk3a14tYqteZ5uX6dx1EEx+AEnAEXXIA6uAUN0AIYPIJn8ArerCfrxXq3PuatBSufOQR/YH3+ACwelZQ=</latexit>

Q⇢ = e2⇡i⇢



Action on the Free Energy: <latexit sha1_base64="FBMJV70Uio5HbRhzvhzbBnC0CJk=">AAAB7HicdVBNSwMxEM3Wr1q/qh69BItQQZasdrV7K3rxJBXcttCWkk3TNjSbXZKsUJb+Bi8eFPHqD/LmvzHbVlDRBwOP92aYmRfEnCmN0IeVW1peWV3Lrxc2Nre2d4q7ew0VJZJQn0Q8kq0AK8qZoL5mmtNWLCkOA06bwfgq85v3VCoWiTs9iWk3xEPBBoxgbSS/fHPiHPeKJWQj13MdBJHtIsc7y4jnVSuuCx0bzVACC9R7xfdOPyJJSIUmHCvVdlCsuymWmhFOp4VOomiMyRgPadtQgUOquuns2Ck8MkofDiJpSmg4U79PpDhUahIGpjPEeqR+e5n4l9dO9KDaTZmIE00FmS8aJBzqCGafwz6TlGg+MQQTycytkIywxESbfAomhK9P4f+kcWo753bltlKqXS7iyIMDcAjKwAEXoAauQR34gAAGHsATeLaE9Wi9WK/z1py1mNkHP2C9fQK3UY3/</latexit>

(N, 1)

<latexit sha1_base64="7CzGFzOsDOn9cj2EBtf5c86AOWY="></latexit>

· · ·

a

a

1

2

3

N

1

2

N� 1

N

ba
1

ba
2

ba
N

S

R
�

N
S

Fourier Expansion of the Free Energy:

f (s1,s2)
i1,...,iN ,k,n = f (s1,s2)

i01,...,i
0
N ,k0,n0

<latexit sha1_base64="l7ME1xyS5ThHYY4drovF+ptSTdo="></latexit>

(i01, . . . , i
0
N , k0, n0)T = GT · (i1, . . . , iN , k, n)T

<latexit sha1_base64="rB++IMRoQuhdv0KCXb4yRNFy+78=">AAACJXicbVDLSgMxFM3UV62vUZdugkVaYSgzUtCFQtGFrqRCX9BOh0wmbUMzmSHJCKX0Z9z4K25cWERw5a+YPha19UDgcM653Nzjx4xKZdvfRmptfWNzK72d2dnd2z8wD49qMkoEJlUcsUg0fCQJo5xUFVWMNGJBUOgzUvf7dxO//kyEpBGvqEFM3BB1Oe1QjJSWPPM6T3OeY7VYEClpaf5o9XMW5LnzduXmvl1pYW3APF3ITCI6oQOembUL9hRwlThzkgVzlD1z3AoinISEK8yQlE3HjpU7REJRzMgo00okiRHuoy5paspRSKQ7nF45gmdaCWAnEvpxBafq4sQQhVIOQl8nQ6R6ctmbiP95zUR1rtwh5XGiCMezRZ2EQRXBSWUwoIJgxQaaICyo/ivEPSQQVrrYjC7BWT55ldQuCk6xUHwqZku38zrS4AScgjxwwCUogQdQBlWAwQt4Ax9gbLwa78an8TWLpoz5zDH4A+PnF03roXw=</latexit>

Action of                                 on Fourier coefficientsG(N) ⇥ DihN
<latexit sha1_base64="iILGGYSP1nCVkE3WnVJn94iDUmo=">AAACDnicbVDLSgNBEJyNrxhfUY9eBkMggoTdKOgxqKCnEME8ILuE2ckkGTL7YKZXDEu+wIu/4sWDIl49e/NvnE32oIkFDUVVN91dbii4AtP8NjJLyyura9n13Mbm1vZOfnevqYJIUtaggQhk2yWKCe6zBnAQrB1KRjxXsJY7ukz81j2Tigf+HYxD5nhk4PM+pwS01M0Xse0RGLpufD0p1Y7sYxu4xxROCHuA+IoPJ91aN18wy+YUeJFYKSmgFPVu/svuBTTymA9UEKU6lhmCExMJnAo2ydmRYiGhIzJgHU19onc68fSdCS5qpYf7gdTlA56qvydi4ik19lzdmdyu5r1E/M/rRNA/d2LuhxEwn84W9SOBIcBJNrjHJaMgxpoQKrm+FdMhkYSCTjCnQ7DmX14kzUrZOilXbk8L1Ys0jiw6QIeohCx0hqroBtVRA1H0iJ7RK3oznowX4934mLVmjHRmH/2B8fkD+mubcg==</latexit>

for

G 2 G(N)⇥DihN

<latexit sha1_base64="W649rM7Me+9vA2a46SA8VUUNLF4=">AAACDnicbVA9SwNBEN3zM8avqKXNYgjEJtxJQMugQqxCBPMBuSPsbTbJkr29Y3dODEd+gY1/xcZCEVtrO/+Nm+QKTXww8Hhvhpl5fiS4Btv+tlZW19Y3NjNb2e2d3b393MFhU4exoqxBQxGqtk80E1yyBnAQrB0pRgJfsJY/upr6rXumNA/lHYwj5gVkIHmfUwJG6uYKVZdL7AYEhr6fVCfF2qkLPGAau8AeILnmw0m31s3l7ZI9A14mTkryKEW9m/tyeyGNAyaBCqJ1x7Ej8BKigFPBJlk31iwidEQGrGOoJGajl8zemeCCUXq4HypTEvBM/T2RkEDrceCbzundetGbiv95nRj6F17CZRQDk3S+qB8LDCGeZoN7XDEKYmwIoYqbWzEdEkUomASzJgRn8eVl0jwrOeVS+bacr1ymcWTQMTpBReSgc1RBN6iOGoiiR/SMXtGb9WS9WO/Wx7x1xUpnjtAfWJ8/pC6b3w==</latexit>

<latexit sha1_base64="rACQEq9Q0mEOApQvTlLzXNfxGnw="></latexit>

FN,1(bai, S,R; ✏1,2) = ln ZN,1(bai, S,R; ✏1,2) =
1X

s1,s2=0

1X

n=0

1X

i1,...,iN

X

k2Z
✏s1�1
1 ✏s2�1

2 f (s1,s2)
i1,...,iN ,k,n Q

i1
ba1

. . . QiN
baN

Qk
S Qn

R

Notation:
Qbai = e2⇡ibai

<latexit sha1_base64="citcnhY8oOaqs5kyViAbOHIQINk=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6KUkp6EYounHZgn1AW8NkctMOnUzCzEQpod/gxl9x40IRt67c+TdOHwvbeuDC4Zx7ufceP+FMacf5sVZW19Y3NnNb+e2d3b19++CwoeJUUqjTmMey5RMFnAmoa6Y5tBIJJPI5NP3BzdhvPoBULBZ3ephANyI9wUJGiTaSZ5/XvKzzyALoE52RkcdGV3CflToJw2xe9+yCU3QmwMvEnZECmqHq2d+dIKZpBEJTTpRqu06iuxmRmlEOo3wnVZAQOiA9aBsqSASqm01eGuFTowQ4jKUpofFE/TuRkUipYeSbzojovlr0xuJ/XjvV4WU3YyJJNQg6XRSmHOsYj/PBAZNANR8aQqhk5lZM+0QSqk2KeROCu/jyMmmUim65WK6VC5XrWRw5dIxO0Bly0QWqoFtURXVE0RN6QW/o3Xq2Xq0P63PaumLNZo7QHKyvX3/UnqI=</latexit>

QS = e2⇡iS

<latexit sha1_base64="Vll4LfNGozFq0DGI6QxD3t7SdBY=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kkkp6EUoevHYUvsBbQyb7aRdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq2Nza3tnd3CXnH/4PDo2D45bas4lRRaNOax7AZEAWcCWpppDt1EAokCDp1gfD/3OxOQisXiUU8T8CIyFCxklGgj+bbd8Ju38JRV+gnDDDdnvl1yys4CeJ24OSmhHHXf/uoPYppGIDTlRKme6yTay4jUjHKYFfupgoTQMRlCz1BBIlBetrh8hi+NMsBhLE0JjRfq74mMREpNo8B0RkSP1Ko3F//zeqkOb7yMiSTVIOhyUZhyrGM8jwEPmASq+dQQQiUzt2I6IpJQbcIqmhDc1ZfXSbtSdqvlaqNaqt3lcRTQObpAV8hF16iGHlAdtRBFE/SMXtGblVkv1rv1sWzdsPKZM/QH1ucPICeSsA==</latexit>

QR = e2⇡iR

<latexit sha1_base64="tvDxOVffGwhBTtw161VssPgUf1c=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kkkp6EUoevHYFvsBbQyb7aRdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq2Nza3tnd3CXnH/4PDo2D45bas4lRRaNOax7AZEAWcCWpppDt1EAokCDp1gfD/3OxOQisXiUU8T8CIyFCxklGgj+bbd8Ju38JRV+gnDDDdnvl1yys4CeJ24OSmhHHXf/uoPYppGIDTlRKme6yTay4jUjHKYFfupgoTQMRlCz1BBIlBetrh8hi+NMsBhLE0JjRfq74mMREpNo8B0RkSP1Ko3F//zeqkOb7yMiSTVIOhyUZhyrGM8jwEPmASq+dQQQiUzt2I6IpJQbcIqmhDc1ZfXSbtSdqvlaqNaqt3lcRTQObpAV8hF16iGHlAdtRBFE/SMXtGblVkv1rv1sWzdsPKZM/QH1ucPHRGSrg==</latexit>

⇢ =
NX

i=1

bai

<latexit sha1_base64="lw5itjarLv8Hc5WMKXwiUMu0okM=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmkoJtC0Y0rqWAf0MQwmUyaoZNJmJkoJWTpxl9x40IRt36CO//G6WOhrQcuHM65l3vv8VNGpbKsb6O0tLyyulZer2xsbm3vmLt7HZlkApM2Tlgiej6ShFFO2ooqRnqpICj2Gen6w8ux370nQtKE36pRStwYDTgNKUZKS5556IgoaTgyi72cNuzi7ho6DzQgEVI5KjzqmVWrZk0AF4k9I1UwQ8szv5wgwVlMuMIMSdm3rVS5ORKKYkaKipNJkiI8RAPS15SjmEg3nzxSwGOtBDBMhC6u4ET9PZGjWMpR7OvOGKlIzntj8T+vn6nw3M0pTzNFOJ4uCjMGVQLHqcCACoIVG2mCsKD6VogjJBBWOruKDsGef3mRdE5rdr1Wv6lXmxezOMrgAByBE2CDM9AEV6AF2gCDR/AMXsGb8WS8GO/Gx7S1ZMxm9sEfGJ8/zAmZ2A==</latexit>

<latexit sha1_base64="clIqqF6WjtphVTB1rKF9Ik6MFGY=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZItWNUHTjsgX7gM44ZNK0Dc0kQ5IRytiFv+LGhSJu/Q13/o2ZdhbaeuDCyTn3kntPGDOqtON8W4WV1bX1jeJmaWt7Z3fP3j9oK5FITFpYMCG7IVKEUU5ammpGurEkKAoZ6YTjm8zvPBCpqOB3ehITP0JDTgcUI22kwD5qBp4ciStyn1a9mEIKs+c0sMtOxZkBLhM3J2WQoxHYX15f4CQiXGOGlOq5Tqz9FElNMSPTkpcoEiM8RkPSM5SjiCg/ne0/hadG6cOBkKa4hjP190SKIqUmUWg6I6RHatHLxP+8XqIHl35KeZxowvH8o0HCoBYwCwP2qSRYs4khCEtqdoV4hCTC2kRWMiG4iycvk3a14tYqteZ5uX6dx1EEx+AEnAEXXIA6uAUN0AIYPIJn8ArerCfrxXq3PuatBSufOQR/YH3+ACwelZQ=</latexit>

Q⇢ = e2⇡i⇢



Action on the Free Energy: <latexit sha1_base64="FBMJV70Uio5HbRhzvhzbBnC0CJk=">AAAB7HicdVBNSwMxEM3Wr1q/qh69BItQQZasdrV7K3rxJBXcttCWkk3TNjSbXZKsUJb+Bi8eFPHqD/LmvzHbVlDRBwOP92aYmRfEnCmN0IeVW1peWV3Lrxc2Nre2d4q7ew0VJZJQn0Q8kq0AK8qZoL5mmtNWLCkOA06bwfgq85v3VCoWiTs9iWk3xEPBBoxgbSS/fHPiHPeKJWQj13MdBJHtIsc7y4jnVSuuCx0bzVACC9R7xfdOPyJJSIUmHCvVdlCsuymWmhFOp4VOomiMyRgPadtQgUOquuns2Ck8MkofDiJpSmg4U79PpDhUahIGpjPEeqR+e5n4l9dO9KDaTZmIE00FmS8aJBzqCGafwz6TlGg+MQQTycytkIywxESbfAomhK9P4f+kcWo753bltlKqXS7iyIMDcAjKwAEXoAauQR34gAAGHsATeLaE9Wi9WK/z1py1mNkHP2C9fQK3UY3/</latexit>

(N, 1)

<latexit sha1_base64="7CzGFzOsDOn9cj2EBtf5c86AOWY="></latexit>

· · ·
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Fourier Expansion of the Free Energy:

f (s1,s2)
i1,...,iN ,k,n = f (s1,s2)

i01,...,i
0
N ,k0,n0

<latexit sha1_base64="l7ME1xyS5ThHYY4drovF+ptSTdo="></latexit>

(i01, . . . , i
0
N , k0, n0)T = GT · (i1, . . . , iN , k, n)T

<latexit sha1_base64="rB++IMRoQuhdv0KCXb4yRNFy+78=">AAACJXicbVDLSgMxFM3UV62vUZdugkVaYSgzUtCFQtGFrqRCX9BOh0wmbUMzmSHJCKX0Z9z4K25cWERw5a+YPha19UDgcM653Nzjx4xKZdvfRmptfWNzK72d2dnd2z8wD49qMkoEJlUcsUg0fCQJo5xUFVWMNGJBUOgzUvf7dxO//kyEpBGvqEFM3BB1Oe1QjJSWPPM6T3OeY7VYEClpaf5o9XMW5LnzduXmvl1pYW3APF3ITCI6oQOembUL9hRwlThzkgVzlD1z3AoinISEK8yQlE3HjpU7REJRzMgo00okiRHuoy5paspRSKQ7nF45gmdaCWAnEvpxBafq4sQQhVIOQl8nQ6R6ctmbiP95zUR1rtwh5XGiCMezRZ2EQRXBSWUwoIJgxQaaICyo/ivEPSQQVrrYjC7BWT55ldQuCk6xUHwqZku38zrS4AScgjxwwCUogQdQBlWAwQt4Ax9gbLwa78an8TWLpoz5zDH4A+PnF03roXw=</latexit>

Action of                                 on Fourier coefficientsG(N) ⇥ DihN
<latexit sha1_base64="iILGGYSP1nCVkE3WnVJn94iDUmo=">AAACDnicbVDLSgNBEJyNrxhfUY9eBkMggoTdKOgxqKCnEME8ILuE2ckkGTL7YKZXDEu+wIu/4sWDIl49e/NvnE32oIkFDUVVN91dbii4AtP8NjJLyyura9n13Mbm1vZOfnevqYJIUtaggQhk2yWKCe6zBnAQrB1KRjxXsJY7ukz81j2Tigf+HYxD5nhk4PM+pwS01M0Xse0RGLpufD0p1Y7sYxu4xxROCHuA+IoPJ91aN18wy+YUeJFYKSmgFPVu/svuBTTymA9UEKU6lhmCExMJnAo2ydmRYiGhIzJgHU19onc68fSdCS5qpYf7gdTlA56qvydi4ik19lzdmdyu5r1E/M/rRNA/d2LuhxEwn84W9SOBIcBJNrjHJaMgxpoQKrm+FdMhkYSCTjCnQ7DmX14kzUrZOilXbk8L1Ys0jiw6QIeohCx0hqroBtVRA1H0iJ7RK3oznowX4934mLVmjHRmH/2B8fkD+mubcg==</latexit>

for

G 2 G(N)⇥DihN

<latexit sha1_base64="W649rM7Me+9vA2a46SA8VUUNLF4=">AAACDnicbVA9SwNBEN3zM8avqKXNYgjEJtxJQMugQqxCBPMBuSPsbTbJkr29Y3dODEd+gY1/xcZCEVtrO/+Nm+QKTXww8Hhvhpl5fiS4Btv+tlZW19Y3NjNb2e2d3b393MFhU4exoqxBQxGqtk80E1yyBnAQrB0pRgJfsJY/upr6rXumNA/lHYwj5gVkIHmfUwJG6uYKVZdL7AYEhr6fVCfF2qkLPGAau8AeILnmw0m31s3l7ZI9A14mTkryKEW9m/tyeyGNAyaBCqJ1x7Ej8BKigFPBJlk31iwidEQGrGOoJGajl8zemeCCUXq4HypTEvBM/T2RkEDrceCbzundetGbiv95nRj6F17CZRQDk3S+qB8LDCGeZoN7XDEKYmwIoYqbWzEdEkUomASzJgRn8eVl0jwrOeVS+bacr1ymcWTQMTpBReSgc1RBN6iOGoiiR/SMXtGb9WS9WO/Wx7x1xUpnjtAfWJ8/pC6b3w==</latexit>

checked explicitly in numerous examples [SH, Bastian 2018]

<latexit sha1_base64="rACQEq9Q0mEOApQvTlLzXNfxGnw="></latexit>

FN,1(bai, S,R; ✏1,2) = ln ZN,1(bai, S,R; ✏1,2) =
1X

s1,s2=0

1X

n=0

1X

i1,...,iN

X

k2Z
✏s1�1
1 ✏s2�1

2 f (s1,s2)
i1,...,iN ,k,n Q

i1
ba1

. . . QiN
baN

Qk
S Qn

R

Notation:
Qbai = e2⇡ibai

<latexit sha1_base64="citcnhY8oOaqs5kyViAbOHIQINk=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6KUkp6EYounHZgn1AW8NkctMOnUzCzEQpod/gxl9x40IRt67c+TdOHwvbeuDC4Zx7ufceP+FMacf5sVZW19Y3NnNb+e2d3b19++CwoeJUUqjTmMey5RMFnAmoa6Y5tBIJJPI5NP3BzdhvPoBULBZ3ephANyI9wUJGiTaSZ5/XvKzzyALoE52RkcdGV3CflToJw2xe9+yCU3QmwMvEnZECmqHq2d+dIKZpBEJTTpRqu06iuxmRmlEOo3wnVZAQOiA9aBsqSASqm01eGuFTowQ4jKUpofFE/TuRkUipYeSbzojovlr0xuJ/XjvV4WU3YyJJNQg6XRSmHOsYj/PBAZNANR8aQqhk5lZM+0QSqk2KeROCu/jyMmmUim65WK6VC5XrWRw5dIxO0Bly0QWqoFtURXVE0RN6QW/o3Xq2Xq0P63PaumLNZo7QHKyvX3/UnqI=</latexit>

QS = e2⇡iS

<latexit sha1_base64="Vll4LfNGozFq0DGI6QxD3t7SdBY=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kkkp6EUoevHYUvsBbQyb7aRdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq2Nza3tnd3CXnH/4PDo2D45bas4lRRaNOax7AZEAWcCWpppDt1EAokCDp1gfD/3OxOQisXiUU8T8CIyFCxklGgj+bbd8Ju38JRV+gnDDDdnvl1yys4CeJ24OSmhHHXf/uoPYppGIDTlRKme6yTay4jUjHKYFfupgoTQMRlCz1BBIlBetrh8hi+NMsBhLE0JjRfq74mMREpNo8B0RkSP1Ko3F//zeqkOb7yMiSTVIOhyUZhyrGM8jwEPmASq+dQQQiUzt2I6IpJQbcIqmhDc1ZfXSbtSdqvlaqNaqt3lcRTQObpAV8hF16iGHlAdtRBFE/SMXtGblVkv1rv1sWzdsPKZM/QH1ucPICeSsA==</latexit>

QR = e2⇡iR

<latexit sha1_base64="tvDxOVffGwhBTtw161VssPgUf1c=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kkkp6EUoevHYFvsBbQyb7aRdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq2Nza3tnd3CXnH/4PDo2D45bas4lRRaNOax7AZEAWcCWpppDt1EAokCDp1gfD/3OxOQisXiUU8T8CIyFCxklGgj+bbd8Ju38JRV+gnDDDdnvl1yys4CeJ24OSmhHHXf/uoPYppGIDTlRKme6yTay4jUjHKYFfupgoTQMRlCz1BBIlBetrh8hi+NMsBhLE0JjRfq74mMREpNo8B0RkSP1Ko3F//zeqkOb7yMiSTVIOhyUZhyrGM8jwEPmASq+dQQQiUzt2I6IpJQbcIqmhDc1ZfXSbtSdqvlaqNaqt3lcRTQObpAV8hF16iGHlAdtRBFE/SMXtGblVkv1rv1sWzdsPKZM/QH1ucPHRGSrg==</latexit>

⇢ =
NX

i=1

bai

<latexit sha1_base64="lw5itjarLv8Hc5WMKXwiUMu0okM=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmkoJtC0Y0rqWAf0MQwmUyaoZNJmJkoJWTpxl9x40IRt36CO//G6WOhrQcuHM65l3vv8VNGpbKsb6O0tLyyulZer2xsbm3vmLt7HZlkApM2Tlgiej6ShFFO2ooqRnqpICj2Gen6w8ux370nQtKE36pRStwYDTgNKUZKS5556IgoaTgyi72cNuzi7ho6DzQgEVI5KjzqmVWrZk0AF4k9I1UwQ8szv5wgwVlMuMIMSdm3rVS5ORKKYkaKipNJkiI8RAPS15SjmEg3nzxSwGOtBDBMhC6u4ET9PZGjWMpR7OvOGKlIzntj8T+vn6nw3M0pTzNFOJ4uCjMGVQLHqcCACoIVG2mCsKD6VogjJBBWOruKDsGef3mRdE5rdr1Wv6lXmxezOMrgAByBE2CDM9AEV6AF2gCDR/AMXsGb8WS8GO/Gx7S1ZMxm9sEfGJ8/zAmZ2A==</latexit>

<latexit sha1_base64="clIqqF6WjtphVTB1rKF9Ik6MFGY=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZItWNUHTjsgX7gM44ZNK0Dc0kQ5IRytiFv+LGhSJu/Q13/o2ZdhbaeuDCyTn3kntPGDOqtON8W4WV1bX1jeJmaWt7Z3fP3j9oK5FITFpYMCG7IVKEUU5ammpGurEkKAoZ6YTjm8zvPBCpqOB3ehITP0JDTgcUI22kwD5qBp4ciStyn1a9mEIKs+c0sMtOxZkBLhM3J2WQoxHYX15f4CQiXGOGlOq5Tqz9FElNMSPTkpcoEiM8RkPSM5SjiCg/ne0/hadG6cOBkKa4hjP190SKIqUmUWg6I6RHatHLxP+8XqIHl35KeZxowvH8o0HCoBYwCwP2qSRYs4khCEtqdoV4hCTC2kRWMiG4iycvk3a14tYqteZ5uX6dx1EEx+AEnAEXXIA6uAUN0AIYPIJn8ArerCfrxXq3PuatBSufOQR/YH3+ACwelZQ=</latexit>

Q⇢ = e2⇡i⇢



Action on the Free Energy: <latexit sha1_base64="FBMJV70Uio5HbRhzvhzbBnC0CJk=">AAAB7HicdVBNSwMxEM3Wr1q/qh69BItQQZasdrV7K3rxJBXcttCWkk3TNjSbXZKsUJb+Bi8eFPHqD/LmvzHbVlDRBwOP92aYmRfEnCmN0IeVW1peWV3Lrxc2Nre2d4q7ew0VJZJQn0Q8kq0AK8qZoL5mmtNWLCkOA06bwfgq85v3VCoWiTs9iWk3xEPBBoxgbSS/fHPiHPeKJWQj13MdBJHtIsc7y4jnVSuuCx0bzVACC9R7xfdOPyJJSIUmHCvVdlCsuymWmhFOp4VOomiMyRgPadtQgUOquuns2Ck8MkofDiJpSmg4U79PpDhUahIGpjPEeqR+e5n4l9dO9KDaTZmIE00FmS8aJBzqCGafwz6TlGg+MQQTycytkIywxESbfAomhK9P4f+kcWo753bltlKqXS7iyIMDcAjKwAEXoAauQR34gAAGHsATeLaE9Wi9WK/z1py1mNkHP2C9fQK3UY3/</latexit>

(N, 1)

<latexit sha1_base64="7CzGFzOsDOn9cj2EBtf5c86AOWY="></latexit>

· · ·
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Fourier Expansion of the Free Energy:

f (s1,s2)
i1,...,iN ,k,n = f (s1,s2)

i01,...,i
0
N ,k0,n0

<latexit sha1_base64="l7ME1xyS5ThHYY4drovF+ptSTdo="></latexit>

(i01, . . . , i
0
N , k0, n0)T = GT · (i1, . . . , iN , k, n)T

<latexit sha1_base64="rB++IMRoQuhdv0KCXb4yRNFy+78=">AAACJXicbVDLSgMxFM3UV62vUZdugkVaYSgzUtCFQtGFrqRCX9BOh0wmbUMzmSHJCKX0Z9z4K25cWERw5a+YPha19UDgcM653Nzjx4xKZdvfRmptfWNzK72d2dnd2z8wD49qMkoEJlUcsUg0fCQJo5xUFVWMNGJBUOgzUvf7dxO//kyEpBGvqEFM3BB1Oe1QjJSWPPM6T3OeY7VYEClpaf5o9XMW5LnzduXmvl1pYW3APF3ITCI6oQOembUL9hRwlThzkgVzlD1z3AoinISEK8yQlE3HjpU7REJRzMgo00okiRHuoy5paspRSKQ7nF45gmdaCWAnEvpxBafq4sQQhVIOQl8nQ6R6ctmbiP95zUR1rtwh5XGiCMezRZ2EQRXBSWUwoIJgxQaaICyo/ivEPSQQVrrYjC7BWT55ldQuCk6xUHwqZku38zrS4AScgjxwwCUogQdQBlWAwQt4Ax9gbLwa78an8TWLpoz5zDH4A+PnF03roXw=</latexit>

Action of                                 on Fourier coefficientsG(N) ⇥ DihN
<latexit sha1_base64="iILGGYSP1nCVkE3WnVJn94iDUmo=">AAACDnicbVDLSgNBEJyNrxhfUY9eBkMggoTdKOgxqKCnEME8ILuE2ckkGTL7YKZXDEu+wIu/4sWDIl49e/NvnE32oIkFDUVVN91dbii4AtP8NjJLyyura9n13Mbm1vZOfnevqYJIUtaggQhk2yWKCe6zBnAQrB1KRjxXsJY7ukz81j2Tigf+HYxD5nhk4PM+pwS01M0Xse0RGLpufD0p1Y7sYxu4xxROCHuA+IoPJ91aN18wy+YUeJFYKSmgFPVu/svuBTTymA9UEKU6lhmCExMJnAo2ydmRYiGhIzJgHU19onc68fSdCS5qpYf7gdTlA56qvydi4ik19lzdmdyu5r1E/M/rRNA/d2LuhxEwn84W9SOBIcBJNrjHJaMgxpoQKrm+FdMhkYSCTjCnQ7DmX14kzUrZOilXbk8L1Ys0jiw6QIeohCx0hqroBtVRA1H0iJ7RK3oznowX4934mLVmjHRmH/2B8fkD+mubcg==</latexit>

for

G 2 G(N)⇥DihN

<latexit sha1_base64="W649rM7Me+9vA2a46SA8VUUNLF4=">AAACDnicbVA9SwNBEN3zM8avqKXNYgjEJtxJQMugQqxCBPMBuSPsbTbJkr29Y3dODEd+gY1/xcZCEVtrO/+Nm+QKTXww8Hhvhpl5fiS4Btv+tlZW19Y3NjNb2e2d3b393MFhU4exoqxBQxGqtk80E1yyBnAQrB0pRgJfsJY/upr6rXumNA/lHYwj5gVkIHmfUwJG6uYKVZdL7AYEhr6fVCfF2qkLPGAau8AeILnmw0m31s3l7ZI9A14mTkryKEW9m/tyeyGNAyaBCqJ1x7Ej8BKigFPBJlk31iwidEQGrGOoJGajl8zemeCCUXq4HypTEvBM/T2RkEDrceCbzundetGbiv95nRj6F17CZRQDk3S+qB8LDCGeZoN7XDEKYmwIoYqbWzEdEkUomASzJgRn8eVl0jwrOeVS+bacr1ymcWTQMTpBReSgc1RBN6iOGoiiR/SMXtGb9WS9WO/Wx7x1xUpnjtAfWJ8/pC6b3w==</latexit>

Symmetry constrains form of the coefficients of 
the free energy

checked explicitly in numerous examples [SH, Bastian 2018]

<latexit sha1_base64="rACQEq9Q0mEOApQvTlLzXNfxGnw="></latexit>

FN,1(bai, S,R; ✏1,2) = ln ZN,1(bai, S,R; ✏1,2) =
1X

s1,s2=0
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. . . QiN
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Notation:
Qbai = e2⇡ibai

<latexit sha1_base64="citcnhY8oOaqs5kyViAbOHIQINk=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6KUkp6EYounHZgn1AW8NkctMOnUzCzEQpod/gxl9x40IRt67c+TdOHwvbeuDC4Zx7ufceP+FMacf5sVZW19Y3NnNb+e2d3b19++CwoeJUUqjTmMey5RMFnAmoa6Y5tBIJJPI5NP3BzdhvPoBULBZ3ephANyI9wUJGiTaSZ5/XvKzzyALoE52RkcdGV3CflToJw2xe9+yCU3QmwMvEnZECmqHq2d+dIKZpBEJTTpRqu06iuxmRmlEOo3wnVZAQOiA9aBsqSASqm01eGuFTowQ4jKUpofFE/TuRkUipYeSbzojovlr0xuJ/XjvV4WU3YyJJNQg6XRSmHOsYj/PBAZNANR8aQqhk5lZM+0QSqk2KeROCu/jyMmmUim65WK6VC5XrWRw5dIxO0Bly0QWqoFtURXVE0RN6QW/o3Xq2Xq0P63PaumLNZo7QHKyvX3/UnqI=</latexit>

QS = e2⇡iS

<latexit sha1_base64="Vll4LfNGozFq0DGI6QxD3t7SdBY=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kkkp6EUoevHYUvsBbQyb7aRdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq2Nza3tnd3CXnH/4PDo2D45bas4lRRaNOax7AZEAWcCWpppDt1EAokCDp1gfD/3OxOQisXiUU8T8CIyFCxklGgj+bbd8Ju38JRV+gnDDDdnvl1yys4CeJ24OSmhHHXf/uoPYppGIDTlRKme6yTay4jUjHKYFfupgoTQMRlCz1BBIlBetrh8hi+NMsBhLE0JjRfq74mMREpNo8B0RkSP1Ko3F//zeqkOb7yMiSTVIOhyUZhyrGM8jwEPmASq+dQQQiUzt2I6IpJQbcIqmhDc1ZfXSbtSdqvlaqNaqt3lcRTQObpAV8hF16iGHlAdtRBFE/SMXtGblVkv1rv1sWzdsPKZM/QH1ucPICeSsA==</latexit>

QR = e2⇡iR

<latexit sha1_base64="tvDxOVffGwhBTtw161VssPgUf1c=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kkkp6EUoevHYFvsBbQyb7aRdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq2Nza3tnd3CXnH/4PDo2D45bas4lRRaNOax7AZEAWcCWpppDt1EAokCDp1gfD/3OxOQisXiUU8T8CIyFCxklGgj+bbd8Ju38JRV+gnDDDdnvl1yys4CeJ24OSmhHHXf/uoPYppGIDTlRKme6yTay4jUjHKYFfupgoTQMRlCz1BBIlBetrh8hi+NMsBhLE0JjRfq74mMREpNo8B0RkSP1Ko3F//zeqkOb7yMiSTVIOhyUZhyrGM8jwEPmASq+dQQQiUzt2I6IpJQbcIqmhDc1ZfXSbtSdqvlaqNaqt3lcRTQObpAV8hF16iGHlAdtRBFE/SMXtGblVkv1rv1sWzdsPKZM/QH1ucPHRGSrg==</latexit>

⇢ =
NX

i=1

bai

<latexit sha1_base64="lw5itjarLv8Hc5WMKXwiUMu0okM=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmkoJtC0Y0rqWAf0MQwmUyaoZNJmJkoJWTpxl9x40IRt36CO//G6WOhrQcuHM65l3vv8VNGpbKsb6O0tLyyulZer2xsbm3vmLt7HZlkApM2Tlgiej6ShFFO2ooqRnqpICj2Gen6w8ux370nQtKE36pRStwYDTgNKUZKS5556IgoaTgyi72cNuzi7ho6DzQgEVI5KjzqmVWrZk0AF4k9I1UwQ8szv5wgwVlMuMIMSdm3rVS5ORKKYkaKipNJkiI8RAPS15SjmEg3nzxSwGOtBDBMhC6u4ET9PZGjWMpR7OvOGKlIzntj8T+vn6nw3M0pTzNFOJ4uCjMGVQLHqcCACoIVG2mCsKD6VogjJBBWOruKDsGef3mRdE5rdr1Wv6lXmxezOMrgAByBE2CDM9AEV6AF2gCDR/AMXsGb8WS8GO/Gx7S1ZMxm9sEfGJ8/zAmZ2A==</latexit>

<latexit sha1_base64="clIqqF6WjtphVTB1rKF9Ik6MFGY=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZItWNUHTjsgX7gM44ZNK0Dc0kQ5IRytiFv+LGhSJu/Q13/o2ZdhbaeuDCyTn3kntPGDOqtON8W4WV1bX1jeJmaWt7Z3fP3j9oK5FITFpYMCG7IVKEUU5ammpGurEkKAoZ6YTjm8zvPBCpqOB3ehITP0JDTgcUI22kwD5qBp4ciStyn1a9mEIKs+c0sMtOxZkBLhM3J2WQoxHYX15f4CQiXGOGlOq5Tqz9FElNMSPTkpcoEiM8RkPSM5SjiCg/ne0/hadG6cOBkKa4hjP190SKIqUmUWg6I6RHatHLxP+8XqIHl35KeZxowvH8o0HCoBYwCwP2qSRYs4khCEtqdoV4hCTC2kRWMiG4iycvk3a14tYqteZ5uX6dx1EEx+AEnAEXXIA6uAUN0AIYPIJn8ArerCfrxXq3PuatBSufOQR/YH3+ACwelZQ=</latexit>

Q⇢ = e2⇡i⇢



Action on the Free Energy: <latexit sha1_base64="FBMJV70Uio5HbRhzvhzbBnC0CJk=">AAAB7HicdVBNSwMxEM3Wr1q/qh69BItQQZasdrV7K3rxJBXcttCWkk3TNjSbXZKsUJb+Bi8eFPHqD/LmvzHbVlDRBwOP92aYmRfEnCmN0IeVW1peWV3Lrxc2Nre2d4q7ew0VJZJQn0Q8kq0AK8qZoL5mmtNWLCkOA06bwfgq85v3VCoWiTs9iWk3xEPBBoxgbSS/fHPiHPeKJWQj13MdBJHtIsc7y4jnVSuuCx0bzVACC9R7xfdOPyJJSIUmHCvVdlCsuymWmhFOp4VOomiMyRgPadtQgUOquuns2Ck8MkofDiJpSmg4U79PpDhUahIGpjPEeqR+e5n4l9dO9KDaTZmIE00FmS8aJBzqCGafwz6TlGg+MQQTycytkIywxESbfAomhK9P4f+kcWo753bltlKqXS7iyIMDcAjKwAEXoAauQR34gAAGHsATeLaE9Wi9WK/z1py1mNkHP2C9fQK3UY3/</latexit>

(N, 1)

<latexit sha1_base64="7CzGFzOsDOn9cj2EBtf5c86AOWY="></latexit>

· · ·

a

a

1
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N

1

2

N� 1

N

ba
1

ba
2
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N

S
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�

N
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Fourier Expansion of the Free Energy:

f (s1,s2)
i1,...,iN ,k,n = f (s1,s2)

i01,...,i
0
N ,k0,n0

<latexit sha1_base64="l7ME1xyS5ThHYY4drovF+ptSTdo="></latexit>

(i01, . . . , i
0
N , k0, n0)T = GT · (i1, . . . , iN , k, n)T

<latexit sha1_base64="rB++IMRoQuhdv0KCXb4yRNFy+78=">AAACJXicbVDLSgMxFM3UV62vUZdugkVaYSgzUtCFQtGFrqRCX9BOh0wmbUMzmSHJCKX0Z9z4K25cWERw5a+YPha19UDgcM653Nzjx4xKZdvfRmptfWNzK72d2dnd2z8wD49qMkoEJlUcsUg0fCQJo5xUFVWMNGJBUOgzUvf7dxO//kyEpBGvqEFM3BB1Oe1QjJSWPPM6T3OeY7VYEClpaf5o9XMW5LnzduXmvl1pYW3APF3ITCI6oQOembUL9hRwlThzkgVzlD1z3AoinISEK8yQlE3HjpU7REJRzMgo00okiRHuoy5paspRSKQ7nF45gmdaCWAnEvpxBafq4sQQhVIOQl8nQ6R6ctmbiP95zUR1rtwh5XGiCMezRZ2EQRXBSWUwoIJgxQaaICyo/ivEPSQQVrrYjC7BWT55ldQuCk6xUHwqZku38zrS4AScgjxwwCUogQdQBlWAwQt4Ax9gbLwa78an8TWLpoz5zDH4A+PnF03roXw=</latexit>

Action of                                 on Fourier coefficientsG(N) ⇥ DihN
<latexit sha1_base64="iILGGYSP1nCVkE3WnVJn94iDUmo=">AAACDnicbVDLSgNBEJyNrxhfUY9eBkMggoTdKOgxqKCnEME8ILuE2ckkGTL7YKZXDEu+wIu/4sWDIl49e/NvnE32oIkFDUVVN91dbii4AtP8NjJLyyura9n13Mbm1vZOfnevqYJIUtaggQhk2yWKCe6zBnAQrB1KRjxXsJY7ukz81j2Tigf+HYxD5nhk4PM+pwS01M0Xse0RGLpufD0p1Y7sYxu4xxROCHuA+IoPJ91aN18wy+YUeJFYKSmgFPVu/svuBTTymA9UEKU6lhmCExMJnAo2ydmRYiGhIzJgHU19onc68fSdCS5qpYf7gdTlA56qvydi4ik19lzdmdyu5r1E/M/rRNA/d2LuhxEwn84W9SOBIcBJNrjHJaMgxpoQKrm+FdMhkYSCTjCnQ7DmX14kzUrZOilXbk8L1Ys0jiw6QIeohCx0hqroBtVRA1H0iJ7RK3oznowX4934mLVmjHRmH/2B8fkD+mubcg==</latexit>

for

G 2 G(N)⇥DihN

<latexit sha1_base64="W649rM7Me+9vA2a46SA8VUUNLF4=">AAACDnicbVA9SwNBEN3zM8avqKXNYgjEJtxJQMugQqxCBPMBuSPsbTbJkr29Y3dODEd+gY1/xcZCEVtrO/+Nm+QKTXww8Hhvhpl5fiS4Btv+tlZW19Y3NjNb2e2d3b393MFhU4exoqxBQxGqtk80E1yyBnAQrB0pRgJfsJY/upr6rXumNA/lHYwj5gVkIHmfUwJG6uYKVZdL7AYEhr6fVCfF2qkLPGAau8AeILnmw0m31s3l7ZI9A14mTkryKEW9m/tyeyGNAyaBCqJ1x7Ej8BKigFPBJlk31iwidEQGrGOoJGajl8zemeCCUXq4HypTEvBM/T2RkEDrceCbzundetGbiv95nRj6F17CZRQDk3S+qB8LDCGeZoN7XDEKYmwIoYqbWzEdEkUomASzJgRn8eVl0jwrOeVS+bacr1ymcWTQMTpBReSgc1RBN6iOGoiiR/SMXtGb9WS9WO/Wx7x1xUpnjtAfWJ8/pC6b3w==</latexit>

Symmetry constrains form of the coefficients of 
the free energy

Transformations also involve the instanton 
parameter — non-perturbative symmetries

checked explicitly in numerous examples [SH, Bastian 2018]

<latexit sha1_base64="rACQEq9Q0mEOApQvTlLzXNfxGnw="></latexit>

FN,1(bai, S,R; ✏1,2) = ln ZN,1(bai, S,R; ✏1,2) =
1X

s1,s2=0

1X

n=0

1X

i1,...,iN

X

k2Z
✏s1�1
1 ✏s2�1

2 f (s1,s2)
i1,...,iN ,k,n Q

i1
ba1

. . . QiN
baN

Qk
S Qn

R

Notation:
Qbai = e2⇡ibai

<latexit sha1_base64="citcnhY8oOaqs5kyViAbOHIQINk=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6KUkp6EYounHZgn1AW8NkctMOnUzCzEQpod/gxl9x40IRt67c+TdOHwvbeuDC4Zx7ufceP+FMacf5sVZW19Y3NnNb+e2d3b19++CwoeJUUqjTmMey5RMFnAmoa6Y5tBIJJPI5NP3BzdhvPoBULBZ3ephANyI9wUJGiTaSZ5/XvKzzyALoE52RkcdGV3CflToJw2xe9+yCU3QmwMvEnZECmqHq2d+dIKZpBEJTTpRqu06iuxmRmlEOo3wnVZAQOiA9aBsqSASqm01eGuFTowQ4jKUpofFE/TuRkUipYeSbzojovlr0xuJ/XjvV4WU3YyJJNQg6XRSmHOsYj/PBAZNANR8aQqhk5lZM+0QSqk2KeROCu/jyMmmUim65WK6VC5XrWRw5dIxO0Bly0QWqoFtURXVE0RN6QW/o3Xq2Xq0P63PaumLNZo7QHKyvX3/UnqI=</latexit>

QS = e2⇡iS

<latexit sha1_base64="Vll4LfNGozFq0DGI6QxD3t7SdBY=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kkkp6EUoevHYUvsBbQyb7aRdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq2Nza3tnd3CXnH/4PDo2D45bas4lRRaNOax7AZEAWcCWpppDt1EAokCDp1gfD/3OxOQisXiUU8T8CIyFCxklGgj+bbd8Ju38JRV+gnDDDdnvl1yys4CeJ24OSmhHHXf/uoPYppGIDTlRKme6yTay4jUjHKYFfupgoTQMRlCz1BBIlBetrh8hi+NMsBhLE0JjRfq74mMREpNo8B0RkSP1Ko3F//zeqkOb7yMiSTVIOhyUZhyrGM8jwEPmASq+dQQQiUzt2I6IpJQbcIqmhDc1ZfXSbtSdqvlaqNaqt3lcRTQObpAV8hF16iGHlAdtRBFE/SMXtGblVkv1rv1sWzdsPKZM/QH1ucPICeSsA==</latexit>

QR = e2⇡iR

<latexit sha1_base64="tvDxOVffGwhBTtw161VssPgUf1c=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kkkp6EUoevHYFvsBbQyb7aRdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq2Nza3tnd3CXnH/4PDo2D45bas4lRRaNOax7AZEAWcCWpppDt1EAokCDp1gfD/3OxOQisXiUU8T8CIyFCxklGgj+bbd8Ju38JRV+gnDDDdnvl1yys4CeJ24OSmhHHXf/uoPYppGIDTlRKme6yTay4jUjHKYFfupgoTQMRlCz1BBIlBetrh8hi+NMsBhLE0JjRfq74mMREpNo8B0RkSP1Ko3F//zeqkOb7yMiSTVIOhyUZhyrGM8jwEPmASq+dQQQiUzt2I6IpJQbcIqmhDc1ZfXSbtSdqvlaqNaqt3lcRTQObpAV8hF16iGHlAdtRBFE/SMXtGblVkv1rv1sWzdsPKZM/QH1ucPHRGSrg==</latexit>

⇢ =
NX

i=1

bai

<latexit sha1_base64="lw5itjarLv8Hc5WMKXwiUMu0okM=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmkoJtC0Y0rqWAf0MQwmUyaoZNJmJkoJWTpxl9x40IRt36CO//G6WOhrQcuHM65l3vv8VNGpbKsb6O0tLyyulZer2xsbm3vmLt7HZlkApM2Tlgiej6ShFFO2ooqRnqpICj2Gen6w8ux370nQtKE36pRStwYDTgNKUZKS5556IgoaTgyi72cNuzi7ho6DzQgEVI5KjzqmVWrZk0AF4k9I1UwQ8szv5wgwVlMuMIMSdm3rVS5ORKKYkaKipNJkiI8RAPS15SjmEg3nzxSwGOtBDBMhC6u4ET9PZGjWMpR7OvOGKlIzntj8T+vn6nw3M0pTzNFOJ4uCjMGVQLHqcCACoIVG2mCsKD6VogjJBBWOruKDsGef3mRdE5rdr1Wv6lXmxezOMrgAByBE2CDM9AEV6AF2gCDR/AMXsGb8WS8GO/Gx7S1ZMxm9sEfGJ8/zAmZ2A==</latexit>

<latexit sha1_base64="clIqqF6WjtphVTB1rKF9Ik6MFGY=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZItWNUHTjsgX7gM44ZNK0Dc0kQ5IRytiFv+LGhSJu/Q13/o2ZdhbaeuDCyTn3kntPGDOqtON8W4WV1bX1jeJmaWt7Z3fP3j9oK5FITFpYMCG7IVKEUU5ammpGurEkKAoZ6YTjm8zvPBCpqOB3ehITP0JDTgcUI22kwD5qBp4ciStyn1a9mEIKs+c0sMtOxZkBLhM3J2WQoxHYX15f4CQiXGOGlOq5Tqz9FElNMSPTkpcoEiM8RkPSM5SjiCg/ne0/hadG6cOBkKa4hjP190SKIqUmUWg6I6RHatHLxP+8XqIHl35KeZxowvH8o0HCoBYwCwP2qSRYs4khCEtqdoV4hCTC2kRWMiG4iycvk3a14tYqteZ5uX6dx1EEx+AEnAEXXIA6uAUN0AIYPIJn8ArerCfrxXq3PuatBSufOQR/YH3+ACwelZQ=</latexit>

Q⇢ = e2⇡i⇢



Embedding into Paramodular Group
Combine parameters into period matrix of 2-torus

<latexit sha1_base64="geDj8EwRisws34SQSemyWyhWcuM="></latexit>

⌦ =

✓
R S
S ⇢/N

◆



Embedding into Paramodular Group
Combine parameters into period matrix of 2-torus

<latexit sha1_base64="geDj8EwRisws34SQSemyWyhWcuM="></latexit>

⌦ =

✓
R S
S ⇢/N

◆

Action of              on       can be embedded into a paramodular group of level 
<latexit sha1_base64="F/cExtGE1VNj5+5BcRX37zD42d0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQN2VGSnVZdKErqWAf0A4lk2ba0ExmTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OV7EmdK2/W3l1tY3Nrfy24Wd3b39g+LhUUuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vgm9dsTKhULxaOeRtQN8FAwnxGsjeT2AqxHnpfczsr35/1iya7Yc6BV4mSkBBka/eJXbxCSOKBCE46V6jp2pN0ES80Ip7NCL1Y0wmSMh7RrqMABVW4yDz1DZ0YZID+U5gmN5urvjQQHSk0Dz0ymIdWyl4r/ed1Y+1duwkQUayrI4pAfc6RDlDaABkxSovnUEEwkM1kRGWGJiTY9FUwJzvKXV0nrouLUKrWHaql+ndWRhxM4hTI4cAl1uIMGNIHAEzzDK7xZE+vFerc+FqM5K9s5hj+wPn8AHPWRrw==</latexit>

G(N)
<latexit sha1_base64="20cm8sqi7/WkkjsoQwEaalbjllk=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoxZsRzAOSJcxOepMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJzW7dwIGpFcq+xV/BrxMgpyUUY56r/TV7SuaCpCWcmJMJ/ATG2ZEW0Y5TIrd1EBC6IgMoOOoJAJMmM2uneBTp/RxrLQrafFM/T2REWHMWESuUxA7NIveVPzP66Q2vgozJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JahWqvcX5dp1HkcBHaMTdIYCdIlq6BbVUQNR9Iie0St685T34r17H/PWFS+fOUJ/4H3+AGLDjwY=</latexit>

⌦
<latexit sha1_base64="oijmQlfsDrm++Gm4TLQocfg+4Dc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6ojjN0=</latexit>

N
<latexit sha1_base64="IX4yDLoHC791if6vuD7rJgnSN/k="></latexit>

⌃N =

8
>><

>>:

0

BB@

⇤ ⇤N ⇤ ⇤
⇤ ⇤ ⇤ ⇤/N
⇤ ⇤N ⇤ ⇤
⇤N ⇤N ⇤N ⇤

1

CCA 2 Sp(4,Q)

����⇤ 2 Z

9
>>=

>>;



Embedding into Paramodular Group
Combine parameters into period matrix of 2-torus

<latexit sha1_base64="geDj8EwRisws34SQSemyWyhWcuM="></latexit>

⌦ =

✓
R S
S ⇢/N

◆

Action of              on       can be embedded into a paramodular group of level 
<latexit sha1_base64="F/cExtGE1VNj5+5BcRX37zD42d0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQN2VGSnVZdKErqWAf0A4lk2ba0ExmTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OV7EmdK2/W3l1tY3Nrfy24Wd3b39g+LhUUuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vgm9dsTKhULxaOeRtQN8FAwnxGsjeT2AqxHnpfczsr35/1iya7Yc6BV4mSkBBka/eJXbxCSOKBCE46V6jp2pN0ES80Ip7NCL1Y0wmSMh7RrqMABVW4yDz1DZ0YZID+U5gmN5urvjQQHSk0Dz0ymIdWyl4r/ed1Y+1duwkQUayrI4pAfc6RDlDaABkxSovnUEEwkM1kRGWGJiTY9FUwJzvKXV0nrouLUKrWHaql+ndWRhxM4hTI4cAl1uIMGNIHAEzzDK7xZE+vFerc+FqM5K9s5hj+wPn8AHPWRrw==</latexit>

G(N)
<latexit sha1_base64="20cm8sqi7/WkkjsoQwEaalbjllk=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoxZsRzAOSJcxOepMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJzW7dwIGpFcq+xV/BrxMgpyUUY56r/TV7SuaCpCWcmJMJ/ATG2ZEW0Y5TIrd1EBC6IgMoOOoJAJMmM2uneBTp/RxrLQrafFM/T2REWHMWESuUxA7NIveVPzP66Q2vgozJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JahWqvcX5dp1HkcBHaMTdIYCdIlq6BbVUQNR9Iie0St685T34r17H/PWFS+fOUJ/4H3+AGLDjwY=</latexit>

⌦
<latexit sha1_base64="oijmQlfsDrm++Gm4TLQocfg+4Dc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6ojjN0=</latexit>

N
<latexit sha1_base64="IX4yDLoHC791if6vuD7rJgnSN/k="></latexit>
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Leaves the reduced free energy invariant
<latexit sha1_base64="l4gRth70Xvmis8U3dciyzOiiU/g="></latexit>
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[Bastian, SH 2019]



Embedding into Paramodular Group
Combine parameters into period matrix of 2-torus

<latexit sha1_base64="geDj8EwRisws34SQSemyWyhWcuM="></latexit>

⌦ =

✓
R S
S ⇢/N

◆

Action of              on       can be embedded into a paramodular group of level 
<latexit sha1_base64="F/cExtGE1VNj5+5BcRX37zD42d0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQN2VGSnVZdKErqWAf0A4lk2ba0ExmTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OV7EmdK2/W3l1tY3Nrfy24Wd3b39g+LhUUuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vgm9dsTKhULxaOeRtQN8FAwnxGsjeT2AqxHnpfczsr35/1iya7Yc6BV4mSkBBka/eJXbxCSOKBCE46V6jp2pN0ES80Ip7NCL1Y0wmSMh7RrqMABVW4yDz1DZ0YZID+U5gmN5urvjQQHSk0Dz0ymIdWyl4r/ed1Y+1duwkQUayrI4pAfc6RDlDaABkxSovnUEEwkM1kRGWGJiTY9FUwJzvKXV0nrouLUKrWHaql+ndWRhxM4hTI4cAl1uIMGNIHAEzzDK7xZE+vFerc+FqM5K9s5hj+wPn8AHPWRrw==</latexit>

G(N)
<latexit sha1_base64="20cm8sqi7/WkkjsoQwEaalbjllk=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoxZsRzAOSJcxOepMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJzW7dwIGpFcq+xV/BrxMgpyUUY56r/TV7SuaCpCWcmJMJ/ATG2ZEW0Y5TIrd1EBC6IgMoOOoJAJMmM2uneBTp/RxrLQrafFM/T2REWHMWESuUxA7NIveVPzP66Q2vgozJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JahWqvcX5dp1HkcBHaMTdIYCdIlq6BbVUQNR9Iie0St685T34r17H/PWFS+fOUJ/4H3+AGLDjwY=</latexit>

⌦
<latexit sha1_base64="oijmQlfsDrm++Gm4TLQocfg+4Dc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6ojjN0=</latexit>

N
<latexit sha1_base64="IX4yDLoHC791if6vuD7rJgnSN/k="></latexit>
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Leaves the reduced free energy invariant
<latexit sha1_base64="l4gRth70Xvmis8U3dciyzOiiU/g="></latexit>
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[Bastian, SH 2019]

In the Nekrasov-Shatashvili limit (for                ), enhancement of   
<latexit sha1_base64="k2Z+snSPTpHtnN7oxhFXJxLL1KE=">AAAB+HicbZDLSgNBEEVr4ivGR6Iu3TQGwVWYCRJdBt24jGAekBlCT6cmadLzoLtHiEO+xI0LRdz6Ke78GzvJLDTxQsPhVhVddf1EcKVt+9sqbGxube8Ud0t7+weH5crRcUfFqWTYZrGIZc+nCgWPsK25FthLJNLQF9j1J7fzevcRpeJx9KCnCXohHUU84IxqYw0qZRcTxYXBuqtjYg8qVbtmL0TWwcmhCrlag8qXO4xZGmKkmaBK9R070V5GpeZM4KzkpgoTyiZ0hH2DEQ1Redli8Rk5N86QBLE0L9Jk4f6eyGio1DT0TWdI9Vit1ubmf7V+qoNrL+NRkmqM2PKjIBXEnDhPgQy5RKbF1ABlkptdCRtTSZk2WZVMCM7qyevQqdecRq1xf1lt3uRxFOEUzuACHLiCJtxBC9rAIIVneIU368l6sd6tj2VrwcpnTuCPrM8fIgOSwg==</latexit>

✏2 ! 0
<latexit sha1_base64="z7a9dfdUE3SLxt4SZcSpbWd/VL8=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxJRfsB7VKyabYNTbJrkhXK0j/hxYMiXv073vw3pts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H4+uZ336iSrNIPphJTH2Bh5KFjGBjpU7vng0F7t/2yxW36mZAy8TLSQVyNPrlr94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/ze6dohOrDFAYKVvSoEz9PZFiofVEBLZTYDPSi95M/M/rJia89FMm48RQSeaLwoQjE6HZ82jAFCWGTyzBRDF7KyIjrDAxNqKSDcFbfHmZtM6qXq1auzuv1K/yOIpwBMdwCh5cQB1uoAFNIMDhGV7hzXl0Xpx352PeWnDymUP4A+fzB8QLj88=</latexit>

⌃N

<latexit sha1_base64="IaFKOie9eMt+2vZm/RpqPMRlY2I="></latexit>

⌃⇤
N = ⌃N [ ⌃NVN ⇢ Sp(4,R)

<latexit sha1_base64="G3fGZ8cmV8ROLC4RevdmvGAOsBI="></latexit>

VN =

✓
UN 0
0 UT

N

◆
<latexit sha1_base64="lgjwCwX7zNsgvWl5wjZKWWRoguc="></latexit>

UN =
1p
N

✓
0 N
1 0

◆
with with



Embedding into Paramodular Group
Combine parameters into period matrix of 2-torus

<latexit sha1_base64="geDj8EwRisws34SQSemyWyhWcuM="></latexit>

⌦ =

✓
R S
S ⇢/N

◆

Action of              on       can be embedded into a paramodular group of level 
<latexit sha1_base64="F/cExtGE1VNj5+5BcRX37zD42d0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQN2VGSnVZdKErqWAf0A4lk2ba0ExmTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OV7EmdK2/W3l1tY3Nrfy24Wd3b39g+LhUUuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vgm9dsTKhULxaOeRtQN8FAwnxGsjeT2AqxHnpfczsr35/1iya7Yc6BV4mSkBBka/eJXbxCSOKBCE46V6jp2pN0ES80Ip7NCL1Y0wmSMh7RrqMABVW4yDz1DZ0YZID+U5gmN5urvjQQHSk0Dz0ymIdWyl4r/ed1Y+1duwkQUayrI4pAfc6RDlDaABkxSovnUEEwkM1kRGWGJiTY9FUwJzvKXV0nrouLUKrWHaql+ndWRhxM4hTI4cAl1uIMGNIHAEzzDK7xZE+vFerc+FqM5K9s5hj+wPn8AHPWRrw==</latexit>

G(N)
<latexit sha1_base64="20cm8sqi7/WkkjsoQwEaalbjllk=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoxZsRzAOSJcxOepMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0ehm6reeQBum5IMdJxAKMpAsZpRYJzW7dwIGpFcq+xV/BrxMgpyUUY56r/TV7SuaCpCWcmJMJ/ATG2ZEW0Y5TIrd1EBC6IgMoOOoJAJMmM2uneBTp/RxrLQrafFM/T2REWHMWESuUxA7NIveVPzP66Q2vgozJpPUgqTzRXHKsVV4+jruMw3U8rEjhGrmbsV0SDSh1gVUdCEEiy8vk+Z5JahWqvcX5dp1HkcBHaMTdIYCdIlq6BbVUQNR9Iie0St685T34r17H/PWFS+fOUJ/4H3+AGLDjwY=</latexit>

⌦
<latexit sha1_base64="oijmQlfsDrm++Gm4TLQocfg+4Dc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6ojjN0=</latexit>

N
<latexit sha1_base64="IX4yDLoHC791if6vuD7rJgnSN/k="></latexit>
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Leaves the reduced free energy invariant
<latexit sha1_base64="l4gRth70Xvmis8U3dciyzOiiU/g="></latexit>
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[Bastian, SH 2019]

In the Nekrasov-Shatashvili limit (for                ), enhancement of   
<latexit sha1_base64="k2Z+snSPTpHtnN7oxhFXJxLL1KE=">AAAB+HicbZDLSgNBEEVr4ivGR6Iu3TQGwVWYCRJdBt24jGAekBlCT6cmadLzoLtHiEO+xI0LRdz6Ke78GzvJLDTxQsPhVhVddf1EcKVt+9sqbGxube8Ud0t7+weH5crRcUfFqWTYZrGIZc+nCgWPsK25FthLJNLQF9j1J7fzevcRpeJx9KCnCXohHUU84IxqYw0qZRcTxYXBuqtjYg8qVbtmL0TWwcmhCrlag8qXO4xZGmKkmaBK9R070V5GpeZM4KzkpgoTyiZ0hH2DEQ1Redli8Rk5N86QBLE0L9Jk4f6eyGio1DT0TWdI9Vit1ubmf7V+qoNrL+NRkmqM2PKjIBXEnDhPgQy5RKbF1ABlkptdCRtTSZk2WZVMCM7qyevQqdecRq1xf1lt3uRxFOEUzuACHLiCJtxBC9rAIIVneIU368l6sd6tj2VrwcpnTuCPrM8fIgOSwg==</latexit>

✏2 ! 0
<latexit sha1_base64="z7a9dfdUE3SLxt4SZcSpbWd/VL8=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxJRfsB7VKyabYNTbJrkhXK0j/hxYMiXv073vw3pts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H4+uZ336iSrNIPphJTH2Bh5KFjGBjpU7vng0F7t/2yxW36mZAy8TLSQVyNPrlr94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/ze6dohOrDFAYKVvSoEz9PZFiofVEBLZTYDPSi95M/M/rJia89FMm48RQSeaLwoQjE6HZ82jAFCWGTyzBRDF7KyIjrDAxNqKSDcFbfHmZtM6qXq1auzuv1K/yOIpwBMdwCh5cQB1uoAFNIMDhGV7hzXl0Xpx352PeWnDymUP4A+fzB8QLj88=</latexit>

⌃N

<latexit sha1_base64="IaFKOie9eMt+2vZm/RpqPMRlY2I="></latexit>

⌃⇤
N = ⌃N [ ⌃NVN ⇢ Sp(4,R)

<latexit sha1_base64="G3fGZ8cmV8ROLC4RevdmvGAOsBI="></latexit>

VN =

✓
UN 0
0 UT

N

◆
<latexit sha1_base64="lgjwCwX7zNsgvWl5wjZKWWRoguc="></latexit>

UN =
1p
N

✓
0 N
1 0

◆
with with

Corresponds to the symmetry                      of   <latexit sha1_base64="RrZ7UDqRE4oeaDjPRMUuVyZPzow=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieCqJSPVY9OKxiv2AppTNdpMs3eyG3YlSSr34V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzLwg5UyD635bhaXlldW14nppY3Nre8fe3WtqmSlCG0RyqdoB1pQzQRvAgNN2qihOAk5bweBq4rfuqdJMijsYprSb4EiwkBEMRurZB7c+lyLiNATFohiwUvLBV7Hs2WW34k7hLBIvJ2WUo96zv/y+JFlCBRCOte54bgrdEVbACKfjkp9pmmIywBHtGCpwQnV3NP1g7Bwbpe+EUpkS4EzV3xMjnGg9TALTmWCI9bw3Ef/zOhmEF90RE2kGVJDZojDjDkhnEofTZ4oS4ENDMFHM3OqQGCtMwIRWMiF48y8vkuZpxatWqjdn5dplHkcRHaIjdII8dI5q6BrVUQMR9Iie0St6s56sF+vd+pi1Fqx8Zh/9gfX5A4sql50=</latexit>

R ! ⇢
<latexit sha1_base64="7/dITmPwYinbTnigfqQ4cBtuvjc=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4kJKIVJdFQVxJBfuANoTJdNIOnTyYmSgl5lPcuFDErV/izr9x0mahrQcGDufcyz1zvJgzqSzr21haXlldWy9tlDe3tnd2zcpeW0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa88VXudx6okCwK79Ukpk6AhyHzGcFKS65Z6QdYjQjm6XXmprcnduaaVatmTYEWiV2QKhRouuZXfxCRJKChIhxL2bOtWDkpFooRTrNyP5E0xmSMh7SnaYgDKp10Gj1DR1oZID8S+oUKTdXfGykOpJwEnp7Mg8p5Lxf/83qJ8i+clIVxomhIZof8hCMVobwHNGCCEsUnmmAimM6KyAgLTJRuq6xLsOe/vEjapzW7XqvfnVUbl0UdJTiAQzgGG86hATfQhBYQeIRneIU348l4Md6Nj9noklHs7MMfGJ8//JCT1g==</latexit>FN,1 [Bastian, SH 2019]



Generalisation to Configurations (N,M)
Start from the instanton expansion of                     gauge theory: 

<latexit sha1_base64="V65V8umStVpGBoImPA/9rmvKehA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lEqseiFy9KBdMW0lg22027dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0g4U9q2v62l5ZXVtfXCRnFza3tnt7S331RxKgl1Scxj2Q6wopwJ6mqmOW0nkuIo4LQVDK8mfuuJSsVica9HCfUj3BcsZARrI7U9t3J74j/cdEtlu2pPgRaJk5My5Gh0S1+dXkzSiApNOFbKc+xE+xmWmhFOx8VOqmiCyRD3qWeowBFVfja9d4yOjdJDYSxNCY2m6u+JDEdKjaLAdEZYD9S8NxH/87xUhxd+xkSSairIbFGYcqRjNHke9ZikRPORIZhIZm5FZIAlJtpEVDQhOPMvL5LmadWpVWt3Z+X6ZR5HAQ7hCCrgwDnU4Roa4AIBDs/wCm/Wo/VivVsfs9YlK585gD+wPn8AynePLA==</latexit>

[U(N)]M <latexit sha1_base64="E7YIS7p78bQjWUKAeKxj+SQ68cw="></latexit>
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Generalisation to Configurations (N,M)
Start from the instanton expansion of                     gauge theory: 

<latexit sha1_base64="V65V8umStVpGBoImPA/9rmvKehA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lEqseiFy9KBdMW0lg22027dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0g4U9q2v62l5ZXVtfXCRnFza3tnt7S331RxKgl1Scxj2Q6wopwJ6mqmOW0nkuIo4LQVDK8mfuuJSsVica9HCfUj3BcsZARrI7U9t3J74j/cdEtlu2pPgRaJk5My5Gh0S1+dXkzSiApNOFbKc+xE+xmWmhFOx8VOqmiCyRD3qWeowBFVfja9d4yOjdJDYSxNCY2m6u+JDEdKjaLAdEZYD9S8NxH/87xUhxd+xkSSairIbFGYcqRjNHke9ZikRPORIZhIZm5FZIAlJtpEVDQhOPMvL5LmadWpVWt3Z+X6ZR5HAQ7hCCrgwDnU4Roa4AIBDs/wCm/Wo/VivVsfs9YlK585gD+wPn8AynePLA==</latexit>

[U(N)]M <latexit sha1_base64="E7YIS7p78bQjWUKAeKxj+SQ68cw="></latexit>
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U(N)

U(N)

U(N)

M
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<latexit sha1_base64="F/GGjxSNbVTk9jQr4QvoUztvWXk=">AAACGXicbZDLSsNAFIYn9VbrLerShcEiVKglEakui27cCBXsBZpSJpNJO3RyYeZEqCFLn8JHcKsP4E7cunLtizhNu7CtPwx8859zODO/E3EmwTS/tdzS8srqWn69sLG5tb2j7+41ZRgLQhsk5KFoO1hSzgLaAAactiNBse9w2nKG1+N664EKycLgHkYR7fq4HzCPEQzK6umHJRtw3LPKNndDkOXsltyeWmmGJz29aFbMTMYiWFMooqnqPf3HdkMS+zQAwrGUHcuMoJtgAYxwmhbsWNIIkyHu047CAPtUdpPsI6lxrBzX8EKhTgBG5v6dSLAv5ch3VKePYSDna2Pzv1onBu+ym7AgioEGZLLIi7kBoTFOxXCZoAT4SAEmgqm3GmSABSagspvZAmz4mKpUrPkMFqF5VrGqlerdebF2Nc0njw7QESohC12gGrpBddRABD2hF/SK3rRn7V370D4nrTltOrOPZqR9/QL3saBc</latexit>

(⌧1, . . . , ⌧M�1, ⌧)couplings 



Generalisation to Configurations (N,M)
Start from the instanton expansion of                     gauge theory: 

<latexit sha1_base64="V65V8umStVpGBoImPA/9rmvKehA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lEqseiFy9KBdMW0lg22027dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0g4U9q2v62l5ZXVtfXCRnFza3tnt7S331RxKgl1Scxj2Q6wopwJ6mqmOW0nkuIo4LQVDK8mfuuJSsVica9HCfUj3BcsZARrI7U9t3J74j/cdEtlu2pPgRaJk5My5Gh0S1+dXkzSiApNOFbKc+xE+xmWmhFOx8VOqmiCyRD3qWeowBFVfja9d4yOjdJDYSxNCY2m6u+JDEdKjaLAdEZYD9S8NxH/87xUhxd+xkSSairIbFGYcqRjNHke9ZikRPORIZhIZm5FZIAlJtpEVDQhOPMvL5LmadWpVWt3Z+X6ZR5HAQ7hCCrgwDnU4Roa4AIBDs/wCm/Wo/VivVsfs9YlK585gD+wPn8AynePLA==</latexit>

[U(N)]M <latexit sha1_base64="E7YIS7p78bQjWUKAeKxj+SQ68cw="></latexit>

U(N)

U(N)

U(N)

U(N)

U(N)

U(N)

U(N)

M
nodes

<latexit sha1_base64="F/GGjxSNbVTk9jQr4QvoUztvWXk=">AAACGXicbZDLSsNAFIYn9VbrLerShcEiVKglEakui27cCBXsBZpSJpNJO3RyYeZEqCFLn8JHcKsP4E7cunLtizhNu7CtPwx8859zODO/E3EmwTS/tdzS8srqWn69sLG5tb2j7+41ZRgLQhsk5KFoO1hSzgLaAAactiNBse9w2nKG1+N664EKycLgHkYR7fq4HzCPEQzK6umHJRtw3LPKNndDkOXsltyeWmmGJz29aFbMTMYiWFMooqnqPf3HdkMS+zQAwrGUHcuMoJtgAYxwmhbsWNIIkyHu047CAPtUdpPsI6lxrBzX8EKhTgBG5v6dSLAv5ch3VKePYSDna2Pzv1onBu+ym7AgioEGZLLIi7kBoTFOxXCZoAT4SAEmgqm3GmSABSagspvZAmz4mKpUrPkMFqF5VrGqlerdebF2Nc0njw7QESohC12gGrpBddRABD2hF/SK3rRn7V370D4nrTltOrOPZqR9/QL3saBc</latexit>

(⌧1, . . . , ⌧M�1, ⌧)couplings 
<latexit sha1_base64="2p4KtXNBJOGOvKOLt57Xu9CHnIo=">AAACC3icbVDLSsNAFJ34rPWV6tLNYBEqSElEqsuiG5cV7AOaWCbTSTt0Mgkzk0oN+QQ/wa1+gDtx60e49kectFnY1gMXDufcy7kcL2JUKsv6NlZW19Y3Ngtbxe2d3b19s3TQkmEsMGnikIWi4yFJGOWkqahipBMJggKPkbY3usn89pgISUN+ryYRcQM04NSnGCkt9cySMyY4QalzlqQPSWV0mvbMslW1poDLxM5JGeRo9Mwfpx/iOCBcYYak7NpWpNwECUUxI2nRiSWJEB6hAelqylFApJtMX0/hiVb60A+FHq7gVP17kaBAykng6c0AqaFc9DLxP68bK//KTSiPYkU4ngX5MYMqhFkPsE8FwYpNNEFYUP0rxEMkEFa6rbkURUdPWSv2YgfLpHVetWvV2t1FuX6d91MAR+AYVIANLkEd3IIGaAIMHsELeAVvxrPxbnwYn7PVFSO/OQRzML5+AaRVm3o=</latexit>

~a (k)gauge parameters of     th gauge node              (for                          )       
<latexit sha1_base64="E6M6MdkjGBFhkoapj1uupwBMdSE=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cW7Ae0oWy2m3bJZhN2J0IN/QVe9Qd4E6/+Gs/+EbdtDrb1wcDjvRlm5vmJ4Bod59sqbGxube8Ud0t7+weHR+Xjk7aOU0VZi8YiVl2faCa4ZC3kKFg3UYxEvmAdP7yf+Z0npjSP5SNOEuZFZCR5wClBIzXDQbniVJ057HXi5qQCORqD8k9/GNM0YhKpIFr3XCdBLyMKORVsWuqnmiWEhmTEeoZKEjHtZfNDp/aFUYZ2ECtTEu25+nciI5HWk8g3nRHBsV71ZuJ/Xi/F4NbLuExSZJIuFgWpsDG2Z1/bQ64YRTExhFDFza02HRNFKJpslrYgD5+nJhV3NYN10r6qurVqrXldqd/l+RThDM7hEly4gTo8QANaQIHBC7zCm5VZ79aH9bloLVj5zCkswfr6BfwGlI8=</latexit>

k
<latexit sha1_base64="Uh7t3hn/SULx7o39c1sXr2EHehk=">AAACBHicbVDLSsNAFJ3UV62vqks3g0VwUUoiUt0IRTduhAr2AU0ok8mkHTJ5MHMj1NCtn+BWP8CduPU/XPsjTtssbOuBC4dz7uVcjpsIrsA0v43Cyura+kZxs7S1vbO7V94/aKs4lZS1aCxi2XWJYoJHrAUcBOsmkpHQFazjBjcTv/PIpOJx9ACjhDkhGUTc55SAluzgyqrawotBVe/65YpZM6fAy8TKSQXlaPbLP7YX0zRkEVBBlOpZZgJORiRwKti4ZKeKJYQGZMB6mkYkZMrJpj+P8YlWPOzHUk8EeKr+vchIqNQodPVmSGCoFr2J+J/XS8G/dDIeJSmwiM6C/FRgiPGkAOxxySiIkSaESq5/xXRIJKGga5pLAR48jXUr1mIHy6R9VrPqtfr9eaVxnfdTREfoGJ0iC12gBrpFTdRCFCXoBb2iN+PZeDc+jM/ZasHIbw7RHIyvX1NqmJI=</latexit>

k = 1, . . . ,M



Generalisation to Configurations (N,M)
Start from the instanton expansion of                     gauge theory: 

<latexit sha1_base64="V65V8umStVpGBoImPA/9rmvKehA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lEqseiFy9KBdMW0lg22027dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0g4U9q2v62l5ZXVtfXCRnFza3tnt7S331RxKgl1Scxj2Q6wopwJ6mqmOW0nkuIo4LQVDK8mfuuJSsVica9HCfUj3BcsZARrI7U9t3J74j/cdEtlu2pPgRaJk5My5Gh0S1+dXkzSiApNOFbKc+xE+xmWmhFOx8VOqmiCyRD3qWeowBFVfja9d4yOjdJDYSxNCY2m6u+JDEdKjaLAdEZYD9S8NxH/87xUhxd+xkSSairIbFGYcqRjNHke9ZikRPORIZhIZm5FZIAlJtpEVDQhOPMvL5LmadWpVWt3Z+X6ZR5HAQ7hCCrgwDnU4Roa4AIBDs/wCm/Wo/VivVsfs9YlK585gD+wPn8AynePLA==</latexit>

[U(N)]M <latexit sha1_base64="E7YIS7p78bQjWUKAeKxj+SQ68cw="></latexit>
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M
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<latexit sha1_base64="F/GGjxSNbVTk9jQr4QvoUztvWXk=">AAACGXicbZDLSsNAFIYn9VbrLerShcEiVKglEakui27cCBXsBZpSJpNJO3RyYeZEqCFLn8JHcKsP4E7cunLtizhNu7CtPwx8859zODO/E3EmwTS/tdzS8srqWn69sLG5tb2j7+41ZRgLQhsk5KFoO1hSzgLaAAactiNBse9w2nKG1+N664EKycLgHkYR7fq4HzCPEQzK6umHJRtw3LPKNndDkOXsltyeWmmGJz29aFbMTMYiWFMooqnqPf3HdkMS+zQAwrGUHcuMoJtgAYxwmhbsWNIIkyHu047CAPtUdpPsI6lxrBzX8EKhTgBG5v6dSLAv5ch3VKePYSDna2Pzv1onBu+ym7AgioEGZLLIi7kBoTFOxXCZoAT4SAEmgqm3GmSABSagspvZAmz4mKpUrPkMFqF5VrGqlerdebF2Nc0njw7QESohC12gGrpBddRABD2hF/SK3rRn7V370D4nrTltOrOPZqR9/QL3saBc</latexit>

(⌧1, . . . , ⌧M�1, ⌧)couplings 
<latexit sha1_base64="2p4KtXNBJOGOvKOLt57Xu9CHnIo=">AAACC3icbVDLSsNAFJ34rPWV6tLNYBEqSElEqsuiG5cV7AOaWCbTSTt0Mgkzk0oN+QQ/wa1+gDtx60e49kectFnY1gMXDufcy7kcL2JUKsv6NlZW19Y3Ngtbxe2d3b19s3TQkmEsMGnikIWi4yFJGOWkqahipBMJggKPkbY3usn89pgISUN+ryYRcQM04NSnGCkt9cySMyY4QalzlqQPSWV0mvbMslW1poDLxM5JGeRo9Mwfpx/iOCBcYYak7NpWpNwECUUxI2nRiSWJEB6hAelqylFApJtMX0/hiVb60A+FHq7gVP17kaBAykng6c0AqaFc9DLxP68bK//KTSiPYkU4ngX5MYMqhFkPsE8FwYpNNEFYUP0rxEMkEFa6rbkURUdPWSv2YgfLpHVetWvV2t1FuX6d91MAR+AYVIANLkEd3IIGaAIMHsELeAVvxrPxbnwYn7PVFSO/OQRzML5+AaRVm3o=</latexit>

~a (k)gauge parameters of     th gauge node              (for                          )       
<latexit sha1_base64="E6M6MdkjGBFhkoapj1uupwBMdSE=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cW7Ae0oWy2m3bJZhN2J0IN/QVe9Qd4E6/+Gs/+EbdtDrb1wcDjvRlm5vmJ4Bod59sqbGxube8Ud0t7+weHR+Xjk7aOU0VZi8YiVl2faCa4ZC3kKFg3UYxEvmAdP7yf+Z0npjSP5SNOEuZFZCR5wClBIzXDQbniVJ057HXi5qQCORqD8k9/GNM0YhKpIFr3XCdBLyMKORVsWuqnmiWEhmTEeoZKEjHtZfNDp/aFUYZ2ECtTEu25+nciI5HWk8g3nRHBsV71ZuJ/Xi/F4NbLuExSZJIuFgWpsDG2Z1/bQ64YRTExhFDFza02HRNFKJpslrYgD5+nJhV3NYN10r6qurVqrXldqd/l+RThDM7hEly4gTo8QANaQIHBC7zCm5VZ79aH9bloLVj5zCkswfr6BfwGlI8=</latexit>

k
<latexit sha1_base64="Uh7t3hn/SULx7o39c1sXr2EHehk=">AAACBHicbVDLSsNAFJ3UV62vqks3g0VwUUoiUt0IRTduhAr2AU0ok8mkHTJ5MHMj1NCtn+BWP8CduPU/XPsjTtssbOuBC4dz7uVcjpsIrsA0v43Cyura+kZxs7S1vbO7V94/aKs4lZS1aCxi2XWJYoJHrAUcBOsmkpHQFazjBjcTv/PIpOJx9ACjhDkhGUTc55SAluzgyqrawotBVe/65YpZM6fAy8TKSQXlaPbLP7YX0zRkEVBBlOpZZgJORiRwKti4ZKeKJYQGZMB6mkYkZMrJpj+P8YlWPOzHUk8EeKr+vchIqNQodPVmSGCoFr2J+J/XS8G/dDIeJSmwiM6C/FRgiPGkAOxxySiIkSaESq5/xXRIJKGga5pLAR48jXUr1mIHy6R9VrPqtfr9eaVxnfdTREfoGJ0iC12gBrpFTdRCFCXoBb2iN+PZeDc+jM/ZasHIbw7RHIyvX1NqmJI=</latexit>

k = 1, . . . ,M

     promotes              gauge algebra to affine   <latexit sha1_base64="1sEPAgFjj2j+p1uH6d1zyRvU+ZQ=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZDZmeWmVkhLvETvOoHeBOv/otnf8TZZA8msaChqOqmuyuIOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmShCm0RyqToB1pQzQZuGGU47saI4CjhtB+PbzG8/UqWZFA9mElM/wkPBQkawyaSeGsl+ueJW3RnQKvFyUoEcjX75pzeQJImoMIRjrbueGxs/xcowwum01Es0jTEZ4yHtWipwRLWfzm6dojOrDFAolS1h0Ez9O5HiSOtJFNjOCJuRXvYy8T+vm5jw2k+ZiBNDBZkvChOOjETZ42jAFCWGTyzBRDF7KyIjrDAxNp6FLYaNn6Y2FW85g1XSuqh6tWrt/rJSv8nzKcIJnMI5eHAFdbiDBjSBwAhe4BXenGfn3flwPuetBSefOYYFOF+/XjqV5w==</latexit>⇢ <latexit sha1_base64="gy1DgU5lUqxKAsblSaz4VsLRRcg=">AAACDHicbVDLSsNAFJ3UV62vWJduBovgxpKIVJdFN66kgn1AG8JkOmmHTCZhZiLWkF/wE9zqB7gTt/6Da3/ESZuFbT1w4XDOvdzD8WJGpbKsb6O0srq2vlHerGxt7+zumfvVjowSgUkbRywSPQ9JwignbUUVI71YEBR6jHS94Dr3uw9ESBrxezWJiROiEac+xUhpyTWrgxCpsS9QkKLMTW9P7cw1a1bdmgIuE7sgNVCg5Zo/g2GEk5BwhRmSsm9bsXJSJBTFjGSVQSJJjHCARqSvKUchkU46zZ7BY60MoR8JPVzBqfr3IkWhlJPQ05t5Urno5eJ/Xj9R/qWTUh4ninA8e+QnDKoI5kXAIRUEKzbRBGFBdVaIx0ggrHRdc18UDZ7yVuzFDpZJ56xuN+qNu/Na86ropwwOwRE4ATa4AE1wA1qgDTB4BC/gFbwZz8a78WF8zlZLRnFzAOZgfP0CnaScBQ==</latexit>aN�1
<latexit sha1_base64="N6N63XLcFejdDSHUNnceAmAwrT4=">AAACFnicbVDLSsNQEL3xWesr6lIXwSK4sSQi1WXRjSupYB/QljK5uWkvuXlw70SpIRu/wk9wqx/gTty6de2PmLRd2NYDA4dzZpiZY0eCKzTNb21hcWl5ZbWwVlzf2Nza1nd2GyqMJWV1GopQtmxQTPCA1ZGjYK1IMvBtwZq2d5X7zXsmFQ+DOxxGrOtDP+Aup4CZ1NMPOg/cYQPApOMDDlwJXgJp2ktuTqy0p5fMsjmCMU+sCSmRCWo9/afjhDT2WYBUgFJty4ywm4BETgVLi51YsQioB33WzmgAPlPdZPRFahxlimO4ocwqQGOk/p1IwFdq6NtZZ36qmvVy8T+vHaN70U14EMXIAjpe5MbCwNDIIzEcLhlFMcwIUMmzWw06AAkUs+CmtiD3HvNUrNkM5knjtGxVypXbs1L1cpJPgeyTQ3JMLHJOquSa1EidUPJEXsgredOetXftQ/scty5ok5k9MgXt6xcf6KCj</latexit>

baN�1



Generalisation to Configurations (N,M)
Start from the instanton expansion of                     gauge theory: 

<latexit sha1_base64="V65V8umStVpGBoImPA/9rmvKehA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lEqseiFy9KBdMW0lg22027dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0g4U9q2v62l5ZXVtfXCRnFza3tnt7S331RxKgl1Scxj2Q6wopwJ6mqmOW0nkuIo4LQVDK8mfuuJSsVica9HCfUj3BcsZARrI7U9t3J74j/cdEtlu2pPgRaJk5My5Gh0S1+dXkzSiApNOFbKc+xE+xmWmhFOx8VOqmiCyRD3qWeowBFVfja9d4yOjdJDYSxNCY2m6u+JDEdKjaLAdEZYD9S8NxH/87xUhxd+xkSSairIbFGYcqRjNHke9ZikRPORIZhIZm5FZIAlJtpEVDQhOPMvL5LmadWpVWt3Z+X6ZR5HAQ7hCCrgwDnU4Roa4AIBDs/wCm/Wo/VivVsfs9YlK585gD+wPn8AynePLA==</latexit>

[U(N)]M <latexit sha1_base64="E7YIS7p78bQjWUKAeKxj+SQ68cw="></latexit>
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M
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<latexit sha1_base64="F/GGjxSNbVTk9jQr4QvoUztvWXk=">AAACGXicbZDLSsNAFIYn9VbrLerShcEiVKglEakui27cCBXsBZpSJpNJO3RyYeZEqCFLn8JHcKsP4E7cunLtizhNu7CtPwx8859zODO/E3EmwTS/tdzS8srqWn69sLG5tb2j7+41ZRgLQhsk5KFoO1hSzgLaAAactiNBse9w2nKG1+N664EKycLgHkYR7fq4HzCPEQzK6umHJRtw3LPKNndDkOXsltyeWmmGJz29aFbMTMYiWFMooqnqPf3HdkMS+zQAwrGUHcuMoJtgAYxwmhbsWNIIkyHu047CAPtUdpPsI6lxrBzX8EKhTgBG5v6dSLAv5ch3VKePYSDna2Pzv1onBu+ym7AgioEGZLLIi7kBoTFOxXCZoAT4SAEmgqm3GmSABSagspvZAmz4mKpUrPkMFqF5VrGqlerdebF2Nc0njw7QESohC12gGrpBddRABD2hF/SK3rRn7V370D4nrTltOrOPZqR9/QL3saBc</latexit>

(⌧1, . . . , ⌧M�1, ⌧)couplings 
<latexit sha1_base64="2p4KtXNBJOGOvKOLt57Xu9CHnIo=">AAACC3icbVDLSsNAFJ34rPWV6tLNYBEqSElEqsuiG5cV7AOaWCbTSTt0Mgkzk0oN+QQ/wa1+gDtx60e49kectFnY1gMXDufcy7kcL2JUKsv6NlZW19Y3Ngtbxe2d3b19s3TQkmEsMGnikIWi4yFJGOWkqahipBMJggKPkbY3usn89pgISUN+ryYRcQM04NSnGCkt9cySMyY4QalzlqQPSWV0mvbMslW1poDLxM5JGeRo9Mwfpx/iOCBcYYak7NpWpNwECUUxI2nRiSWJEB6hAelqylFApJtMX0/hiVb60A+FHq7gVP17kaBAykng6c0AqaFc9DLxP68bK//KTSiPYkU4ngX5MYMqhFkPsE8FwYpNNEFYUP0rxEMkEFa6rbkURUdPWSv2YgfLpHVetWvV2t1FuX6d91MAR+AYVIANLkEd3IIGaAIMHsELeAVvxrPxbnwYn7PVFSO/OQRzML5+AaRVm3o=</latexit>

~a (k)gauge parameters of     th gauge node              (for                          )       
<latexit sha1_base64="E6M6MdkjGBFhkoapj1uupwBMdSE=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cW7Ae0oWy2m3bJZhN2J0IN/QVe9Qd4E6/+Gs/+EbdtDrb1wcDjvRlm5vmJ4Bod59sqbGxube8Ud0t7+weHR+Xjk7aOU0VZi8YiVl2faCa4ZC3kKFg3UYxEvmAdP7yf+Z0npjSP5SNOEuZFZCR5wClBIzXDQbniVJ057HXi5qQCORqD8k9/GNM0YhKpIFr3XCdBLyMKORVsWuqnmiWEhmTEeoZKEjHtZfNDp/aFUYZ2ECtTEu25+nciI5HWk8g3nRHBsV71ZuJ/Xi/F4NbLuExSZJIuFgWpsDG2Z1/bQ64YRTExhFDFza02HRNFKJpslrYgD5+nJhV3NYN10r6qurVqrXldqd/l+RThDM7hEly4gTo8QANaQIHBC7zCm5VZ79aH9bloLVj5zCkswfr6BfwGlI8=</latexit>

k
<latexit sha1_base64="Uh7t3hn/SULx7o39c1sXr2EHehk=">AAACBHicbVDLSsNAFJ3UV62vqks3g0VwUUoiUt0IRTduhAr2AU0ok8mkHTJ5MHMj1NCtn+BWP8CduPU/XPsjTtssbOuBC4dz7uVcjpsIrsA0v43Cyura+kZxs7S1vbO7V94/aKs4lZS1aCxi2XWJYoJHrAUcBOsmkpHQFazjBjcTv/PIpOJx9ACjhDkhGUTc55SAluzgyqrawotBVe/65YpZM6fAy8TKSQXlaPbLP7YX0zRkEVBBlOpZZgJORiRwKti4ZKeKJYQGZMB6mkYkZMrJpj+P8YlWPOzHUk8EeKr+vchIqNQodPVmSGCoFr2J+J/XS8G/dDIeJSmwiM6C/FRgiPGkAOxxySiIkSaESq5/xXRIJKGga5pLAR48jXUr1mIHy6R9VrPqtfr9eaVxnfdTREfoGJ0iC12gBrpFTdRCFCXoBb2iN+PZeDc+jM/ZasHIbw7RHIyvX1NqmJI=</latexit>

k = 1, . . . ,M

     promotes              gauge algebra to affine   <latexit sha1_base64="1sEPAgFjj2j+p1uH6d1zyRvU+ZQ=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZDZmeWmVkhLvETvOoHeBOv/otnf8TZZA8msaChqOqmuyuIOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmShCm0RyqToB1pQzQZuGGU47saI4CjhtB+PbzG8/UqWZFA9mElM/wkPBQkawyaSeGsl+ueJW3RnQKvFyUoEcjX75pzeQJImoMIRjrbueGxs/xcowwum01Es0jTEZ4yHtWipwRLWfzm6dojOrDFAolS1h0Ez9O5HiSOtJFNjOCJuRXvYy8T+vm5jw2k+ZiBNDBZkvChOOjETZ42jAFCWGTyzBRDF7KyIjrDAxNp6FLYaNn6Y2FW85g1XSuqh6tWrt/rJSv8nzKcIJnMI5eHAFdbiDBjSBwAhe4BXenGfn3flwPuetBSefOYYFOF+/XjqV5w==</latexit>⇢ <latexit sha1_base64="gy1DgU5lUqxKAsblSaz4VsLRRcg=">AAACDHicbVDLSsNAFJ3UV62vWJduBovgxpKIVJdFN66kgn1AG8JkOmmHTCZhZiLWkF/wE9zqB7gTt/6Da3/ESZuFbT1w4XDOvdzD8WJGpbKsb6O0srq2vlHerGxt7+zumfvVjowSgUkbRywSPQ9JwignbUUVI71YEBR6jHS94Dr3uw9ESBrxezWJiROiEac+xUhpyTWrgxCpsS9QkKLMTW9P7cw1a1bdmgIuE7sgNVCg5Zo/g2GEk5BwhRmSsm9bsXJSJBTFjGSVQSJJjHCARqSvKUchkU46zZ7BY60MoR8JPVzBqfr3IkWhlJPQ05t5Urno5eJ/Xj9R/qWTUh4ninA8e+QnDKoI5kXAIRUEKzbRBGFBdVaIx0ggrHRdc18UDZ7yVuzFDpZJ56xuN+qNu/Na86ropwwOwRE4ATa4AE1wA1qgDTB4BC/gFbwZz8a78WF8zlZLRnFzAOZgfP0CnaScBQ==</latexit>aN�1
<latexit sha1_base64="N6N63XLcFejdDSHUNnceAmAwrT4=">AAACFnicbVDLSsNQEL3xWesr6lIXwSK4sSQi1WXRjSupYB/QljK5uWkvuXlw70SpIRu/wk9wqx/gTty6de2PmLRd2NYDA4dzZpiZY0eCKzTNb21hcWl5ZbWwVlzf2Nza1nd2GyqMJWV1GopQtmxQTPCA1ZGjYK1IMvBtwZq2d5X7zXsmFQ+DOxxGrOtDP+Aup4CZ1NMPOg/cYQPApOMDDlwJXgJp2ktuTqy0p5fMsjmCMU+sCSmRCWo9/afjhDT2WYBUgFJty4ywm4BETgVLi51YsQioB33WzmgAPlPdZPRFahxlimO4ocwqQGOk/p1IwFdq6NtZZ36qmvVy8T+vHaN70U14EMXIAjpe5MbCwNDIIzEcLhlFMcwIUMmzWw06AAkUs+CmtiD3HvNUrNkM5knjtGxVypXbs1L1cpJPgeyTQ3JMLHJOquSa1EidUPJEXsgredOetXftQ/scty5ok5k9MgXt6xcf6KCj</latexit>

baN�1

     mass of bifundamental hypermultiplet matter 
<latexit sha1_base64="YpWSFIzEuJZRoLIBFT21P7cd/og=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hCpLAhswOA0yYnd3M9Jrghi/wqh/gzXj1azz7Iw6wBwEr6aRS1Z3uriCWwqDrfju5tfWNza38dmFnd2//oHh41DRRohlvsEhGuhVQw6VQvIECJW/FmtMwkPwxGN1O/ccnro2I1AOOY+6HdKBEXzCKVqrfd4slt+zOQFaJl5ESZKh1iz+dXsSSkCtkkhrT9twY/ZRqFEzySaGTGB5TNqID3rZU0ZAbP50dOiFnVumRfqRtKSQz9e9ESkNjxmFgO0OKQ7PsTcX/vHaC/Ws/FSpOkCs2X9RPJMGITL8mPaE5Qzm2hDIt7K2EDammDG02C1tQjJ4nNhVvOYNV0rwoe5VypX5Zqt5k+eThBE7hHDy4gircQQ0awIDDC7zCm5M6786H8zlvzTnZzDEswPn6BdYOlHc=</latexit>

S



Generalisation to Configurations (N,M)
Start from the instanton expansion of                     gauge theory: 

<latexit sha1_base64="V65V8umStVpGBoImPA/9rmvKehA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lEqseiFy9KBdMW0lg22027dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0g4U9q2v62l5ZXVtfXCRnFza3tnt7S331RxKgl1Scxj2Q6wopwJ6mqmOW0nkuIo4LQVDK8mfuuJSsVica9HCfUj3BcsZARrI7U9t3J74j/cdEtlu2pPgRaJk5My5Gh0S1+dXkzSiApNOFbKc+xE+xmWmhFOx8VOqmiCyRD3qWeowBFVfja9d4yOjdJDYSxNCY2m6u+JDEdKjaLAdEZYD9S8NxH/87xUhxd+xkSSairIbFGYcqRjNHke9ZikRPORIZhIZm5FZIAlJtpEVDQhOPMvL5LmadWpVWt3Z+X6ZR5HAQ7hCCrgwDnU4Roa4AIBDs/wCm/Wo/VivVsfs9YlK585gD+wPn8AynePLA==</latexit>

[U(N)]M <latexit sha1_base64="E7YIS7p78bQjWUKAeKxj+SQ68cw="></latexit>

U(N)

U(N)

U(N)

U(N)

U(N)

U(N)

U(N)

M
nodes

<latexit sha1_base64="F/GGjxSNbVTk9jQr4QvoUztvWXk=">AAACGXicbZDLSsNAFIYn9VbrLerShcEiVKglEakui27cCBXsBZpSJpNJO3RyYeZEqCFLn8JHcKsP4E7cunLtizhNu7CtPwx8859zODO/E3EmwTS/tdzS8srqWn69sLG5tb2j7+41ZRgLQhsk5KFoO1hSzgLaAAactiNBse9w2nKG1+N664EKycLgHkYR7fq4HzCPEQzK6umHJRtw3LPKNndDkOXsltyeWmmGJz29aFbMTMYiWFMooqnqPf3HdkMS+zQAwrGUHcuMoJtgAYxwmhbsWNIIkyHu047CAPtUdpPsI6lxrBzX8EKhTgBG5v6dSLAv5ch3VKePYSDna2Pzv1onBu+ym7AgioEGZLLIi7kBoTFOxXCZoAT4SAEmgqm3GmSABSagspvZAmz4mKpUrPkMFqF5VrGqlerdebF2Nc0njw7QESohC12gGrpBddRABD2hF/SK3rRn7V370D4nrTltOrOPZqR9/QL3saBc</latexit>

(⌧1, . . . , ⌧M�1, ⌧)couplings 
<latexit sha1_base64="2p4KtXNBJOGOvKOLt57Xu9CHnIo=">AAACC3icbVDLSsNAFJ34rPWV6tLNYBEqSElEqsuiG5cV7AOaWCbTSTt0Mgkzk0oN+QQ/wa1+gDtx60e49kectFnY1gMXDufcy7kcL2JUKsv6NlZW19Y3Ngtbxe2d3b19s3TQkmEsMGnikIWi4yFJGOWkqahipBMJggKPkbY3usn89pgISUN+ryYRcQM04NSnGCkt9cySMyY4QalzlqQPSWV0mvbMslW1poDLxM5JGeRo9Mwfpx/iOCBcYYak7NpWpNwECUUxI2nRiSWJEB6hAelqylFApJtMX0/hiVb60A+FHq7gVP17kaBAykng6c0AqaFc9DLxP68bK//KTSiPYkU4ngX5MYMqhFkPsE8FwYpNNEFYUP0rxEMkEFa6rbkURUdPWSv2YgfLpHVetWvV2t1FuX6d91MAR+AYVIANLkEd3IIGaAIMHsELeAVvxrPxbnwYn7PVFSO/OQRzML5+AaRVm3o=</latexit>

~a (k)gauge parameters of     th gauge node              (for                          )       
<latexit sha1_base64="E6M6MdkjGBFhkoapj1uupwBMdSE=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cW7Ae0oWy2m3bJZhN2J0IN/QVe9Qd4E6/+Gs/+EbdtDrb1wcDjvRlm5vmJ4Bod59sqbGxube8Ud0t7+weHR+Xjk7aOU0VZi8YiVl2faCa4ZC3kKFg3UYxEvmAdP7yf+Z0npjSP5SNOEuZFZCR5wClBIzXDQbniVJ057HXi5qQCORqD8k9/GNM0YhKpIFr3XCdBLyMKORVsWuqnmiWEhmTEeoZKEjHtZfNDp/aFUYZ2ECtTEu25+nciI5HWk8g3nRHBsV71ZuJ/Xi/F4NbLuExSZJIuFgWpsDG2Z1/bQ64YRTExhFDFza02HRNFKJpslrYgD5+nJhV3NYN10r6qurVqrXldqd/l+RThDM7hEly4gTo8QANaQIHBC7zCm5VZ79aH9bloLVj5zCkswfr6BfwGlI8=</latexit>

k
<latexit sha1_base64="Uh7t3hn/SULx7o39c1sXr2EHehk=">AAACBHicbVDLSsNAFJ3UV62vqks3g0VwUUoiUt0IRTduhAr2AU0ok8mkHTJ5MHMj1NCtn+BWP8CduPU/XPsjTtssbOuBC4dz7uVcjpsIrsA0v43Cyura+kZxs7S1vbO7V94/aKs4lZS1aCxi2XWJYoJHrAUcBOsmkpHQFazjBjcTv/PIpOJx9ACjhDkhGUTc55SAluzgyqrawotBVe/65YpZM6fAy8TKSQXlaPbLP7YX0zRkEVBBlOpZZgJORiRwKti4ZKeKJYQGZMB6mkYkZMrJpj+P8YlWPOzHUk8EeKr+vchIqNQodPVmSGCoFr2J+J/XS8G/dDIeJSmwiM6C/FRgiPGkAOxxySiIkSaESq5/xXRIJKGga5pLAR48jXUr1mIHy6R9VrPqtfr9eaVxnfdTREfoGJ0iC12gBrpFTdRCFCXoBb2iN+PZeDc+jM/ZasHIbw7RHIyvX1NqmJI=</latexit>

k = 1, . . . ,M

     promotes              gauge algebra to affine   <latexit sha1_base64="1sEPAgFjj2j+p1uH6d1zyRvU+ZQ=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZDZmeWmVkhLvETvOoHeBOv/otnf8TZZA8msaChqOqmuyuIOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmShCm0RyqToB1pQzQZuGGU47saI4CjhtB+PbzG8/UqWZFA9mElM/wkPBQkawyaSeGsl+ueJW3RnQKvFyUoEcjX75pzeQJImoMIRjrbueGxs/xcowwum01Es0jTEZ4yHtWipwRLWfzm6dojOrDFAolS1h0Ez9O5HiSOtJFNjOCJuRXvYy8T+vm5jw2k+ZiBNDBZkvChOOjETZ42jAFCWGTyzBRDF7KyIjrDAxNp6FLYaNn6Y2FW85g1XSuqh6tWrt/rJSv8nzKcIJnMI5eHAFdbiDBjSBwAhe4BXenGfn3flwPuetBSefOYYFOF+/XjqV5w==</latexit>⇢ <latexit sha1_base64="gy1DgU5lUqxKAsblSaz4VsLRRcg=">AAACDHicbVDLSsNAFJ3UV62vWJduBovgxpKIVJdFN66kgn1AG8JkOmmHTCZhZiLWkF/wE9zqB7gTt/6Da3/ESZuFbT1w4XDOvdzD8WJGpbKsb6O0srq2vlHerGxt7+zumfvVjowSgUkbRywSPQ9JwignbUUVI71YEBR6jHS94Dr3uw9ESBrxezWJiROiEac+xUhpyTWrgxCpsS9QkKLMTW9P7cw1a1bdmgIuE7sgNVCg5Zo/g2GEk5BwhRmSsm9bsXJSJBTFjGSVQSJJjHCARqSvKUchkU46zZ7BY60MoR8JPVzBqfr3IkWhlJPQ05t5Urno5eJ/Xj9R/qWTUh4ninA8e+QnDKoI5kXAIRUEKzbRBGFBdVaIx0ggrHRdc18UDZ7yVuzFDpZJ56xuN+qNu/Na86ropwwOwRE4ATa4AE1wA1qgDTB4BC/gFbwZz8a78WF8zlZLRnFzAOZgfP0CnaScBQ==</latexit>aN�1
<latexit sha1_base64="N6N63XLcFejdDSHUNnceAmAwrT4=">AAACFnicbVDLSsNQEL3xWesr6lIXwSK4sSQi1WXRjSupYB/QljK5uWkvuXlw70SpIRu/wk9wqx/gTty6de2PmLRd2NYDA4dzZpiZY0eCKzTNb21hcWl5ZbWwVlzf2Nza1nd2GyqMJWV1GopQtmxQTPCA1ZGjYK1IMvBtwZq2d5X7zXsmFQ+DOxxGrOtDP+Aup4CZ1NMPOg/cYQPApOMDDlwJXgJp2ktuTqy0p5fMsjmCMU+sCSmRCWo9/afjhDT2WYBUgFJty4ywm4BETgVLi51YsQioB33WzmgAPlPdZPRFahxlimO4ocwqQGOk/p1IwFdq6NtZZ36qmvVy8T+vHaN70U14EMXIAjpe5MbCwNDIIzEcLhlFMcwIUMmzWw06AAkUs+CmtiD3HvNUrNkM5knjtGxVypXbs1L1cpJPgeyTQ3JMLHJOquSa1EidUPJEXsgredOetXftQ/scty5ok5k9MgXt6xcf6KCj</latexit>

baN�1

     mass of bifundamental hypermultiplet matter 
<latexit sha1_base64="YpWSFIzEuJZRoLIBFT21P7cd/og=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hCpLAhswOA0yYnd3M9Jrghi/wqh/gzXj1azz7Iw6wBwEr6aRS1Z3uriCWwqDrfju5tfWNza38dmFnd2//oHh41DRRohlvsEhGuhVQw6VQvIECJW/FmtMwkPwxGN1O/ccnro2I1AOOY+6HdKBEXzCKVqrfd4slt+zOQFaJl5ESZKh1iz+dXsSSkCtkkhrT9twY/ZRqFEzySaGTGB5TNqID3rZU0ZAbP50dOiFnVumRfqRtKSQz9e9ESkNjxmFgO0OKQ7PsTcX/vHaC/Ws/FSpOkCs2X9RPJMGITL8mPaE5Qzm2hDIt7K2EDammDG02C1tQjJ4nNhVvOYNV0rwoe5VypX5Zqt5k+eThBE7hHDy4gircQQ0awIDDC7zCm5M6786H8zlvzTnZzDEswPn6BdYOlHc=</latexit>

S

<latexit sha1_base64="ZMOoKcNDdhgvKaRIrdUggUxkF3M="></latexit>

~v = (~a(1), . . . ,~a(M), ⌧1, . . . , ⌧M�1, ⌧, S, ⇢)
TArrange into vector



Generalisation to Configurations (N,M)
Start from the instanton expansion of                     gauge theory: 

<latexit sha1_base64="V65V8umStVpGBoImPA/9rmvKehA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lEqseiFy9KBdMW0lg22027dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0g4U9q2v62l5ZXVtfXCRnFza3tnt7S331RxKgl1Scxj2Q6wopwJ6mqmOW0nkuIo4LQVDK8mfuuJSsVica9HCfUj3BcsZARrI7U9t3J74j/cdEtlu2pPgRaJk5My5Gh0S1+dXkzSiApNOFbKc+xE+xmWmhFOx8VOqmiCyRD3qWeowBFVfja9d4yOjdJDYSxNCY2m6u+JDEdKjaLAdEZYD9S8NxH/87xUhxd+xkSSairIbFGYcqRjNHke9ZikRPORIZhIZm5FZIAlJtpEVDQhOPMvL5LmadWpVWt3Z+X6ZR5HAQ7hCCrgwDnU4Roa4AIBDs/wCm/Wo/VivVsfs9YlK585gD+wPn8AynePLA==</latexit>

[U(N)]M <latexit sha1_base64="E7YIS7p78bQjWUKAeKxj+SQ68cw="></latexit>

U(N)

U(N)

U(N)

U(N)

U(N)

U(N)

U(N)

M
nodes

<latexit sha1_base64="F/GGjxSNbVTk9jQr4QvoUztvWXk=">AAACGXicbZDLSsNAFIYn9VbrLerShcEiVKglEakui27cCBXsBZpSJpNJO3RyYeZEqCFLn8JHcKsP4E7cunLtizhNu7CtPwx8859zODO/E3EmwTS/tdzS8srqWn69sLG5tb2j7+41ZRgLQhsk5KFoO1hSzgLaAAactiNBse9w2nKG1+N664EKycLgHkYR7fq4HzCPEQzK6umHJRtw3LPKNndDkOXsltyeWmmGJz29aFbMTMYiWFMooqnqPf3HdkMS+zQAwrGUHcuMoJtgAYxwmhbsWNIIkyHu047CAPtUdpPsI6lxrBzX8EKhTgBG5v6dSLAv5ch3VKePYSDna2Pzv1onBu+ym7AgioEGZLLIi7kBoTFOxXCZoAT4SAEmgqm3GmSABSagspvZAmz4mKpUrPkMFqF5VrGqlerdebF2Nc0njw7QESohC12gGrpBddRABD2hF/SK3rRn7V370D4nrTltOrOPZqR9/QL3saBc</latexit>

(⌧1, . . . , ⌧M�1, ⌧)couplings 
<latexit sha1_base64="2p4KtXNBJOGOvKOLt57Xu9CHnIo=">AAACC3icbVDLSsNAFJ34rPWV6tLNYBEqSElEqsuiG5cV7AOaWCbTSTt0Mgkzk0oN+QQ/wa1+gDtx60e49kectFnY1gMXDufcy7kcL2JUKsv6NlZW19Y3Ngtbxe2d3b19s3TQkmEsMGnikIWi4yFJGOWkqahipBMJggKPkbY3usn89pgISUN+ryYRcQM04NSnGCkt9cySMyY4QalzlqQPSWV0mvbMslW1poDLxM5JGeRo9Mwfpx/iOCBcYYak7NpWpNwECUUxI2nRiSWJEB6hAelqylFApJtMX0/hiVb60A+FHq7gVP17kaBAykng6c0AqaFc9DLxP68bK//KTSiPYkU4ngX5MYMqhFkPsE8FwYpNNEFYUP0rxEMkEFa6rbkURUdPWSv2YgfLpHVetWvV2t1FuX6d91MAR+AYVIANLkEd3IIGaAIMHsELeAVvxrPxbnwYn7PVFSO/OQRzML5+AaRVm3o=</latexit>

~a (k)gauge parameters of     th gauge node              (for                          )       
<latexit sha1_base64="E6M6MdkjGBFhkoapj1uupwBMdSE=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cW7Ae0oWy2m3bJZhN2J0IN/QVe9Qd4E6/+Gs/+EbdtDrb1wcDjvRlm5vmJ4Bod59sqbGxube8Ud0t7+weHR+Xjk7aOU0VZi8YiVl2faCa4ZC3kKFg3UYxEvmAdP7yf+Z0npjSP5SNOEuZFZCR5wClBIzXDQbniVJ057HXi5qQCORqD8k9/GNM0YhKpIFr3XCdBLyMKORVsWuqnmiWEhmTEeoZKEjHtZfNDp/aFUYZ2ECtTEu25+nciI5HWk8g3nRHBsV71ZuJ/Xi/F4NbLuExSZJIuFgWpsDG2Z1/bQ64YRTExhFDFza02HRNFKJpslrYgD5+nJhV3NYN10r6qurVqrXldqd/l+RThDM7hEly4gTo8QANaQIHBC7zCm5VZ79aH9bloLVj5zCkswfr6BfwGlI8=</latexit>

k
<latexit sha1_base64="Uh7t3hn/SULx7o39c1sXr2EHehk=">AAACBHicbVDLSsNAFJ3UV62vqks3g0VwUUoiUt0IRTduhAr2AU0ok8mkHTJ5MHMj1NCtn+BWP8CduPU/XPsjTtssbOuBC4dz7uVcjpsIrsA0v43Cyura+kZxs7S1vbO7V94/aKs4lZS1aCxi2XWJYoJHrAUcBOsmkpHQFazjBjcTv/PIpOJx9ACjhDkhGUTc55SAluzgyqrawotBVe/65YpZM6fAy8TKSQXlaPbLP7YX0zRkEVBBlOpZZgJORiRwKti4ZKeKJYQGZMB6mkYkZMrJpj+P8YlWPOzHUk8EeKr+vchIqNQodPVmSGCoFr2J+J/XS8G/dDIeJSmwiM6C/FRgiPGkAOxxySiIkSaESq5/xXRIJKGga5pLAR48jXUr1mIHy6R9VrPqtfr9eaVxnfdTREfoGJ0iC12gBrpFTdRCFCXoBb2iN+PZeDc+jM/ZasHIbw7RHIyvX1NqmJI=</latexit>

k = 1, . . . ,M

     promotes              gauge algebra to affine   <latexit sha1_base64="1sEPAgFjj2j+p1uH6d1zyRvU+ZQ=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZDZmeWmVkhLvETvOoHeBOv/otnf8TZZA8msaChqOqmuyuIOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmShCm0RyqToB1pQzQZuGGU47saI4CjhtB+PbzG8/UqWZFA9mElM/wkPBQkawyaSeGsl+ueJW3RnQKvFyUoEcjX75pzeQJImoMIRjrbueGxs/xcowwum01Es0jTEZ4yHtWipwRLWfzm6dojOrDFAolS1h0Ez9O5HiSOtJFNjOCJuRXvYy8T+vm5jw2k+ZiBNDBZkvChOOjETZ42jAFCWGTyzBRDF7KyIjrDAxNp6FLYaNn6Y2FW85g1XSuqh6tWrt/rJSv8nzKcIJnMI5eHAFdbiDBjSBwAhe4BXenGfn3flwPuetBSefOYYFOF+/XjqV5w==</latexit>⇢ <latexit sha1_base64="gy1DgU5lUqxKAsblSaz4VsLRRcg=">AAACDHicbVDLSsNAFJ3UV62vWJduBovgxpKIVJdFN66kgn1AG8JkOmmHTCZhZiLWkF/wE9zqB7gTt/6Da3/ESZuFbT1w4XDOvdzD8WJGpbKsb6O0srq2vlHerGxt7+zumfvVjowSgUkbRywSPQ9JwignbUUVI71YEBR6jHS94Dr3uw9ESBrxezWJiROiEac+xUhpyTWrgxCpsS9QkKLMTW9P7cw1a1bdmgIuE7sgNVCg5Zo/g2GEk5BwhRmSsm9bsXJSJBTFjGSVQSJJjHCARqSvKUchkU46zZ7BY60MoR8JPVzBqfr3IkWhlJPQ05t5Urno5eJ/Xj9R/qWTUh4ninA8e+QnDKoI5kXAIRUEKzbRBGFBdVaIx0ggrHRdc18UDZ7yVuzFDpZJ56xuN+qNu/Na86ropwwOwRE4ATa4AE1wA1qgDTB4BC/gFbwZz8a78WF8zlZLRnFzAOZgfP0CnaScBQ==</latexit>aN�1
<latexit sha1_base64="N6N63XLcFejdDSHUNnceAmAwrT4=">AAACFnicbVDLSsNQEL3xWesr6lIXwSK4sSQi1WXRjSupYB/QljK5uWkvuXlw70SpIRu/wk9wqx/gTty6de2PmLRd2NYDA4dzZpiZY0eCKzTNb21hcWl5ZbWwVlzf2Nza1nd2GyqMJWV1GopQtmxQTPCA1ZGjYK1IMvBtwZq2d5X7zXsmFQ+DOxxGrOtDP+Aup4CZ1NMPOg/cYQPApOMDDlwJXgJp2ktuTqy0p5fMsjmCMU+sCSmRCWo9/afjhDT2WYBUgFJty4ywm4BETgVLi51YsQioB33WzmgAPlPdZPRFahxlimO4ocwqQGOk/p1IwFdq6NtZZ36qmvVy8T+vHaN70U14EMXIAjpe5MbCwNDIIzEcLhlFMcwIUMmzWw06AAkUs+CmtiD3HvNUrNkM5knjtGxVypXbs1L1cpJPgeyTQ3JMLHJOquSa1EidUPJEXsgredOetXftQ/scty5ok5k9MgXt6xcf6KCj</latexit>

baN�1

     mass of bifundamental hypermultiplet matter 
<latexit sha1_base64="YpWSFIzEuJZRoLIBFT21P7cd/og=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hCpLAhswOA0yYnd3M9Jrghi/wqh/gzXj1azz7Iw6wBwEr6aRS1Z3uriCWwqDrfju5tfWNza38dmFnd2//oHh41DRRohlvsEhGuhVQw6VQvIECJW/FmtMwkPwxGN1O/ccnro2I1AOOY+6HdKBEXzCKVqrfd4slt+zOQFaJl5ESZKh1iz+dXsSSkCtkkhrT9twY/ZRqFEzySaGTGB5TNqID3rZU0ZAbP50dOiFnVumRfqRtKSQz9e9ESkNjxmFgO0OKQ7PsTcX/vHaC/Ws/FSpOkCs2X9RPJMGITL8mPaE5Qzm2hDIt7K2EDammDG02C1tQjJ4nNhVvOYNV0rwoe5VypX5Zqt5k+eThBE7hHDy4gircQQ0awIDDC7zCm5M6786H8zlvzTnZzDEswPn6BdYOlHc=</latexit>

S

<latexit sha1_base64="ZMOoKcNDdhgvKaRIrdUggUxkF3M="></latexit>

~v = (~a(1), . . . ,~a(M), ⌧1, . . . , ⌧M�1, ⌧, S, ⇢)
TArrange into vector

Symmetries act as linear transformations 
<latexit sha1_base64="NtoBmCqG6fWgVNLB1NyXj+W7y8c="></latexit>

s : ~v �! S · ~v



Generalisation to Configurations (N,M)
Start from the instanton expansion of                     gauge theory: 

<latexit sha1_base64="V65V8umStVpGBoImPA/9rmvKehA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lEqseiFy9KBdMW0lg22027dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0g4U9q2v62l5ZXVtfXCRnFza3tnt7S331RxKgl1Scxj2Q6wopwJ6mqmOW0nkuIo4LQVDK8mfuuJSsVica9HCfUj3BcsZARrI7U9t3J74j/cdEtlu2pPgRaJk5My5Gh0S1+dXkzSiApNOFbKc+xE+xmWmhFOx8VOqmiCyRD3qWeowBFVfja9d4yOjdJDYSxNCY2m6u+JDEdKjaLAdEZYD9S8NxH/87xUhxd+xkSSairIbFGYcqRjNHke9ZikRPORIZhIZm5FZIAlJtpEVDQhOPMvL5LmadWpVWt3Z+X6ZR5HAQ7hCCrgwDnU4Roa4AIBDs/wCm/Wo/VivVsfs9YlK585gD+wPn8AynePLA==</latexit>

[U(N)]M <latexit sha1_base64="E7YIS7p78bQjWUKAeKxj+SQ68cw="></latexit>

U(N)

U(N)

U(N)

U(N)

U(N)

U(N)

U(N)

M
nodes

<latexit sha1_base64="F/GGjxSNbVTk9jQr4QvoUztvWXk=">AAACGXicbZDLSsNAFIYn9VbrLerShcEiVKglEakui27cCBXsBZpSJpNJO3RyYeZEqCFLn8JHcKsP4E7cunLtizhNu7CtPwx8859zODO/E3EmwTS/tdzS8srqWn69sLG5tb2j7+41ZRgLQhsk5KFoO1hSzgLaAAactiNBse9w2nKG1+N664EKycLgHkYR7fq4HzCPEQzK6umHJRtw3LPKNndDkOXsltyeWmmGJz29aFbMTMYiWFMooqnqPf3HdkMS+zQAwrGUHcuMoJtgAYxwmhbsWNIIkyHu047CAPtUdpPsI6lxrBzX8EKhTgBG5v6dSLAv5ch3VKePYSDna2Pzv1onBu+ym7AgioEGZLLIi7kBoTFOxXCZoAT4SAEmgqm3GmSABSagspvZAmz4mKpUrPkMFqF5VrGqlerdebF2Nc0njw7QESohC12gGrpBddRABD2hF/SK3rRn7V370D4nrTltOrOPZqR9/QL3saBc</latexit>

(⌧1, . . . , ⌧M�1, ⌧)couplings 
<latexit sha1_base64="2p4KtXNBJOGOvKOLt57Xu9CHnIo=">AAACC3icbVDLSsNAFJ34rPWV6tLNYBEqSElEqsuiG5cV7AOaWCbTSTt0Mgkzk0oN+QQ/wa1+gDtx60e49kectFnY1gMXDufcy7kcL2JUKsv6NlZW19Y3Ngtbxe2d3b19s3TQkmEsMGnikIWi4yFJGOWkqahipBMJggKPkbY3usn89pgISUN+ryYRcQM04NSnGCkt9cySMyY4QalzlqQPSWV0mvbMslW1poDLxM5JGeRo9Mwfpx/iOCBcYYak7NpWpNwECUUxI2nRiSWJEB6hAelqylFApJtMX0/hiVb60A+FHq7gVP17kaBAykng6c0AqaFc9DLxP68bK//KTSiPYkU4ngX5MYMqhFkPsE8FwYpNNEFYUP0rxEMkEFa6rbkURUdPWSv2YgfLpHVetWvV2t1FuX6d91MAR+AYVIANLkEd3IIGaAIMHsELeAVvxrPxbnwYn7PVFSO/OQRzML5+AaRVm3o=</latexit>

~a (k)gauge parameters of     th gauge node              (for                          )       
<latexit sha1_base64="E6M6MdkjGBFhkoapj1uupwBMdSE=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cW7Ae0oWy2m3bJZhN2J0IN/QVe9Qd4E6/+Gs/+EbdtDrb1wcDjvRlm5vmJ4Bod59sqbGxube8Ud0t7+weHR+Xjk7aOU0VZi8YiVl2faCa4ZC3kKFg3UYxEvmAdP7yf+Z0npjSP5SNOEuZFZCR5wClBIzXDQbniVJ057HXi5qQCORqD8k9/GNM0YhKpIFr3XCdBLyMKORVsWuqnmiWEhmTEeoZKEjHtZfNDp/aFUYZ2ECtTEu25+nciI5HWk8g3nRHBsV71ZuJ/Xi/F4NbLuExSZJIuFgWpsDG2Z1/bQ64YRTExhFDFza02HRNFKJpslrYgD5+nJhV3NYN10r6qurVqrXldqd/l+RThDM7hEly4gTo8QANaQIHBC7zCm5VZ79aH9bloLVj5zCkswfr6BfwGlI8=</latexit>

k
<latexit sha1_base64="Uh7t3hn/SULx7o39c1sXr2EHehk=">AAACBHicbVDLSsNAFJ3UV62vqks3g0VwUUoiUt0IRTduhAr2AU0ok8mkHTJ5MHMj1NCtn+BWP8CduPU/XPsjTtssbOuBC4dz7uVcjpsIrsA0v43Cyura+kZxs7S1vbO7V94/aKs4lZS1aCxi2XWJYoJHrAUcBOsmkpHQFazjBjcTv/PIpOJx9ACjhDkhGUTc55SAluzgyqrawotBVe/65YpZM6fAy8TKSQXlaPbLP7YX0zRkEVBBlOpZZgJORiRwKti4ZKeKJYQGZMB6mkYkZMrJpj+P8YlWPOzHUk8EeKr+vchIqNQodPVmSGCoFr2J+J/XS8G/dDIeJSmwiM6C/FRgiPGkAOxxySiIkSaESq5/xXRIJKGga5pLAR48jXUr1mIHy6R9VrPqtfr9eaVxnfdTREfoGJ0iC12gBrpFTdRCFCXoBb2iN+PZeDc+jM/ZasHIbw7RHIyvX1NqmJI=</latexit>

k = 1, . . . ,M

     promotes              gauge algebra to affine   <latexit sha1_base64="1sEPAgFjj2j+p1uH6d1zyRvU+ZQ=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZDZmeWmVkhLvETvOoHeBOv/otnf8TZZA8msaChqOqmuyuIOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmShCm0RyqToB1pQzQZuGGU47saI4CjhtB+PbzG8/UqWZFA9mElM/wkPBQkawyaSeGsl+ueJW3RnQKvFyUoEcjX75pzeQJImoMIRjrbueGxs/xcowwum01Es0jTEZ4yHtWipwRLWfzm6dojOrDFAolS1h0Ez9O5HiSOtJFNjOCJuRXvYy8T+vm5jw2k+ZiBNDBZkvChOOjETZ42jAFCWGTyzBRDF7KyIjrDAxNp6FLYaNn6Y2FW85g1XSuqh6tWrt/rJSv8nzKcIJnMI5eHAFdbiDBjSBwAhe4BXenGfn3flwPuetBSefOYYFOF+/XjqV5w==</latexit>⇢ <latexit sha1_base64="gy1DgU5lUqxKAsblSaz4VsLRRcg=">AAACDHicbVDLSsNAFJ3UV62vWJduBovgxpKIVJdFN66kgn1AG8JkOmmHTCZhZiLWkF/wE9zqB7gTt/6Da3/ESZuFbT1w4XDOvdzD8WJGpbKsb6O0srq2vlHerGxt7+zumfvVjowSgUkbRywSPQ9JwignbUUVI71YEBR6jHS94Dr3uw9ESBrxezWJiROiEac+xUhpyTWrgxCpsS9QkKLMTW9P7cw1a1bdmgIuE7sgNVCg5Zo/g2GEk5BwhRmSsm9bsXJSJBTFjGSVQSJJjHCARqSvKUchkU46zZ7BY60MoR8JPVzBqfr3IkWhlJPQ05t5Urno5eJ/Xj9R/qWTUh4ninA8e+QnDKoI5kXAIRUEKzbRBGFBdVaIx0ggrHRdc18UDZ7yVuzFDpZJ56xuN+qNu/Na86ropwwOwRE4ATa4AE1wA1qgDTB4BC/gFbwZz8a78WF8zlZLRnFzAOZgfP0CnaScBQ==</latexit>aN�1
<latexit sha1_base64="N6N63XLcFejdDSHUNnceAmAwrT4=">AAACFnicbVDLSsNQEL3xWesr6lIXwSK4sSQi1WXRjSupYB/QljK5uWkvuXlw70SpIRu/wk9wqx/gTty6de2PmLRd2NYDA4dzZpiZY0eCKzTNb21hcWl5ZbWwVlzf2Nza1nd2GyqMJWV1GopQtmxQTPCA1ZGjYK1IMvBtwZq2d5X7zXsmFQ+DOxxGrOtDP+Aup4CZ1NMPOg/cYQPApOMDDlwJXgJp2ktuTqy0p5fMsjmCMU+sCSmRCWo9/afjhDT2WYBUgFJty4ywm4BETgVLi51YsQioB33WzmgAPlPdZPRFahxlimO4ocwqQGOk/p1IwFdq6NtZZ36qmvVy8T+vHaN70U14EMXIAjpe5MbCwNDIIzEcLhlFMcwIUMmzWw06AAkUs+CmtiD3HvNUrNkM5knjtGxVypXbs1L1cpJPgeyTQ3JMLHJOquSa1EidUPJEXsgredOetXftQ/scty5ok5k9MgXt6xcf6KCj</latexit>

baN�1

     mass of bifundamental hypermultiplet matter 
<latexit sha1_base64="YpWSFIzEuJZRoLIBFT21P7cd/og=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hCpLAhswOA0yYnd3M9Jrghi/wqh/gzXj1azz7Iw6wBwEr6aRS1Z3uriCWwqDrfju5tfWNza38dmFnd2//oHh41DRRohlvsEhGuhVQw6VQvIECJW/FmtMwkPwxGN1O/ccnro2I1AOOY+6HdKBEXzCKVqrfd4slt+zOQFaJl5ESZKh1iz+dXsSSkCtkkhrT9twY/ZRqFEzySaGTGB5TNqID3rZU0ZAbP50dOiFnVumRfqRtKSQz9e9ESkNjxmFgO0OKQ7PsTcX/vHaC/Ws/FSpOkCs2X9RPJMGITL8mPaE5Qzm2hDIt7K2EDammDG02C1tQjJ4nNhVvOYNV0rwoe5VypX5Zqt5k+eThBE7hHDy4gircQQ0awIDDC7zCm5M6786H8zlvzTnZzDEswPn6BdYOlHc=</latexit>

S

<latexit sha1_base64="ZMOoKcNDdhgvKaRIrdUggUxkF3M="></latexit>

~v = (~a(1), . . . ,~a(M), ⌧1, . . . , ⌧M�1, ⌧, S, ⇢)
TArrange into vector

Symmetries act as linear transformations 
<latexit sha1_base64="NtoBmCqG6fWgVNLB1NyXj+W7y8c="></latexit>

s : ~v �! S · ~v

Found 6 different types of symmetries that can be arranged into 6 involutions                   with

[Filoche, SH, Kimura 2023]<latexit sha1_base64="NOFVjiWnsXuRM5GNllqZ8UceRGw=">AAACJXicbVDLSsNAFJ34rPUVdelmahEEoSQi1Y1QdOOygn1AU8pkOmmHTh7M3Ag15CP8Cj/BrX6AOxFcufBHnLRZ2NYDFw7n3Mu997iR4Aos68tYWl5ZXVsvbBQ3t7Z3ds29/aYKY0lZg4YilG2XKCZ4wBrAQbB2JBnxXcFa7ugm81sPTCoeBvcwjljXJ4OAe5wS0FLPPHV8AkNPklECaS/hqUO5pHhG5Ve2U3JKds8sWxVrArxI7JyUUY56z/xx+iGNfRYAFUSpjm1F0E2IBE4FS4tOrFhE6IgMWEfTgPhMdZPJUyk+1kofe6HUFQCeqH8nEuIrNfZd3Zkdq+a9TPzP68TgXXYTHkQxsIBOF3mxwBDiLCHc55JREGNNCJVc34rpkEhCQec4swX46DHVqdjzGSyS5lnFrlaqd+fl2nWeTwEdoiN0gmx0gWroFtVRA1H0hF7QK3ozno1348P4nLYuGfnMAZqB8f0LUJimYw==</latexit>

ti � ti = 11
<latexit sha1_base64="1zW51KUV/qX5Clu3YR1AY7BoJkM="></latexit>

(ti � tj)�mij = 11

<latexit sha1_base64="DSJlpICx/nhEt9MDQ6K5PQat4bg=">AAACFXicbVDLSsNAFJ3UV62vqMtugkVwUUoiUt0IRTcuK9haaEKYTCbtkMmDmRuhhiz8Cj/BrX6AO3Hr2rU/YtJmYVsPXDiccy/33uPEnEnQ9W+lsrK6tr5R3axtbe/s7qn7B30ZJYLQHol4JAYOlpSzkPaAAaeDWFAcOJzeO/514d8/UCFZFN7BJKZWgEch8xjBkEu2WjcDDGNPYD+FzE7ZpdE0uRuBbLYzW23oLX0KbZkYJWmgEl1b/THdiCQBDYFwLOXQ0GOwUiyAEU6zmplIGmPi4xEd5jTEAZVWOn0i045zxdW8SOQVgjZV/06kOJByEjh5Z3GyXPQK8T9vmIB3YaUsjBOgIZkt8hKuQaQViWguE5QAn+QEE8HyWzUyxgITyHOb2wLMfyxSMRYzWCb905bRbrVvzxqdqzKfKqqjI3SCDHSOOugGdVEPEfSEXtArelOelXflQ/mctVaUcuYQzUH5+gV1MJ+t</latexit>

ti=1,...,6

and



Generalisation to Configurations (N,M)
Start from the instanton expansion of                     gauge theory: 

<latexit sha1_base64="V65V8umStVpGBoImPA/9rmvKehA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lEqseiFy9KBdMW0lg22027dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0g4U9q2v62l5ZXVtfXCRnFza3tnt7S331RxKgl1Scxj2Q6wopwJ6mqmOW0nkuIo4LQVDK8mfuuJSsVica9HCfUj3BcsZARrI7U9t3J74j/cdEtlu2pPgRaJk5My5Gh0S1+dXkzSiApNOFbKc+xE+xmWmhFOx8VOqmiCyRD3qWeowBFVfja9d4yOjdJDYSxNCY2m6u+JDEdKjaLAdEZYD9S8NxH/87xUhxd+xkSSairIbFGYcqRjNHke9ZikRPORIZhIZm5FZIAlJtpEVDQhOPMvL5LmadWpVWt3Z+X6ZR5HAQ7hCCrgwDnU4Roa4AIBDs/wCm/Wo/VivVsfs9YlK585gD+wPn8AynePLA==</latexit>

[U(N)]M <latexit sha1_base64="E7YIS7p78bQjWUKAeKxj+SQ68cw="></latexit>

U(N)

U(N)

U(N)

U(N)

U(N)

U(N)

U(N)

M
nodes

<latexit sha1_base64="F/GGjxSNbVTk9jQr4QvoUztvWXk=">AAACGXicbZDLSsNAFIYn9VbrLerShcEiVKglEakui27cCBXsBZpSJpNJO3RyYeZEqCFLn8JHcKsP4E7cunLtizhNu7CtPwx8859zODO/E3EmwTS/tdzS8srqWn69sLG5tb2j7+41ZRgLQhsk5KFoO1hSzgLaAAactiNBse9w2nKG1+N664EKycLgHkYR7fq4HzCPEQzK6umHJRtw3LPKNndDkOXsltyeWmmGJz29aFbMTMYiWFMooqnqPf3HdkMS+zQAwrGUHcuMoJtgAYxwmhbsWNIIkyHu047CAPtUdpPsI6lxrBzX8EKhTgBG5v6dSLAv5ch3VKePYSDna2Pzv1onBu+ym7AgioEGZLLIi7kBoTFOxXCZoAT4SAEmgqm3GmSABSagspvZAmz4mKpUrPkMFqF5VrGqlerdebF2Nc0njw7QESohC12gGrpBddRABD2hF/SK3rRn7V370D4nrTltOrOPZqR9/QL3saBc</latexit>

(⌧1, . . . , ⌧M�1, ⌧)couplings 
<latexit sha1_base64="2p4KtXNBJOGOvKOLt57Xu9CHnIo=">AAACC3icbVDLSsNAFJ34rPWV6tLNYBEqSElEqsuiG5cV7AOaWCbTSTt0Mgkzk0oN+QQ/wa1+gDtx60e49kectFnY1gMXDufcy7kcL2JUKsv6NlZW19Y3Ngtbxe2d3b19s3TQkmEsMGnikIWi4yFJGOWkqahipBMJggKPkbY3usn89pgISUN+ryYRcQM04NSnGCkt9cySMyY4QalzlqQPSWV0mvbMslW1poDLxM5JGeRo9Mwfpx/iOCBcYYak7NpWpNwECUUxI2nRiSWJEB6hAelqylFApJtMX0/hiVb60A+FHq7gVP17kaBAykng6c0AqaFc9DLxP68bK//KTSiPYkU4ngX5MYMqhFkPsE8FwYpNNEFYUP0rxEMkEFa6rbkURUdPWSv2YgfLpHVetWvV2t1FuX6d91MAR+AYVIANLkEd3IIGaAIMHsELeAVvxrPxbnwYn7PVFSO/OQRzML5+AaRVm3o=</latexit>

~a (k)gauge parameters of     th gauge node              (for                          )       
<latexit sha1_base64="E6M6MdkjGBFhkoapj1uupwBMdSE=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cW7Ae0oWy2m3bJZhN2J0IN/QVe9Qd4E6/+Gs/+EbdtDrb1wcDjvRlm5vmJ4Bod59sqbGxube8Ud0t7+weHR+Xjk7aOU0VZi8YiVl2faCa4ZC3kKFg3UYxEvmAdP7yf+Z0npjSP5SNOEuZFZCR5wClBIzXDQbniVJ057HXi5qQCORqD8k9/GNM0YhKpIFr3XCdBLyMKORVsWuqnmiWEhmTEeoZKEjHtZfNDp/aFUYZ2ECtTEu25+nciI5HWk8g3nRHBsV71ZuJ/Xi/F4NbLuExSZJIuFgWpsDG2Z1/bQ64YRTExhFDFza02HRNFKJpslrYgD5+nJhV3NYN10r6qurVqrXldqd/l+RThDM7hEly4gTo8QANaQIHBC7zCm5VZ79aH9bloLVj5zCkswfr6BfwGlI8=</latexit>

k
<latexit sha1_base64="Uh7t3hn/SULx7o39c1sXr2EHehk=">AAACBHicbVDLSsNAFJ3UV62vqks3g0VwUUoiUt0IRTduhAr2AU0ok8mkHTJ5MHMj1NCtn+BWP8CduPU/XPsjTtssbOuBC4dz7uVcjpsIrsA0v43Cyura+kZxs7S1vbO7V94/aKs4lZS1aCxi2XWJYoJHrAUcBOsmkpHQFazjBjcTv/PIpOJx9ACjhDkhGUTc55SAluzgyqrawotBVe/65YpZM6fAy8TKSQXlaPbLP7YX0zRkEVBBlOpZZgJORiRwKti4ZKeKJYQGZMB6mkYkZMrJpj+P8YlWPOzHUk8EeKr+vchIqNQodPVmSGCoFr2J+J/XS8G/dDIeJSmwiM6C/FRgiPGkAOxxySiIkSaESq5/xXRIJKGga5pLAR48jXUr1mIHy6R9VrPqtfr9eaVxnfdTREfoGJ0iC12gBrpFTdRCFCXoBb2iN+PZeDc+jM/ZasHIbw7RHIyvX1NqmJI=</latexit>

k = 1, . . . ,M

     promotes              gauge algebra to affine   <latexit sha1_base64="1sEPAgFjj2j+p1uH6d1zyRvU+ZQ=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZDZmeWmVkhLvETvOoHeBOv/otnf8TZZA8msaChqOqmuyuIOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmShCm0RyqToB1pQzQZuGGU47saI4CjhtB+PbzG8/UqWZFA9mElM/wkPBQkawyaSeGsl+ueJW3RnQKvFyUoEcjX75pzeQJImoMIRjrbueGxs/xcowwum01Es0jTEZ4yHtWipwRLWfzm6dojOrDFAolS1h0Ez9O5HiSOtJFNjOCJuRXvYy8T+vm5jw2k+ZiBNDBZkvChOOjETZ42jAFCWGTyzBRDF7KyIjrDAxNp6FLYaNn6Y2FW85g1XSuqh6tWrt/rJSv8nzKcIJnMI5eHAFdbiDBjSBwAhe4BXenGfn3flwPuetBSefOYYFOF+/XjqV5w==</latexit>⇢ <latexit sha1_base64="gy1DgU5lUqxKAsblSaz4VsLRRcg=">AAACDHicbVDLSsNAFJ3UV62vWJduBovgxpKIVJdFN66kgn1AG8JkOmmHTCZhZiLWkF/wE9zqB7gTt/6Da3/ESZuFbT1w4XDOvdzD8WJGpbKsb6O0srq2vlHerGxt7+zumfvVjowSgUkbRywSPQ9JwignbUUVI71YEBR6jHS94Dr3uw9ESBrxezWJiROiEac+xUhpyTWrgxCpsS9QkKLMTW9P7cw1a1bdmgIuE7sgNVCg5Zo/g2GEk5BwhRmSsm9bsXJSJBTFjGSVQSJJjHCARqSvKUchkU46zZ7BY60MoR8JPVzBqfr3IkWhlJPQ05t5Urno5eJ/Xj9R/qWTUh4ninA8e+QnDKoI5kXAIRUEKzbRBGFBdVaIx0ggrHRdc18UDZ7yVuzFDpZJ56xuN+qNu/Na86ropwwOwRE4ATa4AE1wA1qgDTB4BC/gFbwZz8a78WF8zlZLRnFzAOZgfP0CnaScBQ==</latexit>aN�1
<latexit sha1_base64="N6N63XLcFejdDSHUNnceAmAwrT4=">AAACFnicbVDLSsNQEL3xWesr6lIXwSK4sSQi1WXRjSupYB/QljK5uWkvuXlw70SpIRu/wk9wqx/gTty6de2PmLRd2NYDA4dzZpiZY0eCKzTNb21hcWl5ZbWwVlzf2Nza1nd2GyqMJWV1GopQtmxQTPCA1ZGjYK1IMvBtwZq2d5X7zXsmFQ+DOxxGrOtDP+Aup4CZ1NMPOg/cYQPApOMDDlwJXgJp2ktuTqy0p5fMsjmCMU+sCSmRCWo9/afjhDT2WYBUgFJty4ywm4BETgVLi51YsQioB33WzmgAPlPdZPRFahxlimO4ocwqQGOk/p1IwFdq6NtZZ36qmvVy8T+vHaN70U14EMXIAjpe5MbCwNDIIzEcLhlFMcwIUMmzWw06AAkUs+CmtiD3HvNUrNkM5knjtGxVypXbs1L1cpJPgeyTQ3JMLHJOquSa1EidUPJEXsgredOetXftQ/scty5ok5k9MgXt6xcf6KCj</latexit>

baN�1

     mass of bifundamental hypermultiplet matter 
<latexit sha1_base64="YpWSFIzEuJZRoLIBFT21P7cd/og=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hCpLAhswOA0yYnd3M9Jrghi/wqh/gzXj1azz7Iw6wBwEr6aRS1Z3uriCWwqDrfju5tfWNza38dmFnd2//oHh41DRRohlvsEhGuhVQw6VQvIECJW/FmtMwkPwxGN1O/ccnro2I1AOOY+6HdKBEXzCKVqrfd4slt+zOQFaJl5ESZKh1iz+dXsSSkCtkkhrT9twY/ZRqFEzySaGTGB5TNqID3rZU0ZAbP50dOiFnVumRfqRtKSQz9e9ESkNjxmFgO0OKQ7PsTcX/vHaC/Ws/FSpOkCs2X9RPJMGITL8mPaE5Qzm2hDIt7K2EDammDG02C1tQjJ4nNhVvOYNV0rwoe5VypX5Zqt5k+eThBE7hHDy4gircQQ0awIDDC7zCm5M6786H8zlvzTnZzDEswPn6BdYOlHc=</latexit>

S

<latexit sha1_base64="ZMOoKcNDdhgvKaRIrdUggUxkF3M="></latexit>

~v = (~a(1), . . . ,~a(M), ⌧1, . . . , ⌧M�1, ⌧, S, ⇢)
TArrange into vector

Symmetries act as linear transformations 
<latexit sha1_base64="NtoBmCqG6fWgVNLB1NyXj+W7y8c="></latexit>

s : ~v �! S · ~v

Found 6 different types of symmetries that can be arranged into 6 involutions                   with

[Filoche, SH, Kimura 2023]<latexit sha1_base64="NOFVjiWnsXuRM5GNllqZ8UceRGw=">AAACJXicbVDLSsNAFJ34rPUVdelmahEEoSQi1Y1QdOOygn1AU8pkOmmHTh7M3Ag15CP8Cj/BrX6AOxFcufBHnLRZ2NYDFw7n3Mu997iR4Aos68tYWl5ZXVsvbBQ3t7Z3ds29/aYKY0lZg4YilG2XKCZ4wBrAQbB2JBnxXcFa7ugm81sPTCoeBvcwjljXJ4OAe5wS0FLPPHV8AkNPklECaS/hqUO5pHhG5Ve2U3JKds8sWxVrArxI7JyUUY56z/xx+iGNfRYAFUSpjm1F0E2IBE4FS4tOrFhE6IgMWEfTgPhMdZPJUyk+1kofe6HUFQCeqH8nEuIrNfZd3Zkdq+a9TPzP68TgXXYTHkQxsIBOF3mxwBDiLCHc55JREGNNCJVc34rpkEhCQec4swX46DHVqdjzGSyS5lnFrlaqd+fl2nWeTwEdoiN0gmx0gWroFtVRA1H0hF7QK3ozno1348P4nLYuGfnMAZqB8f0LUJimYw==</latexit>

ti � ti = 11
<latexit sha1_base64="1zW51KUV/qX5Clu3YR1AY7BoJkM="></latexit>

(ti � tj)�mij = 11

<latexit sha1_base64="DSJlpICx/nhEt9MDQ6K5PQat4bg=">AAACFXicbVDLSsNAFJ3UV62vqMtugkVwUUoiUt0IRTcuK9haaEKYTCbtkMmDmRuhhiz8Cj/BrX6AO3Hr2rU/YtJmYVsPXDiccy/33uPEnEnQ9W+lsrK6tr5R3axtbe/s7qn7B30ZJYLQHol4JAYOlpSzkPaAAaeDWFAcOJzeO/514d8/UCFZFN7BJKZWgEch8xjBkEu2WjcDDGNPYD+FzE7ZpdE0uRuBbLYzW23oLX0KbZkYJWmgEl1b/THdiCQBDYFwLOXQ0GOwUiyAEU6zmplIGmPi4xEd5jTEAZVWOn0i045zxdW8SOQVgjZV/06kOJByEjh5Z3GyXPQK8T9vmIB3YaUsjBOgIZkt8hKuQaQViWguE5QAn+QEE8HyWzUyxgITyHOb2wLMfyxSMRYzWCb905bRbrVvzxqdqzKfKqqjI3SCDHSOOugGdVEPEfSEXtArelOelXflQ/mctVaUcuYQzUH5+gV1MJ+t</latexit>

ti=1,...,6

and

Mathematica package NPLSTsym.m for explicit form of              
<latexit sha1_base64="DSJlpICx/nhEt9MDQ6K5PQat4bg=">AAACFXicbVDLSsNAFJ3UV62vqMtugkVwUUoiUt0IRTcuK9haaEKYTCbtkMmDmRuhhiz8Cj/BrX6AO3Hr2rU/YtJmYVsPXDiccy/33uPEnEnQ9W+lsrK6tr5R3axtbe/s7qn7B30ZJYLQHol4JAYOlpSzkPaAAaeDWFAcOJzeO/514d8/UCFZFN7BJKZWgEch8xjBkEu2WjcDDGNPYD+FzE7ZpdE0uRuBbLYzW23oLX0KbZkYJWmgEl1b/THdiCQBDYFwLOXQ0GOwUiyAEU6zmplIGmPi4xEd5jTEAZVWOn0i045zxdW8SOQVgjZV/06kOJByEjh5Z3GyXPQK8T9vmIB3YaUsjBOgIZkt8hKuQaQViWguE5QAn+QEE8HyWzUyxgITyHOb2wLMfyxSMRYzWCb905bRbrVvzxqdqzKfKqqjI3SCDHSOOugGdVEPEfSEXtArelOelXflQ/mctVaUcuYQzUH5+gV1MJ+t</latexit>

ti=1,...,6 [Filoche, SH, Kimura 2023]



<latexit sha1_base64="1zW51KUV/qX5Clu3YR1AY7BoJkM="></latexit>

(ti � tj)�mij = 11



<latexit sha1_base64="1zW51KUV/qX5Clu3YR1AY7BoJkM="></latexit>

(ti � tj)�mij = 11 with Coxeter matrix <latexit sha1_base64="a5qwdhGVuv0gaKY0BSxSqAEHj5E=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idTJJJZmaXmV4hLgE/wat+gDfx6q949kecTfZgEgsaiqpuuruCSHADrvvt5NbWNza38tuFnd29/YPi4VHDhLGmrE5DEepWQAwTXLE6cBCsFWlGZCBYMxjfpn7zkWnDQ/UAk4j5kgwU73NKwEoN2U34aNotltyyOwNeJV5GSihDrVv86fRCGkumgApiTNtzI/ATooFTwaaFTmxYROiYDFjbUkUkM34yu3aKz6zSw/1Q21KAZ+rfiYRIYyYysJ2SwNAse6n4n9eOoX/tJ1xFMTBF54v6scAQ4vR13OOaURATSwjV3N6K6ZBoQsEGtLAF+PgpTcVbzmCVNC7KXqVcub8sVW+yfPLoBJ2ic+ShK1RFd6iG6oiiEXpBr+jNeXbenQ/nc96ac7KZY7QA5+sXKxSW7Q==</latexit>mijBraid-relations

<latexit sha1_base64="iABnJVD/vNc0CCSJbzhNNNtePKw="></latexit>

mij =
⇣

mss msd

(msd)T mdd

⌘

ij



<latexit sha1_base64="1zW51KUV/qX5Clu3YR1AY7BoJkM="></latexit>

(ti � tj)�mij = 11 with Coxeter matrix <latexit sha1_base64="a5qwdhGVuv0gaKY0BSxSqAEHj5E=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idTJJJZmaXmV4hLgE/wat+gDfx6q949kecTfZgEgsaiqpuuruCSHADrvvt5NbWNza38tuFnd29/YPi4VHDhLGmrE5DEepWQAwTXLE6cBCsFWlGZCBYMxjfpn7zkWnDQ/UAk4j5kgwU73NKwEoN2U34aNotltyyOwNeJV5GSihDrVv86fRCGkumgApiTNtzI/ATooFTwaaFTmxYROiYDFjbUkUkM34yu3aKz6zSw/1Q21KAZ+rfiYRIYyYysJ2SwNAse6n4n9eOoX/tJ1xFMTBF54v6scAQ4vR13OOaURATSwjV3N6K6ZBoQsEGtLAF+PgpTcVbzmCVNC7KXqVcub8sVW+yfPLoBJ2ic+ShK1RFd6iG6oiiEXpBr+jNeXbenQ/nc96ac7KZY7QA5+sXKxSW7Q==</latexit>mijBraid-relations

<latexit sha1_base64="iABnJVD/vNc0CCSJbzhNNNtePKw="></latexit>

mij =
⇣

mss msd

(msd)T mdd

⌘

ij

<latexit sha1_base64="QZVPXdu7Ua1XETBZVUBH7zi+Juk="></latexit>

mss =

✓
1 M N
M 1 N
N N 1

◆



<latexit sha1_base64="1zW51KUV/qX5Clu3YR1AY7BoJkM="></latexit>

(ti � tj)�mij = 11 with Coxeter matrix <latexit sha1_base64="a5qwdhGVuv0gaKY0BSxSqAEHj5E=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idTJJJZmaXmV4hLgE/wat+gDfx6q949kecTfZgEgsaiqpuuruCSHADrvvt5NbWNza38tuFnd29/YPi4VHDhLGmrE5DEepWQAwTXLE6cBCsFWlGZCBYMxjfpn7zkWnDQ/UAk4j5kgwU73NKwEoN2U34aNotltyyOwNeJV5GSihDrVv86fRCGkumgApiTNtzI/ATooFTwaaFTmxYROiYDFjbUkUkM34yu3aKz6zSw/1Q21KAZ+rfiYRIYyYysJ2SwNAse6n4n9eOoX/tJ1xFMTBF54v6scAQ4vR13OOaURATSwjV3N6K6ZBoQsEGtLAF+PgpTcVbzmCVNC7KXqVcub8sVW+yfPLoBJ2ic+ShK1RFd6iG6oiiEXpBr+jNeXbenQ/nc96ac7KZY7QA5+sXKxSW7Q==</latexit>mijBraid-relations

<latexit sha1_base64="iABnJVD/vNc0CCSJbzhNNNtePKw="></latexit>

mij =
⇣

mss msd

(msd)T mdd

⌘

ij

<latexit sha1_base64="QZVPXdu7Ua1XETBZVUBH7zi+Juk="></latexit>

mss =

✓
1 M N
M 1 N
N N 1

◆

each combination forms a dihedral group



<latexit sha1_base64="1zW51KUV/qX5Clu3YR1AY7BoJkM="></latexit>

(ti � tj)�mij = 11 with Coxeter matrix <latexit sha1_base64="a5qwdhGVuv0gaKY0BSxSqAEHj5E=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idTJJJZmaXmV4hLgE/wat+gDfx6q949kecTfZgEgsaiqpuuruCSHADrvvt5NbWNza38tuFnd29/YPi4VHDhLGmrE5DEepWQAwTXLE6cBCsFWlGZCBYMxjfpn7zkWnDQ/UAk4j5kgwU73NKwEoN2U34aNotltyyOwNeJV5GSihDrVv86fRCGkumgApiTNtzI/ATooFTwaaFTmxYROiYDFjbUkUkM34yu3aKz6zSw/1Q21KAZ+rfiYRIYyYysJ2SwNAse6n4n9eOoX/tJ1xFMTBF54v6scAQ4vR13OOaURATSwjV3N6K6ZBoQsEGtLAF+PgpTcVbzmCVNC7KXqVcub8sVW+yfPLoBJ2ic+ShK1RFd6iG6oiiEXpBr+jNeXbenQ/nc96ac7KZY7QA5+sXKxSW7Q==</latexit>mijBraid-relations

<latexit sha1_base64="iABnJVD/vNc0CCSJbzhNNNtePKw="></latexit>

mij =
⇣

mss msd

(msd)T mdd

⌘

ij

<latexit sha1_base64="QZVPXdu7Ua1XETBZVUBH7zi+Juk="></latexit>

mss =

✓
1 M N
M 1 N
N N 1

◆

<latexit sha1_base64="3nakYUMDIfeyr2dtXa5wuJ64TAE="></latexit>

mdd =

✓
1 mab 1

mab 1 1
1 1 1

◆

each combination forms a dihedral group



<latexit sha1_base64="1zW51KUV/qX5Clu3YR1AY7BoJkM="></latexit>

(ti � tj)�mij = 11 with Coxeter matrix <latexit sha1_base64="a5qwdhGVuv0gaKY0BSxSqAEHj5E=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idTJJJZmaXmV4hLgE/wat+gDfx6q949kecTfZgEgsaiqpuuruCSHADrvvt5NbWNza38tuFnd29/YPi4VHDhLGmrE5DEepWQAwTXLE6cBCsFWlGZCBYMxjfpn7zkWnDQ/UAk4j5kgwU73NKwEoN2U34aNotltyyOwNeJV5GSihDrVv86fRCGkumgApiTNtzI/ATooFTwaaFTmxYROiYDFjbUkUkM34yu3aKz6zSw/1Q21KAZ+rfiYRIYyYysJ2SwNAse6n4n9eOoX/tJ1xFMTBF54v6scAQ4vR13OOaURATSwjV3N6K6ZBoQsEGtLAF+PgpTcVbzmCVNC7KXqVcub8sVW+yfPLoBJ2ic+ShK1RFd6iG6oiiEXpBr+jNeXbenQ/nc96ac7KZY7QA5+sXKxSW7Q==</latexit>mijBraid-relations

<latexit sha1_base64="iABnJVD/vNc0CCSJbzhNNNtePKw="></latexit>

mij =
⇣

mss msd

(msd)T mdd

⌘

ij

<latexit sha1_base64="QZVPXdu7Ua1XETBZVUBH7zi+Juk="></latexit>

mss =

✓
1 M N
M 1 N
N N 1

◆

<latexit sha1_base64="3nakYUMDIfeyr2dtXa5wuJ64TAE="></latexit>

mdd =

✓
1 mab 1

mab 1 1
1 1 1

◆

<latexit sha1_base64="7n/16tOyJ4aUqN/ecxSXR8oN5Q0="></latexit>

mab N = 1 N = 2 N = 3 N = 4 N = 5 N = 6 N = 7 N = 8

M = 1 3 2 3 1 1 1 1 1
M = 2 2 3 1 4 1 1 1 1
M = 3 3 1 6 1 1 1 1 1
M = 4 1 4 1 6 1 1 1 1
M = 5 1 1 1 1 6 1 1 1
M = 6 1 1 1 1 1 6 1 1
M = 7 1 1 1 1 1 1 6 1
M = 8 1 1 1 1 1 1 1 6

each combination forms a dihedral group

Dihedral group <latexit sha1_base64="1zDv56hGv2BARD1uzzrqM2ObpOM="></latexit>

Dihmab



<latexit sha1_base64="1zW51KUV/qX5Clu3YR1AY7BoJkM="></latexit>

(ti � tj)�mij = 11 with Coxeter matrix <latexit sha1_base64="a5qwdhGVuv0gaKY0BSxSqAEHj5E=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idTJJJZmaXmV4hLgE/wat+gDfx6q949kecTfZgEgsaiqpuuruCSHADrvvt5NbWNza38tuFnd29/YPi4VHDhLGmrE5DEepWQAwTXLE6cBCsFWlGZCBYMxjfpn7zkWnDQ/UAk4j5kgwU73NKwEoN2U34aNotltyyOwNeJV5GSihDrVv86fRCGkumgApiTNtzI/ATooFTwaaFTmxYROiYDFjbUkUkM34yu3aKz6zSw/1Q21KAZ+rfiYRIYyYysJ2SwNAse6n4n9eOoX/tJ1xFMTBF54v6scAQ4vR13OOaURATSwjV3N6K6ZBoQsEGtLAF+PgpTcVbzmCVNC7KXqVcub8sVW+yfPLoBJ2ic+ShK1RFd6iG6oiiEXpBr+jNeXbenQ/nc96ac7KZY7QA5+sXKxSW7Q==</latexit>mijBraid-relations

<latexit sha1_base64="iABnJVD/vNc0CCSJbzhNNNtePKw="></latexit>

mij =
⇣

mss msd

(msd)T mdd

⌘

ij

<latexit sha1_base64="QZVPXdu7Ua1XETBZVUBH7zi+Juk="></latexit>

mss =

✓
1 M N
M 1 N
N N 1

◆

<latexit sha1_base64="3nakYUMDIfeyr2dtXa5wuJ64TAE="></latexit>

mdd =

✓
1 mab 1

mab 1 1
1 1 1

◆

<latexit sha1_base64="7n/16tOyJ4aUqN/ecxSXR8oN5Q0="></latexit>

mab N = 1 N = 2 N = 3 N = 4 N = 5 N = 6 N = 7 N = 8

M = 1 3 2 3 1 1 1 1 1
M = 2 2 3 1 4 1 1 1 1
M = 3 3 1 6 1 1 1 1 1
M = 4 1 4 1 6 1 1 1 1
M = 5 1 1 1 1 6 1 1 1
M = 6 1 1 1 1 1 6 1 1
M = 7 1 1 1 1 1 1 6 1
M = 8 1 1 1 1 1 1 1 6

each combination forms a dihedral group

Dihedral group <latexit sha1_base64="1zDv56hGv2BARD1uzzrqM2ObpOM="></latexit>

Dihmab

Embedding of the       into generalised para modular group under study
<latexit sha1_base64="yrAHZpNt8z2M1LvUrGf38BW/QDk=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmUF+4C2lkyaaUMzmSG5o5Sh/+HGhSJu/Rd3/o2ZdhbaeiBwOOde7snxYykMuu63s7K6tr6xWdgqbu/s7u2XDg6bJko04w0WyUi3fWq4FIo3UKDk7VhzGvqSt/zxTea3Hrk2IlL3OIl5L6RDJQLBKFrpoRtSHAWajlOc9kW/VHYr7gxkmXg5KUOOer/01R1ELAm5QiapMR3PjbGXUo2CST4tdhPDY8rGdMg7lioactNLZ6mn5NQqAxJE2j6FZKb+3khpaMwk9O1kltIsepn4n9dJMLjqpULFCXLF5oeCRBKMSFYBGQjNGcqJJZRpYbMSNqKaMrRFFW0J3uKXl0nzvOJVK9W7i3LtOq+jAMdwAmfgwSXU4Bbq0AAGGp7hFd6cJ+fFeXc+5qMrTr5zBH/gfP4AHqeS7w==</latexit>

ti [Filoche, SH, Kimura in preparation]



Physical interpretation at particular point in the moduli space
<latexit sha1_base64="DZSAzZ0yJMzcLiQLIYQ44ySgZ7s="></latexit>

~v = (~a(1), . . . ,~a(M), ⌧1, . . . , ⌧M�1, ⌧, S, ⇢)
T �!

� ⇢
N , . . . , ⇢

N| {z }
M(N�1)-times

, ⌧
M , . . . , ⌧

M| {z }
M-times

, ⌧, S, ⇢
�T



Physical interpretation at particular point in the moduli space
<latexit sha1_base64="DZSAzZ0yJMzcLiQLIYQ44ySgZ7s="></latexit>

~v = (~a(1), . . . ,~a(M), ⌧1, . . . , ⌧M�1, ⌧, S, ⇢)
T �!

� ⇢
N , . . . , ⇢

N| {z }
M(N�1)-times

, ⌧
M , . . . , ⌧

M| {z }
M-times

, ⌧, S, ⇢
�T

Identify all gauge parameters of all gauge nodes



Physical interpretation at particular point in the moduli space
<latexit sha1_base64="DZSAzZ0yJMzcLiQLIYQ44ySgZ7s="></latexit>

~v = (~a(1), . . . ,~a(M), ⌧1, . . . , ⌧M�1, ⌧, S, ⇢)
T �!

� ⇢
N , . . . , ⇢

N| {z }
M(N�1)-times

, ⌧
M , . . . , ⌧

M| {z }
M-times

, ⌧, S, ⇢
�T

Identify all gauge parameters of all gauge nodes
Identify all couplings



Physical interpretation at particular point in the moduli space
<latexit sha1_base64="DZSAzZ0yJMzcLiQLIYQ44ySgZ7s="></latexit>

~v = (~a(1), . . . ,~a(M), ⌧1, . . . , ⌧M�1, ⌧, S, ⇢)
T �!

� ⇢
N , . . . , ⇢

N| {z }
M(N�1)-times

, ⌧
M , . . . , ⌧

M| {z }
M-times

, ⌧, S, ⇢
�T

Identify all gauge parameters of all gauge nodes
Identify all couplings

Remaining parameters can be arranged in the period matrix of a genus 2 surface
<latexit sha1_base64="xZbFZJe25F3eOk204ipdibFqkTk="></latexit>

⌦ =
⇣
⌧/M S/M
S/M ⇢/N

⌘
due to double elliptic vibration structure of 

<latexit sha1_base64="aqTx6vm40376mJT8J6KxcgcmCo8="></latexit>

XN,M



Physical interpretation at particular point in the moduli space
<latexit sha1_base64="DZSAzZ0yJMzcLiQLIYQ44ySgZ7s="></latexit>

~v = (~a(1), . . . ,~a(M), ⌧1, . . . , ⌧M�1, ⌧, S, ⇢)
T �!

� ⇢
N , . . . , ⇢

N| {z }
M(N�1)-times

, ⌧
M , . . . , ⌧

M| {z }
M-times

, ⌧, S, ⇢
�T

Identify all gauge parameters of all gauge nodes
Identify all couplings

                    map the space                                                                                                       into itself 
<latexit sha1_base64="Q9aTkXN1iQht+mKltKJhkj+1C2U=">AAACFXicbVDLSsNAFJ3UV62vqMtugkVwUUoiUt0IRTcuK9haaEKYTCbtkMmDmRuhhiz8Cj/BrX6AO3Hr2rU/YtJmYVsPXDiccy/33uPEnEnQ9W+lsrK6tr5R3axtbe/s7qn7B30ZJYLQHol4JAYOlpSzkPaAAaeDWFAcOJzeO/514d8/UCFZFN7BJKZWgEch8xjBkEu2WjcDDGNPYD8FO2WXRtPkbgSy2c4yW23oLX0KbZkYJWmgEl1b/THdiCQBDYFwLOXQ0GOwUiyAEU6zmplIGmPi4xEd5jTEAZVWOn0i045zxdW8SOQVgjZV/06kOJByEjh5Z3GyXPQK8T9vmIB3YaUsjBOgIZkt8hKuQaQViWguE5QAn+QEE8HyWzUyxgITyHOb2wLMfyxSMRYzWCb905bRbrVvzxqdqzKfKqqjI3SCDHSOOugGdVEPEfSEXtArelOelXflQ/mctVaUcuYQzUH5+gVzG5+t</latexit>

ti=1,...,6

Remaining parameters can be arranged in the period matrix of a genus 2 surface

<latexit sha1_base64="UIU0BfS8/URSALDMrL3SDbgtZ0M="></latexit>

V =
�� ⇢

N , . . . , ⇢
N , ⌧

M , . . . , ⌧
M , ⌧, S, ⇢

�
| (⌧, S, ⇢) 2 R3

 

<latexit sha1_base64="xZbFZJe25F3eOk204ipdibFqkTk="></latexit>

⌦ =
⇣
⌧/M S/M
S/M ⇢/N

⌘
due to double elliptic vibration structure of 

<latexit sha1_base64="aqTx6vm40376mJT8J6KxcgcmCo8="></latexit>

XN,M



Physical interpretation at particular point in the moduli space
<latexit sha1_base64="DZSAzZ0yJMzcLiQLIYQ44ySgZ7s="></latexit>

~v = (~a(1), . . . ,~a(M), ⌧1, . . . , ⌧M�1, ⌧, S, ⇢)
T �!

� ⇢
N , . . . , ⇢

N| {z }
M(N�1)-times

, ⌧
M , . . . , ⌧

M| {z }
M-times

, ⌧, S, ⇢
�T

Identify all gauge parameters of all gauge nodes
Identify all couplings

                    map the space                                                                                                       into itself 
<latexit sha1_base64="Q9aTkXN1iQht+mKltKJhkj+1C2U=">AAACFXicbVDLSsNAFJ3UV62vqMtugkVwUUoiUt0IRTcuK9haaEKYTCbtkMmDmRuhhiz8Cj/BrX6AO3Hr2rU/YtJmYVsPXDiccy/33uPEnEnQ9W+lsrK6tr5R3axtbe/s7qn7B30ZJYLQHol4JAYOlpSzkPaAAaeDWFAcOJzeO/514d8/UCFZFN7BJKZWgEch8xjBkEu2WjcDDGNPYD8FO2WXRtPkbgSy2c4yW23oLX0KbZkYJWmgEl1b/THdiCQBDYFwLOXQ0GOwUiyAEU6zmplIGmPi4xEd5jTEAZVWOn0i045zxdW8SOQVgjZV/06kOJByEjh5Z3GyXPQK8T9vmIB3YaUsjBOgIZkt8hKuQaQViWguE5QAn+QEE8HyWzUyxgITyHOb2wLMfyxSMRYzWCb905bRbrVvzxqdqzKfKqqjI3SCDHSOOugGdVEPEfSEXtArelOelXflQ/mctVaUcuYQzUH5+gVzG5+t</latexit>

ti=1,...,6

involutions             :      
<latexit sha1_base64="Q5ouKTUtoOXaj3YdYC80d9AiaTI=">AAACDnicbVDLSsNAFJ3UV62v+Ni5CRbBRSlJleqy6MZlBfuANoTJdNIOnUzCzI3QhvyDn+BWP8CduPUXXPsjJm0WtvXAhcM593IPxw05U2Ca31phbX1jc6u4XdrZ3ds/0A+P2iqIJKEtEvBAdl2sKGeCtoABp91QUuy7nHbc8V3md56oVCwQjzAJqe3joWAeIxhSydFP+j6GkSfxOIbEia1KrXKZOHrZrJozGKvEykkZ5Wg6+k9/EJDIpwIIx0r1LDMEO8YSGOE0KfUjRUNMxnhIeykV2KfKjmfpE+M8VQaGF8h0BBgz9e9FjH2lJr6bbmZZ1bKXif95vQi8GztmIoyACjJ/5EXcgMDIqjAGTFICfJISTCRLsxpkhCUmkBa28AXYeJq1Yi13sEratapVr9YfrsqN27yfIjpFZ+gCWegaNdA9aqIWImiKXtAretOetXftQ/ucrxa0/OYYLUD7+gV8UJxu</latexit>

t1,2,3

Remaining parameters can be arranged in the period matrix of a genus 2 surface

<latexit sha1_base64="UIU0BfS8/URSALDMrL3SDbgtZ0M="></latexit>

V =
�� ⇢

N , . . . , ⇢
N , ⌧

M , . . . , ⌧
M , ⌧, S, ⇢

�
| (⌧, S, ⇢) 2 R3

 

<latexit sha1_base64="xZbFZJe25F3eOk204ipdibFqkTk="></latexit>

⌦ =
⇣
⌧/M S/M
S/M ⇢/N

⌘
due to double elliptic vibration structure of 

<latexit sha1_base64="aqTx6vm40376mJT8J6KxcgcmCo8="></latexit>

XN,M

<latexit sha1_base64="x+sAJEUnbbTBk6jDRXCFYAesZhs="></latexit>

(⌧, S, ⇢) �! (⌧, S, ⇢)

<latexit sha1_base64="QZVPXdu7Ua1XETBZVUBH7zi+Juk="></latexit>

mss =

✓
1 M N
M 1 N
N N 1

◆



Physical interpretation at particular point in the moduli space
<latexit sha1_base64="DZSAzZ0yJMzcLiQLIYQ44ySgZ7s="></latexit>

~v = (~a(1), . . . ,~a(M), ⌧1, . . . , ⌧M�1, ⌧, S, ⇢)
T �!

� ⇢
N , . . . , ⇢

N| {z }
M(N�1)-times

, ⌧
M , . . . , ⌧

M| {z }
M-times

, ⌧, S, ⇢
�T

Identify all gauge parameters of all gauge nodes
Identify all couplings

                    map the space                                                                                                       into itself 
<latexit sha1_base64="Q9aTkXN1iQht+mKltKJhkj+1C2U=">AAACFXicbVDLSsNAFJ3UV62vqMtugkVwUUoiUt0IRTcuK9haaEKYTCbtkMmDmRuhhiz8Cj/BrX6AO3Hr2rU/YtJmYVsPXDiccy/33uPEnEnQ9W+lsrK6tr5R3axtbe/s7qn7B30ZJYLQHol4JAYOlpSzkPaAAaeDWFAcOJzeO/514d8/UCFZFN7BJKZWgEch8xjBkEu2WjcDDGNPYD8FO2WXRtPkbgSy2c4yW23oLX0KbZkYJWmgEl1b/THdiCQBDYFwLOXQ0GOwUiyAEU6zmplIGmPi4xEd5jTEAZVWOn0i045zxdW8SOQVgjZV/06kOJByEjh5Z3GyXPQK8T9vmIB3YaUsjBOgIZkt8hKuQaQViWguE5QAn+QEE8HyWzUyxgITyHOb2wLMfyxSMRYzWCb905bRbrVvzxqdqzKfKqqjI3SCDHSOOugGdVEPEfSEXtArelOelXflQ/mctVaUcuYQzUH5+gVzG5+t</latexit>

ti=1,...,6

involutions             :      
<latexit sha1_base64="Q5ouKTUtoOXaj3YdYC80d9AiaTI=">AAACDnicbVDLSsNAFJ3UV62v+Ni5CRbBRSlJleqy6MZlBfuANoTJdNIOnUzCzI3QhvyDn+BWP8CduPUXXPsjJm0WtvXAhcM593IPxw05U2Ca31phbX1jc6u4XdrZ3ds/0A+P2iqIJKEtEvBAdl2sKGeCtoABp91QUuy7nHbc8V3md56oVCwQjzAJqe3joWAeIxhSydFP+j6GkSfxOIbEia1KrXKZOHrZrJozGKvEykkZ5Wg6+k9/EJDIpwIIx0r1LDMEO8YSGOE0KfUjRUNMxnhIeykV2KfKjmfpE+M8VQaGF8h0BBgz9e9FjH2lJr6bbmZZ1bKXif95vQi8GztmIoyACjJ/5EXcgMDIqjAGTFICfJISTCRLsxpkhCUmkBa28AXYeJq1Yi13sEratapVr9YfrsqN27yfIjpFZ+gCWegaNdA9aqIWImiKXtAretOetXftQ/ucrxa0/OYYLUD7+gV8UJxu</latexit>

t1,2,3

Remaining parameters can be arranged in the period matrix of a genus 2 surface

<latexit sha1_base64="UIU0BfS8/URSALDMrL3SDbgtZ0M="></latexit>

V =
�� ⇢

N , . . . , ⇢
N , ⌧

M , . . . , ⌧
M , ⌧, S, ⇢

�
| (⌧, S, ⇢) 2 R3

 

<latexit sha1_base64="xZbFZJe25F3eOk204ipdibFqkTk="></latexit>

⌦ =
⇣
⌧/M S/M
S/M ⇢/N

⌘
due to double elliptic vibration structure of 

<latexit sha1_base64="aqTx6vm40376mJT8J6KxcgcmCo8="></latexit>

XN,M

<latexit sha1_base64="x+sAJEUnbbTBk6jDRXCFYAesZhs="></latexit>

(⌧, S, ⇢) �! (⌧, S, ⇢)

<latexit sha1_base64="QZVPXdu7Ua1XETBZVUBH7zi+Juk="></latexit>

mss =

✓
1 M N
M 1 N
N N 1

◆

Involutions             :      
<latexit sha1_base64="bE+nFAyVW4/F7gllzAkU9mqkWvw=">AAACDnicbVDLSsNAFJ3UV62v+Ni5GSyCi1ISqdVl0Y3LCvYBbQiT6aQdOnkwcyO0If/gJ7jVD3Anbv0F1/6ISZuFbT1w4XDOvdzDcULBFRjGt1ZYW9/Y3Cpul3Z29/YP9MOjtgoiSVmLBiKQXYcoJrjPWsBBsG4oGfEcwTrO+C7zO09MKh74jzAJmeWRoc9dTgmkkq2f9D0CI1eScQyJHdcqV5V6Yutlo2rMgFeJmZMyytG09Z/+IKCRx3yggijVM40QrJhI4FSwpNSPFAsJHZMh66XUJx5TVjxLn+DzVBlgN5Dp+IBn6t+LmHhKTTwn3cyyqmUvE//zehG4N1bM/TAC5tP5IzcSGAKcVYEHXDIKYpISQiVPs2I6IpJQSAtb+AJ8PM1aMZc7WCXty6pZr9YfauXGbd5PEZ2iM3SBTHSNGugeNVELUTRFL+gVvWnP2rv2oX3OVwtafnOMFqB9/QKKqJx3</latexit>

t4,5,6

<latexit sha1_base64="3nakYUMDIfeyr2dtXa5wuJ64TAE="></latexit>

mdd =

✓
1 mab 1

mab 1 1
1 1 1

◆
<latexit sha1_base64="tA0UXncni+7/b7FmOS93bexvVlI="></latexit>

t4 : (⌧, S, ⇢) �!
⇣
⌧, ⌧ � S, N(⌧�2S)

M + ⇢
⌘

<latexit sha1_base64="CIWiMW0KbTfdip2LxvD2Z1IDEwQ="></latexit>

t5 : (⌧, S, ⇢) �!
⇣
⌧ + N(⇢�2S)

M , ⇢� S, ⇢
⌘

<latexit sha1_base64="44V0qObn1tya5GjP2D9Vz8olEPI="></latexit>

t6 : (⌧, S, ⇢) �! (⌧,�S, ⇢)



<latexit sha1_base64="tA0UXncni+7/b7FmOS93bexvVlI="></latexit>

t4 : (⌧, S, ⇢) �!
⇣
⌧, ⌧ � S, N(⌧�2S)

M + ⇢
⌘

<latexit sha1_base64="CIWiMW0KbTfdip2LxvD2Z1IDEwQ="></latexit>

t5 : (⌧, S, ⇢) �!
⇣
⌧ + N(⇢�2S)

M , ⇢� S, ⇢
⌘

<latexit sha1_base64="44V0qObn1tya5GjP2D9Vz8olEPI="></latexit>

t6 : (⌧, S, ⇢) �! (⌧,�S, ⇢)

<latexit sha1_base64="xZbFZJe25F3eOk204ipdibFqkTk="></latexit>

⌦ =
⇣
⌧/M S/M
S/M ⇢/N

⌘



<latexit sha1_base64="tA0UXncni+7/b7FmOS93bexvVlI="></latexit>

t4 : (⌧, S, ⇢) �!
⇣
⌧, ⌧ � S, N(⌧�2S)

M + ⇢
⌘

<latexit sha1_base64="CIWiMW0KbTfdip2LxvD2Z1IDEwQ="></latexit>

t5 : (⌧, S, ⇢) �!
⇣
⌧ + N(⇢�2S)

M , ⇢� S, ⇢
⌘

<latexit sha1_base64="44V0qObn1tya5GjP2D9Vz8olEPI="></latexit>

t6 : (⌧, S, ⇢) �! (⌧,�S, ⇢)

<latexit sha1_base64="xZbFZJe25F3eOk204ipdibFqkTk="></latexit>

⌦ =
⇣
⌧/M S/M
S/M ⇢/N

⌘

Can be interpreted as                   action on       :  
<latexit sha1_base64="9wKix4XLkUYnp1sqaP+DJS4HSUM=">AAACC3icbVDLSsNAFJ3UV62vVJduBotQQUoipbosunFZ0T6wDWUynbRDJ5MwM1FqyCf4CW71A9yJWz/CtT/ipM3Cth64cDjnXu7huCGjUlnWt5FbWV1b38hvFra2d3b3zOJ+SwaRwKSJAxaIjoskYZSTpqKKkU4oCPJdRtru+Cr12w9ESBrwOzUJieOjIacexUhpqW8Wb8Ny9bTnIzVy3fg+OYF9s2RVrCngMrEzUgIZGn3zpzcIcOQTrjBDUnZtK1ROjISimJGk0IskCREeoyHpasqRT6QTT6Mn8FgrA+gFQg9XcKr+vYiRL+XEd/VmmlEueqn4n9eNlHfhxJSHkSIczx55EYMqgGkPcEAFwYpNNEFYUJ0V4hESCCvd1twXRcdPiW7FXuxgmbTOKnatUrupluqXWT95cAiOQBnY4BzUwTVogCbA4BG8gFfwZjwb78aH8TlbzRnZzQGYg/H1C0ozmqU=</latexit>

Sp(4,Z)
<latexit sha1_base64="XuELnkjV1bdBaLCpCY1xOniCKSo=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL96MYB6QLGF2MpuMmZldZmaFuAT8BK/6Ad7Eq7/i2R9xkuzBJBY0FFXddHcFMWfauO63k1tZXVvfyG8WtrZ3dveK+wcNHSWK0DqJeKRaAdaUM0nrhhlOW7GiWAScNoPh9cRvPlKlWSTvzSimvsB9yUJGsLFSo3MraB93iyW37E6BlomXkRJkqHWLP51eRBJBpSEca9323Nj4KVaGEU7HhU6iaYzJEPdp21KJBdV+Or12jE6s0kNhpGxJg6bq34kUC61HIrCdApuBXvQm4n9eOzHhpZ8yGSeGSjJbFCYcmQhNXkc9pigxfGQJJorZWxEZYIWJsQHNbTFs+DS2qXiLGSyTxlnZq5Qrd+el6lWWTx6O4BhOwYMLqMIN1KAOBB7gBV7hzXl23p0P53PWmnOymUOYg/P1C6iBlps=</latexit>

⌦

<latexit sha1_base64="Ook/wy9iwkFw6iMNVox73e9FUrw="></latexit>�
A B
C D

�
: ⌦ 7�! (A⌦+B)(C ⌦+D)�1 ,



<latexit sha1_base64="tA0UXncni+7/b7FmOS93bexvVlI="></latexit>

t4 : (⌧, S, ⇢) �!
⇣
⌧, ⌧ � S, N(⌧�2S)

M + ⇢
⌘

<latexit sha1_base64="CIWiMW0KbTfdip2LxvD2Z1IDEwQ="></latexit>

t5 : (⌧, S, ⇢) �!
⇣
⌧ + N(⇢�2S)

M , ⇢� S, ⇢
⌘

<latexit sha1_base64="44V0qObn1tya5GjP2D9Vz8olEPI="></latexit>

t6 : (⌧, S, ⇢) �! (⌧,�S, ⇢)

<latexit sha1_base64="xZbFZJe25F3eOk204ipdibFqkTk="></latexit>

⌦ =
⇣
⌧/M S/M
S/M ⇢/N

⌘

Can be interpreted as                   action on       :  
<latexit sha1_base64="9wKix4XLkUYnp1sqaP+DJS4HSUM=">AAACC3icbVDLSsNAFJ3UV62vVJduBotQQUoipbosunFZ0T6wDWUynbRDJ5MwM1FqyCf4CW71A9yJWz/CtT/ipM3Cth64cDjnXu7huCGjUlnWt5FbWV1b38hvFra2d3b3zOJ+SwaRwKSJAxaIjoskYZSTpqKKkU4oCPJdRtru+Cr12w9ESBrwOzUJieOjIacexUhpqW8Wb8Ny9bTnIzVy3fg+OYF9s2RVrCngMrEzUgIZGn3zpzcIcOQTrjBDUnZtK1ROjISimJGk0IskCREeoyHpasqRT6QTT6Mn8FgrA+gFQg9XcKr+vYiRL+XEd/VmmlEueqn4n9eNlHfhxJSHkSIczx55EYMqgGkPcEAFwYpNNEFYUJ0V4hESCCvd1twXRcdPiW7FXuxgmbTOKnatUrupluqXWT95cAiOQBnY4BzUwTVogCbA4BG8gFfwZjwb78aH8TlbzRnZzQGYg/H1C0ozmqU=</latexit>

Sp(4,Z)
<latexit sha1_base64="XuELnkjV1bdBaLCpCY1xOniCKSo=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL96MYB6QLGF2MpuMmZldZmaFuAT8BK/6Ad7Eq7/i2R9xkuzBJBY0FFXddHcFMWfauO63k1tZXVvfyG8WtrZ3dveK+wcNHSWK0DqJeKRaAdaUM0nrhhlOW7GiWAScNoPh9cRvPlKlWSTvzSimvsB9yUJGsLFSo3MraB93iyW37E6BlomXkRJkqHWLP51eRBJBpSEca9323Nj4KVaGEU7HhU6iaYzJEPdp21KJBdV+Or12jE6s0kNhpGxJg6bq34kUC61HIrCdApuBXvQm4n9eOzHhpZ8yGSeGSjJbFCYcmQhNXkc9pigxfGQJJorZWxEZYIWJsQHNbTFs+DS2qXiLGSyTxlnZq5Qrd+el6lWWTx6O4BhOwYMLqMIN1KAOBB7gBV7hzXl23p0P53PWmnOymUOYg/P1C6iBlps=</latexit>

⌦

<latexit sha1_base64="Ook/wy9iwkFw6iMNVox73e9FUrw="></latexit>�
A B
C D

�
: ⌦ 7�! (A⌦+B)(C ⌦+D)�1 ,

with the matrices (assuming                     )

<latexit sha1_base64="cC/3SKOLjz8H+CfxeTsMiuNcieM="></latexit>

B = C =
�
0 0
0 0

�
<latexit sha1_base64="iSEUjjgMuqE3QlkNM5iccQgDfe4="></latexit>

(D�1)T = A =

8
><

>:

S T S for t4 � t6 ,
TN/M for t5 � t6 ,�
1 0
0 �1

�
for t6

<latexit sha1_base64="IMKxCTBbMtffwA7tibSluWVVhXw="></latexit>

N/M 2 N



<latexit sha1_base64="tA0UXncni+7/b7FmOS93bexvVlI="></latexit>

t4 : (⌧, S, ⇢) �!
⇣
⌧, ⌧ � S, N(⌧�2S)

M + ⇢
⌘

<latexit sha1_base64="CIWiMW0KbTfdip2LxvD2Z1IDEwQ="></latexit>

t5 : (⌧, S, ⇢) �!
⇣
⌧ + N(⇢�2S)

M , ⇢� S, ⇢
⌘

<latexit sha1_base64="44V0qObn1tya5GjP2D9Vz8olEPI="></latexit>

t6 : (⌧, S, ⇢) �! (⌧,�S, ⇢)

<latexit sha1_base64="xZbFZJe25F3eOk204ipdibFqkTk="></latexit>

⌦ =
⇣
⌧/M S/M
S/M ⇢/N

⌘

Can be interpreted as                   action on       :  
<latexit sha1_base64="9wKix4XLkUYnp1sqaP+DJS4HSUM=">AAACC3icbVDLSsNAFJ3UV62vVJduBotQQUoipbosunFZ0T6wDWUynbRDJ5MwM1FqyCf4CW71A9yJWz/CtT/ipM3Cth64cDjnXu7huCGjUlnWt5FbWV1b38hvFra2d3b3zOJ+SwaRwKSJAxaIjoskYZSTpqKKkU4oCPJdRtru+Cr12w9ESBrwOzUJieOjIacexUhpqW8Wb8Ny9bTnIzVy3fg+OYF9s2RVrCngMrEzUgIZGn3zpzcIcOQTrjBDUnZtK1ROjISimJGk0IskCREeoyHpasqRT6QTT6Mn8FgrA+gFQg9XcKr+vYiRL+XEd/VmmlEueqn4n9eNlHfhxJSHkSIczx55EYMqgGkPcEAFwYpNNEFYUJ0V4hESCCvd1twXRcdPiW7FXuxgmbTOKnatUrupluqXWT95cAiOQBnY4BzUwTVogCbA4BG8gFfwZjwb78aH8TlbzRnZzQGYg/H1C0ozmqU=</latexit>

Sp(4,Z)
<latexit sha1_base64="XuELnkjV1bdBaLCpCY1xOniCKSo=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL96MYB6QLGF2MpuMmZldZmaFuAT8BK/6Ad7Eq7/i2R9xkuzBJBY0FFXddHcFMWfauO63k1tZXVvfyG8WtrZ3dveK+wcNHSWK0DqJeKRaAdaUM0nrhhlOW7GiWAScNoPh9cRvPlKlWSTvzSimvsB9yUJGsLFSo3MraB93iyW37E6BlomXkRJkqHWLP51eRBJBpSEca9323Nj4KVaGEU7HhU6iaYzJEPdp21KJBdV+Or12jE6s0kNhpGxJg6bq34kUC61HIrCdApuBXvQm4n9eOzHhpZ8yGSeGSjJbFCYcmQhNXkc9pigxfGQJJorZWxEZYIWJsQHNbTFs+DS2qXiLGSyTxlnZq5Qrd+el6lWWTx6O4BhOwYMLqMIN1KAOBB7gBV7hzXl23p0P53PWmnOymUOYg/P1C6iBlps=</latexit>

⌦

<latexit sha1_base64="Ook/wy9iwkFw6iMNVox73e9FUrw="></latexit>�
A B
C D

�
: ⌦ 7�! (A⌦+B)(C ⌦+D)�1 ,

with the matrices (assuming                     )

<latexit sha1_base64="cC/3SKOLjz8H+CfxeTsMiuNcieM="></latexit>

B = C =
�
0 0
0 0

�
<latexit sha1_base64="iSEUjjgMuqE3QlkNM5iccQgDfe4="></latexit>

(D�1)T = A =

8
><

>:

S T S for t4 � t6 ,
TN/M for t5 � t6 ,�
1 0
0 �1

�
for t6

<latexit sha1_base64="+0KtoncklpzojwiNFqlMUhAKU4k="></latexit>

T =
�
1 1
0 1

�<latexit sha1_base64="iShA5aEux8aPVol3bYD2RfTOSAc="></latexit>

S =
�

0 1
�1 0

�
with                         and                        generators of   

<latexit sha1_base64="MdltZvqQZuKLRoanl+ByDekmQzQ="></latexit>

PSL(2,Z) ⇢ Sp(4,Z)

<latexit sha1_base64="IMKxCTBbMtffwA7tibSluWVVhXw="></latexit>

N/M 2 N



Quiver Algebras
Consider a quiver      as a collection of nodes and (oriented) edges  

<latexit sha1_base64="WUvlIWcIvyujcVdlf+HA2BQOAvE="></latexit>

�



Quiver Algebras
Consider a quiver      as a collection of nodes and (oriented) edges  

<latexit sha1_base64="WUvlIWcIvyujcVdlf+HA2BQOAvE="></latexit>

�

<latexit sha1_base64="4hBDpxcLK2MNURh7OLU9aAMJ9nE="></latexit>

edges

nodes



Quiver Algebras
Consider a quiver      as a collection of nodes and (oriented) edges  

<latexit sha1_base64="WUvlIWcIvyujcVdlf+HA2BQOAvE="></latexit>

�

<latexit sha1_base64="4hBDpxcLK2MNURh7OLU9aAMJ9nE="></latexit>

edges

nodes

<latexit sha1_base64="Y/cPuu3c/A2zlhA3ie2dk87mioI="></latexit>

c[m]
ij = (1 + (t/q)m)�ij �

X

e:i!j

µm
e (t/q)m �

X

e:j!i

µ�m
e

<latexit sha1_base64="WUvlIWcIvyujcVdlf+HA2BQOAvE="></latexit>

� itself encodes an algebraic structure, e.g.: Cartan matrix [Kimura, Pestun 2015, 2016,2017]



Quiver Algebras
Consider a quiver      as a collection of nodes and (oriented) edges  

<latexit sha1_base64="WUvlIWcIvyujcVdlf+HA2BQOAvE="></latexit>

�

<latexit sha1_base64="4hBDpxcLK2MNURh7OLU9aAMJ9nE="></latexit>

edges

nodes

<latexit sha1_base64="Y/cPuu3c/A2zlhA3ie2dk87mioI="></latexit>

c[m]
ij = (1 + (t/q)m)�ij �

X

e:i!j

µm
e (t/q)m �

X

e:j!i

µ�m
e

<latexit sha1_base64="WUvlIWcIvyujcVdlf+HA2BQOAvE="></latexit>

� itself encodes an algebraic structure, e.g.: Cartan matrix [Kimura, Pestun 2015, 2016,2017]

Notation:
<latexit sha1_base64="uwNQN7pMq1lZxhyjH6y7EpgD8eI=">AAACA3icbVDLSsNAFJ3UV62vqks3wSK4KolIdVl047KCfUASymQyaYdOZsLMjVBDl36CW/0Ad+LWD3Htjzhts7CtBy4czrmXe+8JU840OM63VVpb39jcKm9Xdnb39g+qh0cdLTNFaJtILlUvxJpyJmgbGHDaSxXFSchpNxzdTv3uI1WaSfEA45QGCR4IFjOCwUien2R96vNIgu5Xa07dmcFeJW5BaqhAq1/98SNJsoQKIBxr7blOCkGOFTDC6aTiZ5qmmIzwgHqGCpxQHeSzkyf2mVEiO5bKlAB7pv6dyHGi9TgJTWeCYaiXvan4n+dlEF8HORNpBlSQ+aI44zZIe/q/HTFFCfCxIZgoZm61yRArTMCktLAF2OhpYlJxlzNYJZ2LutuoN+4va82bIp8yOkGn6By56Ao10R1qoTYiSKIX9IrerGfr3fqwPuetJauYOUYLsL5+AQAMmQw=</latexit>µe . . .

<latexit sha1_base64="AI3n4s95JIBODzyecKv+vVNv+BE=">AAACEXicbVDLSsNAFJ34rPUVdeHCzWARXJWkSHUjFN24rGAf0MQymd60QycPZyZCDf0KP8GtfoA7cesXuPZHnLRZ2NYDFw7n3Mu993gxZ1JZ1rextLyyurZe2Chubm3v7Jp7+00ZJYJCg0Y8Em2PSOAshIZiikM7FkACj0PLG15nfusRhGRReKdGMbgB6YfMZ5QoLXXNw4dLuE8rTswwww7EknEt2+OuWbLK1gR4kdg5KaEc9a754/QimgQQKsqJlB3bipWbEqEY5TAuOomEmNAh6UNH05AEIN108sAYn2ilh/1I6AoVnqh/J1ISSDkKPN0ZEDWQ814m/ud1EuVfuCkL40RBSKeL/IRjFeEsDdxjAqjiI00IFUzfiumACEKVzmxmi2LDpywVez6DRdKslO1quXp7Vqpd5fkU0BE6RqfIRueohm5QHTUQRWP0gl7Rm/FsvBsfxue0dcnIZw7QDIyvX5V5nZA=</latexit>

q = e2⇡i✏1

<latexit sha1_base64="1o67BTf0ndv12JjKfEyoAYE/S+U=">AAAB+XicbVDLTgJBEJzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI7NDBhdnYz02uCG77Aq36AN+PVr/HsjzjAHgSspJNKVXe6u4JYCoOu++3kNja3tnfyu4W9/YPDo+LxSdNEiebQ4JGMdDtgBqRQ0ECBEtqxBhYGElrB+H7mt55AGxGpR5zE4IdsqMRAcIZWqkOvWHLL7hx0nXgZKZEMtV7xp9uPeBKCQi6ZMR3PjdFPmUbBJUwL3cRAzPiYDaFjqWIhGD+dHzqlF1bp00GkbSmkc/XvRMpCYyZhYDtDhiOz6s3E/7xOgoNbPxUqThAUXywaJJJiRGdf077QwFFOLGFcC3sr5SOmGUebzdIWFOPnqU3FW81gnTSvyl6lXKlfl6p3WT55ckbOySXxyA2pkgdSIw3CCZAX8krenNR5dz6cz0VrzslmTskSnK9f8oiUiQ==</latexit>eof edge

<latexit sha1_base64="QR7aiz15Y9stiTh9+H9GQvlINw0=">AAACEnicbVDJSgNBEO2JW4zbqBfBS2MQvBhmgkQvQtCLxwhmgSSGnk4ladKz0F0jxCF+hZ/gVT/Am3j1Bzz7I3aWg0l8UPB4r4qqel4khUbH+bZSS8srq2vp9czG5tb2jr27V9FhrDiUeShDVfOYBikCKKNACbVIAfM9CVWvfz3yqw+gtAiDOxxE0PRZNxAdwRkaqWUf4CXcJ6f5RiSooA2ItJBGzw9bdtbJOWPQReJOSZZMUWrZP412yGMfAuSSaV13nQibCVMouIRhphFriBjvsy7UDQ2YD7qZjD8Y0mOjtGknVKYCpGP170TCfK0Hvmc6fYY9Pe+NxP+8eoydi2YigihGCPhkUSeWFEM6ioO2hQKOcmAI40qYWynvMcU4mtBmtqDoP45SceczWCSVfM4t5Aq3Z9ni1TSfNDkkR+SEuOScFMkNKZEy4eSJvJBX8mY9W+/Wh/U5aU1Z05l9MgPr6xcNqZ3L</latexit>

t = e�2⇡i✏2

mass deformation



Quiver Algebras
Consider a quiver      as a collection of nodes and (oriented) edges  

<latexit sha1_base64="WUvlIWcIvyujcVdlf+HA2BQOAvE="></latexit>

�

<latexit sha1_base64="4hBDpxcLK2MNURh7OLU9aAMJ9nE="></latexit>

edges

nodes

<latexit sha1_base64="Y/cPuu3c/A2zlhA3ie2dk87mioI="></latexit>

c[m]
ij = (1 + (t/q)m)�ij �

X

e:i!j

µm
e (t/q)m �

X

e:j!i

µ�m
e

<latexit sha1_base64="WUvlIWcIvyujcVdlf+HA2BQOAvE="></latexit>

� itself encodes an algebraic structure, e.g.: Cartan matrix

independent of          for                                  and symmetric under<latexit sha1_base64="Q3JNGc/om3EkKtH0NlQfUAmHdwE=">AAACBnicbVC7SgNBFJ31GeMramkzGAQLCbtBomXQxjKCeUASw+xkNhkyO7PM3BXikt5PsNUPsBNbf8PaH3E22cIkHrhwOOdezuX4keAGXPfbWVldW9/YzG3lt3d29/YLB4cNo2JNWZ0qoXTLJ4YJLlkdOAjWijQjoS9Y0x/dpH7zkWnDlbyHccS6IRlIHnBKwEoPHRYZLpTsJd55edIrFN2SOwVeJl5GiihDrVf46fQVjUMmgQpiTNtzI+gmRAOngk3yndiwiNARGbC2pZKEzHST6dcTfGqVPg6UtiMBT9W/FwkJjRmHvt0MCQzNopeK/3ntGIKrbsJlFAOTdBYUxAKDwmkFuM81oyDGlhCquf0V0yHRhIItai4F+OgpbcVb7GCZNMolr1Kq3F0Uq9dZPzl0jE7QGfLQJaqiW1RDdUSRRi/oFb05z8678+F8zlZXnOzmCM3B+foFoJaZ4g==</latexit>✏1,2
<latexit sha1_base64="qy4t140bItlQtfGjARoq6AkzwA0="></latexit>

c[m]
ij = 2�ij �

X

e:i!j

µm
e �

X

e:j!i

µ�m
e

<latexit sha1_base64="dokEqyIysAPCC4KSuKh3s7UPPUE=">AAACGnicbVC7TsNAEDyHVwgvAyXNiQiJhshGKFBG0FAGiTykJFjnyzo55fzQ3RoUrLR8BZ9ACx9Ah2hpqPkR7CQFSRhppdHMrnZ33EgKjZb1beSWlldW1/LrhY3Nre0dc3evrsNYcajxUIaq6TINUgRQQ4ESmpEC5rsSGu7gKvMb96C0CINbHEbQ8VkvEJ7gDFPJMWnbjx2gbQkeKtHrI1MqfJiod8mJPXLMolWyxqCLxJ6SIpmi6pg/7W7IYx8C5JJp3bKtCDsJUyi4hFGhHWuIGB+wHrRSGjAfdCcZfzKiR6nSpV6o0gqQjtW/EwnztR76btrpM+zreS8T//NaMXoXnUQEUYwQ8MkiL5YUQ5rFQrtCAUc5TAnjSqS3Ut5ninFMw5vZgmLwmKViz2ewSOqnJbtcKt+cFSuX03zy5IAckmNik3NSIdekSmqEkyfyQl7Jm/FsvBsfxuekNWdMZ/bJDIyvX3wIodM=</latexit>

µe $ µ�1
e

[Kimura, Pestun 2015, 2016,2017]

<latexit sha1_base64="QvEw57gxAqNYuyKfPqRhkyeM64M=">AAACGXicbZDLSsNAFIYn9VbrLerShcEiuLEkRaqbQtGNywr2Am0ok+lJO3QyCTMToYYufQofwa0+gDtx68q1L+K0DcW2/jDw8Z9zOGd+L2JUKtv+NjIrq2vrG9nN3Nb2zu6euX9Ql2EsCNRIyELR9LAERjnUFFUMmpEAHHgMGt7gZlxvPICQNOT3ahiBG+Aepz4lWGmrYx63IZKUaXTK5zMulmdo5u2CPZG1DE4KeZSq2jF/2t2QxAFwRRiWsuXYkXITLBQlDEa5diwhwmSAe9DSyHEA0k0mHxlZp9rpWn4o9OPKmrh/JxIcSDkMPN0ZYNWXi7Wx+V+tFSv/yk0oj2IFnEwX+TGzVGiNU7G6VABRbKgBE0H1rRbpY4GJ0tnNbVF08DjSqTiLGSxDvVhwSoXS3UW+cp3mk0VH6ASdIQddogq6RVVUQwQ9oRf0it6MZ+Pd+DA+p60ZI505RHMyvn4Bfb+hSw==</latexit>✏1 = �✏2 = ✏



M=1 Gauge Theory Partition Function
Simples Case:              single  node

<latexit sha1_base64="RcbWxv4CUujolvrwgncjDwvyBR4="></latexit>

U(N)

<latexit sha1_base64="D5wybhKWvsg1TbGLLsEhpgdlMfA=">AAAB/HicdVDLSgMxFM34rPVVdekmtAgVYcioUzu7ohtXUsFpC+1QMmnahmYeJBmhlvoJrgT9AHfi1n/p2h8x0ypY0QMXDufcy733+DFnUiE0MRYWl5ZXVjNr2fWNza3t3M5uTUaJINQlEY9Ew8eSchZSVzHFaSMWFAc+p3V/cJH69VsqJIvCGzWMqRfgXsi6jGCVSm7x6rCdKyAT2Y5tIYhMG1nOSUocp3xq29Ay0RSFSr519DipDKvt3EerE5EkoKEiHEvZtFCsvBEWihFOx9lWImmMyQD3aFPTEAdUeqPprWN4oJUO7EZCV6jgVP05McKBlMPA150BVn3520vFv7xmorplb8TCOFE0JLNF3YRDFcH0cdhhghLFh5pgIpi+FZI+FpgoHc/cFsUGd2Odyvfr8H9SOzatklm61vGcgxkyYB/kQRFY4AxUwCWoAhcQ0AcP4Ak8G/fGi/FqvM1aF4yvmT0wB+P9EwmVmI8=</latexit>

U(N)

<latexit sha1_base64="AQhyVEIPHcmdy1+aVhE2O3MPL+U="></latexit>

c[n] = [1 + (t/q)n � (t/q)nQn
S �Q�n

S ]
q=t��! [2�Qn

S �Q�n
S ]



M=1 Gauge Theory Partition Function
Simples Case:              single  node

<latexit sha1_base64="RcbWxv4CUujolvrwgncjDwvyBR4="></latexit>

U(N)

<latexit sha1_base64="D5wybhKWvsg1TbGLLsEhpgdlMfA=">AAAB/HicdVDLSgMxFM34rPVVdekmtAgVYcioUzu7ohtXUsFpC+1QMmnahmYeJBmhlvoJrgT9AHfi1n/p2h8x0ypY0QMXDufcy733+DFnUiE0MRYWl5ZXVjNr2fWNza3t3M5uTUaJINQlEY9Ew8eSchZSVzHFaSMWFAc+p3V/cJH69VsqJIvCGzWMqRfgXsi6jGCVSm7x6rCdKyAT2Y5tIYhMG1nOSUocp3xq29Ay0RSFSr519DipDKvt3EerE5EkoKEiHEvZtFCsvBEWihFOx9lWImmMyQD3aFPTEAdUeqPprWN4oJUO7EZCV6jgVP05McKBlMPA150BVn3520vFv7xmorplb8TCOFE0JLNF3YRDFcH0cdhhghLFh5pgIpi+FZI+FpgoHc/cFsUGd2Odyvfr8H9SOzatklm61vGcgxkyYB/kQRFY4AxUwCWoAhcQ0AcP4Ak8G/fGi/FqvM1aF4yvmT0wB+P9EwmVmI8=</latexit>

U(N)

<latexit sha1_base64="AQhyVEIPHcmdy1+aVhE2O3MPL+U="></latexit>

c[n] = [1 + (t/q)n � (t/q)nQn
S �Q�n

S ]
q=t��! [2�Qn

S �Q�n
S ]

<latexit sha1_base64="8J3fJW89UbhAwRlvpw/f/n8Wz3g="></latexit>

ZN,1 = WN (;)
X

↵1,...,↵N

Q|↵1|+...+|↵N |
⌧

 
NY

k=1

#↵k↵k(QS ; ⇢)

#↵k↵k(1; ⇢)

!
Y

1i<jN

T↵j↵i(⇢, S,ba
(1)
1,...,N�1, ✏)

Partition Function: [SH, Iqbal, Rey 2015]
[SH, Filoche 2022]



M=1 Gauge Theory Partition Function
Simples Case:              single  node

<latexit sha1_base64="RcbWxv4CUujolvrwgncjDwvyBR4="></latexit>

U(N)

<latexit sha1_base64="D5wybhKWvsg1TbGLLsEhpgdlMfA=">AAAB/HicdVDLSgMxFM34rPVVdekmtAgVYcioUzu7ohtXUsFpC+1QMmnahmYeJBmhlvoJrgT9AHfi1n/p2h8x0ypY0QMXDufcy733+DFnUiE0MRYWl5ZXVjNr2fWNza3t3M5uTUaJINQlEY9Ew8eSchZSVzHFaSMWFAc+p3V/cJH69VsqJIvCGzWMqRfgXsi6jGCVSm7x6rCdKyAT2Y5tIYhMG1nOSUocp3xq29Ay0RSFSr519DipDKvt3EerE5EkoKEiHEvZtFCsvBEWihFOx9lWImmMyQD3aFPTEAdUeqPprWN4oJUO7EZCV6jgVP05McKBlMPA150BVn3520vFv7xmorplb8TCOFE0JLNF3YRDFcH0cdhhghLFh5pgIpi+FZI+FpgoHc/cFsUGd2Odyvfr8H9SOzatklm61vGcgxkyYB/kQRFY4AxUwCWoAhcQ0AcP4Ak8G/fGi/FqvM1aF4yvmT0wB+P9EwmVmI8=</latexit>

U(N)

<latexit sha1_base64="AQhyVEIPHcmdy1+aVhE2O3MPL+U="></latexit>

c[n] = [1 + (t/q)n � (t/q)nQn
S �Q�n

S ]
q=t��! [2�Qn

S �Q�n
S ]

<latexit sha1_base64="8J3fJW89UbhAwRlvpw/f/n8Wz3g="></latexit>

ZN,1 = WN (;)
X

↵1,...,↵N

Q|↵1|+...+|↵N |
⌧

 
NY

k=1

#↵k↵k(QS ; ⇢)

#↵k↵k(1; ⇢)

!
Y

1i<jN

T↵j↵i(⇢, S,ba
(1)
1,...,N�1, ✏)

Partition Function:

non-perturbative 
contribution

[SH, Iqbal, Rey 2015]
[SH, Filoche 2022]



M=1 Gauge Theory Partition Function
Simples Case:              single  node

<latexit sha1_base64="RcbWxv4CUujolvrwgncjDwvyBR4="></latexit>

U(N)

<latexit sha1_base64="D5wybhKWvsg1TbGLLsEhpgdlMfA=">AAAB/HicdVDLSgMxFM34rPVVdekmtAgVYcioUzu7ohtXUsFpC+1QMmnahmYeJBmhlvoJrgT9AHfi1n/p2h8x0ypY0QMXDufcy733+DFnUiE0MRYWl5ZXVjNr2fWNza3t3M5uTUaJINQlEY9Ew8eSchZSVzHFaSMWFAc+p3V/cJH69VsqJIvCGzWMqRfgXsi6jGCVSm7x6rCdKyAT2Y5tIYhMG1nOSUocp3xq29Ay0RSFSr519DipDKvt3EerE5EkoKEiHEvZtFCsvBEWihFOx9lWImmMyQD3aFPTEAdUeqPprWN4oJUO7EZCV6jgVP05McKBlMPA150BVn3520vFv7xmorplb8TCOFE0JLNF3YRDFcH0cdhhghLFh5pgIpi+FZI+FpgoHc/cFsUGd2Odyvfr8H9SOzatklm61vGcgxkyYB/kQRFY4AxUwCWoAhcQ0AcP4Ak8G/fGi/FqvM1aF4yvmT0wB+P9EwmVmI8=</latexit>

U(N)

<latexit sha1_base64="AQhyVEIPHcmdy1+aVhE2O3MPL+U="></latexit>

c[n] = [1 + (t/q)n � (t/q)nQn
S �Q�n

S ]
q=t��! [2�Qn

S �Q�n
S ]

<latexit sha1_base64="8J3fJW89UbhAwRlvpw/f/n8Wz3g="></latexit>

ZN,1 = WN (;)
X

↵1,...,↵N

Q|↵1|+...+|↵N |
⌧

 
NY

k=1

#↵k↵k(QS ; ⇢)

#↵k↵k(1; ⇢)

!
Y

1i<jN

T↵j↵i(⇢, S,ba
(1)
1,...,N�1, ✏)

Partition Function:

non-perturbative 
contribution

instanton parameter

[SH, Iqbal, Rey 2015]
[SH, Filoche 2022]



M=1 Gauge Theory Partition Function
Simples Case:              single  node

<latexit sha1_base64="RcbWxv4CUujolvrwgncjDwvyBR4="></latexit>

U(N)

<latexit sha1_base64="D5wybhKWvsg1TbGLLsEhpgdlMfA=">AAAB/HicdVDLSgMxFM34rPVVdekmtAgVYcioUzu7ohtXUsFpC+1QMmnahmYeJBmhlvoJrgT9AHfi1n/p2h8x0ypY0QMXDufcy733+DFnUiE0MRYWl5ZXVjNr2fWNza3t3M5uTUaJINQlEY9Ew8eSchZSVzHFaSMWFAc+p3V/cJH69VsqJIvCGzWMqRfgXsi6jGCVSm7x6rCdKyAT2Y5tIYhMG1nOSUocp3xq29Ay0RSFSr519DipDKvt3EerE5EkoKEiHEvZtFCsvBEWihFOx9lWImmMyQD3aFPTEAdUeqPprWN4oJUO7EZCV6jgVP05McKBlMPA150BVn3520vFv7xmorplb8TCOFE0JLNF3YRDFcH0cdhhghLFh5pgIpi+FZI+FpgoHc/cFsUGd2Odyvfr8H9SOzatklm61vGcgxkyYB/kQRFY4AxUwCWoAhcQ0AcP4Ak8G/fGi/FqvM1aF4yvmT0wB+P9EwmVmI8=</latexit>

U(N)

<latexit sha1_base64="AQhyVEIPHcmdy1+aVhE2O3MPL+U="></latexit>

c[n] = [1 + (t/q)n � (t/q)nQn
S �Q�n

S ]
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Contribution of Nekrasov Subfunction can be written as correlation function
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Chern characters in moduli space of instanton
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Chern characters in moduli space of instanton
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Summary and Conclusions
Studied dualities in a class of Little String Orbifolds:

partition function             compute as topological string partition function on   XN,MZN,M

weak coupling regions give rise to different (but equivalent) expansions of              that can              ZN,M

be interpreted as instanton partition functions, dualities:

[U(M)]N () [U(M 0)]N
0 NM = N 0M 0

gcd(N,M) = gcd(N 0,M 0)for

non-perturbative symmetries from geometric transformations of XN,M

non-trivial action on quiver algebra
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Future directions: 

extension to more general quiver and gauge groups

generalisation beyond free energy and partition function 

extension to further (phenomenologically realistic) theories 

XN,M
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