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Overview of talk

What are automorphic Lie algebras?

Motivation/history

Classification of automorphic Lie algebras on complex tori1

1Vincent Knibbeler, Sara Lombardo, and Casper Oelen. “Automorphic Lie algebras
on complex tori”. In: Proceedings of the Edinburgh Mathematical Society (to appear)
(2024).
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What are automorphic Lie algebras?

Let X be a Riemann surface and g be a complex finite-dimensional,
semisimple Lie algebra. Automorphic Lie algebras (aLias) are defined as
Lie algebras of meromorphic maps

X → g,

with the following properties:

1 Lie structure [f , g ](p) = [f (p), g(p)], p ∈ X

2 holomorphic outside a set of punctures

3 equivariant with respect to a group Γ acting on X and g by
automorphisms
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Automorphic Lie algebras generalise various Lie algebras

(twisted) loop algebras, (twisted) current algebras, Onsager algebras

Appear in integrable systems (e.g. reduction of Lax pairs)

Applications in geometric deep learning2

2Vincent Knibbeler. “Computing equivariant matrices on homogeneous spaces for
geometric deep learning and automorphic Lie algebras”. In: Advances in Computational
Mathematics 50.2 (2024), p. 27.
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The ingredients of an automorphic Lie algebra are:

Finite-dimensional complex Lie algebra g

Riemann surface X

Discrete group Γ acting on X and g via faithful homomorphisms

ρ : Γ → Aut(g), σ : Γ → Aut(X )

The algebra OX of meromorphic functions on X holomorphic on
X := X \ S , with σ(Γ)S ⊂ S

Alternative definition aLias

An aLia is a fixed point Lie subalgebra of g⊗C OX with respect to the
action γ · (A⊗ f (z)) = ρ(γ)A⊗ f (σ(γ)−1z), γ ∈ Γ:

(g⊗C OX)
ρ⊗σ(Γ) = {a ∈ g⊗C OX : γ · a = a for any γ ∈ Γ}.
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Twisted loop algebras

Let g be a simple finite-dimensional Lie algebra over C and C[z , z−1] the
space of Laurent polynomials. Let ρ be an order n automorphism of g.

Form the Loop algebra L(g) = g⊗C C[z , z−1] with bracket
[A⊗ f ,B ⊗ g ] := [A,B]⊗ fg .

L(g) is the Lie algebra of Laurent polynomials f : C \ {0} → g.

The twisted loop algebra L(g, ρ) is the space of equivariant maps
f : C \ {0} → g:

ρf (z) = f (ϵz), ϵn = 1.

Kac (1969) proved that for any inner automorphism ρ, there is an
isomorphism

L(g, ρ) ∼= g⊗C C[z , z−1]

of Z-graded Lie algebras. The isomorphism can be written as

(g⊗C C[z , z−1])Cn ∼= g⊗C C[z , z−1]Cn ∼= g⊗C C[z , z−1].
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History/Motivation

The notion of reduction group was introduced by A.V. Mikhailov in the
context of reduction of Lax pairs [Mik80].

Certain “elliptic automorphic Lie algebras” appear in the works of
Reiman and Semenov-Tyan-Shanskii [RSTS89] and Uglov [Ugl94]

ALias as a subject on its own was introduced by Mikhailov and
Lombardo in [LM04],[LM05]. Further work related to integrable
systems by Bury and Mikhailov [BM21]

Algebraic development by Knibbeler and Lombardo with Sanders
[KLS20], [KLS17], with Veselov [KLV22] and with Oelen [KLO24]

In algebra, aLias are known as equivariant map algebras, introduced
by Neher, Savage and Senesi [NSS12]

The classification of aLias is part of the programme of classifying Lax
operators and hence of classifying integrable systems.
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Motivation for aLias with genus ≥ 1

Suppose one wants to construct a Lax pair L(z),M(z) ∈ g on a curve of
genus g . It is known that for g ≥ 1, there is an obstruction as a
consequence of the Riemann-Roch Theorem. Generically:

number of equations > number of variables

whenever g ≥ 1. Possible ways to resolve this:

1 Tyurin parameters

2 Impose symmetry to obtain consistent system

Point 2 is related to aLias. We demand that L(z),M(z) satisfy

ρ(γ)L(σ(γ)−1z) = L(z), ρ(γ)M(σ(γ)−1z) = M(z),

where ρ, σ represent the actions of the reduction group Γ.
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The goal

Classify
(g⊗C OT)

ρ⊗σ(Γ),

where ρ : Γ → Aut(g) and σ : Γ → Aut(T ) are (faithful) homomorphisms.
The programme is:

Classify groups Γ that can be faithfully embedded in both Aut(g) and
Aut(T )

Classify the embeddings ρ and σ

Compute ring of invariants OΓ
T

In certain cases we can construct an intertwining map that allows us to
find explicit normal forms and classify aLias

(g⊗C OT)
K ,

where K ◁ Γ.

Classify (g⊗C OT/K )
Γ/K
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Different geometries

The case of genus 0: Intensively studied over the past two decades
[LS10], [KLS20]

Hyperbolic: Automorphic Lie algebras of modular type: [KLV22]

Flat geometry: Genus 1 case - the topic of this talk [KLO24]
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The classification of (sl2 ⊗C OT)
Γ

Let τ ∈ H := {z ∈ C : Im(z) > 0}. The following Lie algebras appear in
the classification:

1

Cτ = sl2(C)⊗C C[x , y ]/(y2 − 4x3 + g2(τ)x + g3(τ)),

with Lie structure inherited from sl2(C).
2

Sτ = C⟨E ,F ,H⟩ ⊗C C[x ],

with Lie structure (linear over C[x ])

[H,E ] = 2E , [H,F ] = −2F , [E ,F ] = H ⊗ (4x3− g2(τ)x − g3(τ)).

3 The Onsager algebra O
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The Lie algebras that appear in the classification of

(sl2 ⊗C OT)
ρ⊗σ̃(Γ)

fall into three (pairwise non-isomorphic) classes determined by the branch
points of the canonical projection

π : T → T/Γ.

# branch points Lie algebra

0 C[τ ]

2 O
3 S[τ ]

Table: Lie algebra associated to the number of branch points of the quotient map
T → T/Γ.

dimA/[A,A] = #(branch points of π)

C[τ ]
∼= C[τ ′] ⇐⇒ [τ ] = [τ ′]

[τ ] = [τ ′] =⇒ S[τ ]
∼= S[τ ′], but S[τ ]

∼= S[τ ′]
?

=⇒ [τ ] = [τ ′]
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Classification of Γ

The group Aut(T ) of biholomorphic automorphisms of a torus T is

Aut(T ) = Aut0(T )⋉ t(T ),

where t(T ) = subgroup of translations of T and Aut0(T ) is the subgroup
of automorphisms that fix 0.
Finite subgroups of Aut(T ) are of the form

Cℓ ⋉ (CN × CM),

for some ℓ ∈ {1, 2, 3, 4, 6} and N,M ∈ Z≥1. The finite groups that may
embed simultaneously in Aut(sl2) and Aut(T ) are given by

1⋉ CN , C2 ⋉ CN
∼= DN , C3 ⋉ (C2 × C2) ∼= A4, Cℓ ⋉ 1,

using Klein’s classification of finite subgroups of Aut(sl2).
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Classification of subgroups of Aut(T )

The subgroups of Aut(T ) which are isomorphic to one of the finite groups
of our list are classified by the following list, up to conjugation.

1 CN = ⟨r : rN = 1⟩,
1 Cℓ ⊂ Aut0(T ), r(z) = e2πi/ℓz (ℓ ∈ {2, 3, 4, 6)}).
2 CN ⊂ t(T ), r(z) = z + α (α is a N-torsion point in T ).

2 DN = ⟨s, r : s2 = rN = 1, (sr)2 = 1⟩,
1 C2 × C2 ⊂ t(T ), s(z) = z + τ/2, r(z) = z + 1/2.
2 C2 ⋉ CN ⊂ Aut0(T )⋉ t(T ), s(z) = −z , r(z) = z + α

(α is a N-torsion point in T ).

3 A4 = ⟨s, r1, r2 : s3 = r21 = r22 = 1, sr1s
−1 = r1r2 = r2r1, sr2s

−1 = r1⟩,
τ = e2πi/3,

s(z) = e2πi/3z , r1(z) = z + 1/2.
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Automorphic functions

Algebras of automorphic functions OΓ
T play a prominent role in computing

aLias. Let T = C/Λ. For Γ in our list:

OCN
T = C[℘, ℘′], where g(T/CN) = 1

OCℓ
T =


C[℘], ℓ = 2

C[℘′], ℓ = 3

C[℘2], ℓ = 4

C[℘3], ℓ = 6

,where g(T/Cℓ) = 0

OC2×C2
T = C[℘ 1

2
Λ, ℘

′
1
2
Λ
]

ODN
T = C[℘]

OA4
T = C[℘′

1
2
Λω6

]

Casper Oelen (Heriot-Watt University) Automorphic Lie Algebras on Complex Tori 2024 15 / 38



Example 1: Landau-Lifshitz equation

The aLia with Γ = C2 × C2 plays a prominent role in integrable systems:

Appears in Sklyanin’s Lax pair for the Landau-Lifshitz equation

The Landau-Lifshitz equation

St = S × Sxx + S × JS ,

can be written as the compatibility condition [L,M] = 0 where

L(z) = ∂x − (iS1A1 + S2A2 + iS3A3),

M(z) = ∂t −
1

2
(iU1A1 + U2A2 + iU3A3 + iS1A

′
1 + S2A

′
2 + iS3A

′
3),

with U = S × Sx . Ak ,A
′
k form a basis of (sl2 ⊗C OT)

C2×C2 over C[℘ 1
2
Λ]:

(sl2 ⊗C OT)
C2×C2 =

3⊕
k=1

C[℘ 1
2
Λ]Ak ⊕ C[℘ 1

2
Λ]A

′
k
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Example 2: Onsager’s algebra

Onsager’s algebra: Used in the solution of the 2D Ising model. O is
generated by Ak ,Gm with brackets

[Ak ,Al ] = 4Gk−l ,

[Ak ,Gm] = 2(Ak−m − Ak+m),

[Gm,Gn] = 0,

with G−m = −Gm (m > 0) and G0 = 0.

Theorem (Knibbeler, Lombardo, Veselov (21’))

O ∼= C⟨h, e, f ⟩ ⊗C C[J]

with Lie structure

[h, e] = 2e, [h, f ] = −2f , [e, f ] = h ⊗ J(J − 1).
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Elliptic realisation of Onsager’s algebra

Theorem ((Genus 0 case) Knibbeler, Lombardo, O (24’))

Let ρ : Cℓ → Aut(sl2) and σ : Cℓ → Aut(T ) be monomorphisms and
assume that g(T/σ(Cℓ)) = 0. Then

(sl2 ⊗C OT)
ρ⊗σ̃(Cℓ) ∼= O,

if and only if ℓ ∈ {3, 4, 6}.

For example, letting σ(r)z = ω3z , we have

(sl2 ⊗C OT)
σ(Cℓ) = C⟨e ⊗ ℘, f ⊗ ℘2, h⟩ ⊗C C[℘′],

where e, f , h is the standard basis of sl2.

Notice
(sl2 ⊗C OT)

Cℓ ̸∼= sl2 ⊗C OCℓ
T
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Constructing intertwiners

Suppose that we can find Ψ : T → AutOT(g⊗OT) such that

1 Ψ is meromorphic on T and holomorphic on T \ Γ · {0}
2 Ψ(σ(γ)z) = ρ(γ)Ψ(z)

3 det(Ψ(z)) = 1

Then
g⊗OT = Ψ(z)(g⊗OT) = Ψ(z)(g)⊗OT ∼= g⊗OT.

Hence

(g⊗OT)
Γ ∼= g⊗OΓ

T. (1)

For this to apply, it is necessary that Γp = 1 for all p ∈ T (i.e. T → T/Γ
has no branch points). Indeed, if Γp ̸= 1, then the evaluation
representation

evp : (g⊗OT)
Γ → gΓp

evaluates to a lower dimensional Lie subalgebra of g.
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Strategy for Γ = CN : Look for a matrix Ωj(z) ∈ SL2(C) such that

Ωj(z + α) =

(
ωj
N 0

0 ω−j
N

)
Ωj(z),

where α ∈ T N-torsion point and j ̸≡ N/2 mod N. Introduce

Ωj(z) =

(
φ−j(z)

1
µφj(z)φ−2j(z) +

λ
2µφ−j(z)

φj(z)
1
µφ−j(z)φ2j(z)− λ

2µφj(z)

)
,

where λ, µ ∈ C and

φj(z) =
N−1∑
k=0

℘′(z − kα)

ωkj
N (℘(z − kα)− ℘(α))

, (α N-torsion point)

℘ is the Weierstrass p-function associated to the appropriate lattice

φj (j ̸= 0) has simple poles in Zα and φj(z + α) = ω−j
N φj(z)

Ωj is a meromorphic map T → SL2(C), holomorphic on T
Ωj(z + α) = diag(ωj

N , ω
−j
N )Ωj(z)
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Theorem (Genus 1 case. Knibbeler, Lombardo, O (24’))

Let ρ : CN → Aut(sl2) and σ : CN → t(T ) be monomorphisms. Then

(sl2 ⊗C OT)
ρ⊗σ̃(CN) ∼= sl2 ⊗C Oσ̃(CN)

T .

A normal form is given by

(sl2 ⊗C OT)
ρ⊗σ̃(CN) = C⟨E ,F ,H⟩ ⊗C C[℘Λ, ℘

′
Λ],

where Λ is a suitable lattice, and with brackets

[H,E ] = 2E , [H,F ] = −2F , [E ,F ] = H,

where E ,F and H are the images under Ad(Ωj), for some integer j ̸≡ 0
mod N/2, of e ⊗ 1, f ⊗ 1 and h ⊗ 1, respectively.
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An explicit basis for (sl2 ⊗C OT)
ρ⊗σ̃(CN)

Let

Hj = Ad(Ωj(z))

(
1 0
0 −1

)
, Ej = Ad(Ωj(z))

(
0 1
0 0

)
,

and

Fj = Ad(Ωj(z))

(
0 0
1 0

)
.

Hj =
1

µ

(
φ2
−jφ2j + φ−2jφ

2
j −2φ−jφjφ−2j − λφ2

−j

2φ−jφjφ2j − λφ2
j −φ2

−jφ2j − φ−2jφ
2
j

)
,

Ej =

(
−φ−jφj φ2

−j

−φ2
j φ−jφj

)
,

and

Fj =
1

4µ2

(
4φ−jφjφ−2jφ2j + λ2φ−jφj + 2λµ −4φ2

j φ
2
−2j − 4λφ−jφjφ−2j − λ2φ2

−j

4φ2
−jφ

2
2j − 4λφ−jφjφ2j + λ2φ2

j −4φjφ−jφ2jφ−2j − λ2φ−jφj − 2λµ

)
.
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Higher dimensional base Lie algebras

For certain representations CN → Aut(sln), we can obtain intertwiners in
a simple way, using the construction for n = 2. For example, for n odd we
define

Ω̃(z) = diag(1,Ωj1(z), . . . ,Ωjm(z)).

We still have det(Ω̃(z)) = 1 and

Ω̃(z + α) = RΩ̃(z),

where α ∈ T is a N-torsion point and R = 1⊕ Rj1 ⊕ · · · ⊕ Rjm . Hence

(sln ⊗C OT)
CN ∼= sln ⊗C OCN

T .
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Γ = DN

Corollary (Knibbeler, Lombardo, O (24’))

Let ρ : DN → Aut(sl2) and σ : DN → Aut(T ) be monomorphisms. Then

(sl2 ⊗C OT)
ρ⊗σ̃(DN) ∼= Sτ ,

for some τ ∈ H. A normal form is given by

(sl2 ⊗C OT)
ρ⊗σ̃(DN) = C⟨Ẽ , F̃ , H̃⟩ ⊗C C[℘Λ],

where Λ is a suitable lattice and Ẽ = E ⊗ ℘′
Λ, F̃ = F ⊗ ℘′

Λ and H̃ = H.
The Lie structure is given by

[H̃, Ẽ ] = 2Ẽ , [H̃, F̃ ] = −2F̃ , [Ẽ , F̃ ] = H̃ ⊗ (4℘3
Λ − g2℘Λ − g3). (2)
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Γ = C2 × C2 setup

Any representation ρ : C2 × C2 → Aut(sl2) is equivalent to

ρ(r1) = Ad(T1), ρ(r2) = Ad(T2),

where T1 =

(
1 0
0 −1

)
and T2 =

(
0 1
1 0

)
. Suppose we look for matrix

valued function Ω : T → GL2(C) which is C2 × C2-equivariant:

Ω(z + 1
2) = T1Ω(z), Ω(z + τ

2 ) = T2Ω(z),

for all z ∈ T. There is an obstruction. One way around this: Look instead
for

Ω : C → Mat2×2(C),

Ω(z + 1
2) = T1Ω(z), Ω(z + τ

2 ) = f (z)T2Ω(z),

where f : C → C is some function.
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Γ = C2 × C2 setup

Let τ ∈ H and define the theta functions with characteristics

θa,b(z |τ) =
∑
k∈Z

exp
{
πiτ(k + a)2 + 2πi(k + a)(z + b)

}
,

where a, b ∈ Q. This defines a holomorphic, quasi-periodic function on C:

θa,b(z + 1|τ) = e2πiaθa,b(z |τ), θa,b(z + τ |τ) = e−πi(2z+2b+τ)θa,b(z |τ).

The Jacobi Theta functions are defined by

θ1(z |τ) = −θ 1
2
, 1
2
(z |τ), θ3(z |τ) = θ0,0(z |τ),

θ2(z |τ) = θ 1
2
,0(z |τ), θ4(z |τ) = θ0, 1

2
(z |τ).
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Γ = C2 × C2 setup

Define

Ω(z) =

θ3(2z |2τ) (
θ23(0|2τ)

θ4(2z|2τ)
θ1(2z|2τ) + θ22(0|2τ)

θ1(2z|2τ)
θ4(2z|2τ)

)
θ2(2z |2τ)

θ2(2z |2τ)
(
θ23(0|2τ)

θ1(2z|2τ)
θ4(2z|2τ) + θ22(0|2τ)

θ4(2z|2τ)
θ1(2z|2τ)

)
θ3(2z |2τ)

 .

Then

1 Ω(z + 1
2) = T1Ω(z)

2 Ω(z + τ
2 ) = e−πi(2z+

τ
2 )T2Ω(z)

3 detΩ(z) = −θ22(0|τ)θ1(2z |τ)

Proposition

For Ω as above:
Ad(Ω) ∈ AutOT(sl2 ⊗C OT)
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Denote by h, e, f the standard basis of sl2.

Theorem (Knibbeler, Lombardo, O (24’))

Let ρ : C2 × C2 → Aut(sl2) and σ : C2 × C2 → Aut(T ) be
monomorphisms and assume that g(T/σ(C2 × C2)) = 1. Then

(sl2 ⊗C OT)
ρ⊗σ̃(C2×C2) ∼= sl2 ⊗C Oσ̃(C2×C2)

T .

A normal form is given by

(sl2 ⊗C OT)
ρ⊗σ̃(C2×C2) = C⟨H,E ,F ⟩ ⊗C C[℘ 1

2
Λ, ℘

′
1
2
Λ
]

with
[H,E ] = 2E , [H,F ] = −2F , [E ,F ] = H,

where H = Ad(Ω)h, E = Ad(Ω)e, F = Ad(Ω)f .
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The explicit generators of (sl2 ⊗C OT)
C2×C2

Write θj for θj(0|τ), j = 1, 2, 3, 4.

H(z) = − 1

θ22

(
− θ42

θ3θ4
λ3(z)λ4(z) −θ2ψ−(z)λ2(z)

θ2ψ+(z)λ2(z)
θ42
θ3θ4

λ3(z)λ4(z)

)
,

E (z) = − 1

2θ22

(
−θ2λ2(z) θ3λ3(z) + θ4λ4(z)

−θ3λ3(z) + θ4λ4(z) θ2λ2(z)

)
,

F (z) = − 1

2θ22

(
θ2ψ−(z)ψ+(z)λ2(z) −ψ−(z) (θ3λ3(z)− θ4λ4(z))

ψ+(z) (θ3λ3(z) + θ4λ4(z)) −θ2ψ−(z)ψ+(z)λ2(z)

)
,

where ψ± = ± θ24
θ3
λ3(z)−

θ23
θ4
λ4(z) and λj(z) =

θj (2z|τ)
θ1(2z|τ) .
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Γ = A4

Theorem (Knibbeler, Lombardo, O (24’))

Let T ∼= Tω6 and ρ : A4 → Aut(sl2) and σ : A4 → Aut(T ) be
monomorphisms. Let T = T \A4 · {0}. There is the following isomorphism
of Lie algebras:

(sl2 ⊗C OT)
ρ⊗σ̃(A4) ∼= O,

where O is the Onsager algebra. A normal form is given by

(sl2 ⊗C OT)
ρ⊗σ̃(A4) = C⟨E ⊗ ℘ 1

2
Λω6

,F ⊗ ℘2
1
2
Λω6

,H⟩ ⊗C C[℘′
1
2
Λω6

],

where E ,F ,H are the generators of the C2 × C2-aLia.
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A summary

Our classification of (sl2 ⊗C OT)
Γ can be summarised in the following

table:

0 2 3

C2 Cτ Sτ

CN , N = 3, 4, 6 Cτ O
CN , N ̸= 2, 3, 4, 6 Cτ

C2 × C2 Cτ Sτ

DN , N ≥ 3 Sτ

A4 O

Table: Isomorphism classes of aLias for each symmetry group Γ and each number
of branch points of the quotient map T → T/Γ.

Casper Oelen (Heriot-Watt University) Automorphic Lie Algebras on Complex Tori 2024 31 / 38



The Lie algebras Sτ : Some remarks

For Cτ we had Cτ
∼= Cτ ′ ⇐⇒ Tτ

∼= Tτ ′ . For Sτ we know that

Tτ
∼= Tτ ′ =⇒ Sτ

∼= Sτ ′ .

It remains a conjecture that the other direction holds as well. The
question boils down to studying the Lie algebras

Sλ(τ) := (sl2 ⊗C C[x ])λ(τ)

with Lie structure
[H,E ] = 2E , [H,F ] = −2F

and
[E ,F ]λ(τ) := H ⊗ x(x − 1)(x − λ(τ)),

where λ is the modular Lambda function.
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Outlook

ALias (genus 1 case) (g⊗C OT)
Γ have been classified for g = sl2. Current

research related to this is focused on

1 Extending the classification to g semisimple and
Γ = 1⋉ (CN × CM) ⊂ Aut(T )

2 Proving or disproving (g⊗C OT)
Γ ∼= g⊗C OΓ

T whenever Γ ↪→ Aut(T )
is embedded without fixed points

3 Applying in the context of elliptic Lax pairs
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Thank you for listening!
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