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Timeline

Clausen duplication (1828)
F a, b | 2_F 22 a+tb 2b‘
2 lavb+11%]) T3 avb+ion!”
Schlafli formula (1876)
—, nx - n — . n
oF1 |:g \ *] oF1 |:g *y} :/ oF1 |:g | =(x+y+2yxy <e,pn >)} dp
2 2 2 2 sn—1 2 2
Sonine-Gegenbauer formula (1880; 1884)

xX+y
1 Jo(z)zdz

— , x<yeR
21 \/X4+y4+z4f2xzy272x22272y222
x=y

Jo(x)o(y) =

Kontsevich (2007)
(Brof(t)odr+t)p=Ap, f(t)=t>+A2+1t

(a0 = [ %d P(x.y. 2) = discre [F(£) — (t — x)(t — y)(t — 2)]

Volodya Roubtsov LAREMA UMR 6093 du CNRS, Higher Bessel Functions: 1 Year Later



Exhibit the motivic nature of multiplication kernels on the very explicit
example of the kernels for these N-Bessel functions
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Exhibit the motivic nature of multiplication kernels on the very explicit
example of the kernels for these N-Bessel functions

i.e. write these kernels as periods of some algebraic families
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Object of study

N—Bessel or PN=1—Quantum DO:

N
(Xi> V- AxV¥V =0

dx
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Object of study

N—Bessel or PN=1—Quantum DO:

Il
o

d\N
(X—) v — AxV
dx

oo

(DN(X):Z% =

i=0

Analytic solution
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Object of study

N—Bessel or PN=1—Quantum DO:

dx

N
(Xi> V- AxV¥V =0

Analytic solution

oo

(DN(X):Z% =

i=0

N—1
1 dY; dY- dY
:ﬁ}{em > 7 — AL AL
(271'1) - P YiYo... YN,1 Y1 Y2 YN,:[
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Object of study

N—Bessel or PN=1—Quantum DO:

dx

N
(Xi> V- AxV¥V =0

Analytic solution

oo

(DN(X):Z% =

i=0

N—1
1 dY; dY- dY
:ﬁ}{em > 7 — AL AL
(271'1) - P YiYo... YN,1 Y1 Y2 YN,:[

Multiplication Kernels:

ONOONO) = § Ky O 2) E
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And more general

On(x)Pn(2) - . Dy (xem) :%K,(Vm)(xl,xg,...Xm|z)¢N(z)£

z
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0 Previous Year reminder

© NV-Bessel kernels as periods

e Singularities: Landau Discriminants, Buchstaber-Rees

@ Integrality properties: computer experiments

© Connections
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Previous Year reminder

Previous Yea inder
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Duplication kernels

Consider a "diagonal” x = y in order to get one dimensional families

us Year
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Duplication kernels

Consider a "diagonal” x = y in order to get one dimensional families

Convolution of power series and explicit numbers

us Year
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Duplication kernels

Integral transformation to Sym? of DE

On(x)? = 7{ KN(x/z)(DN(z)

Previous Year nder
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Duplication kernels

Integral transformation to Sym? of DE

On(x)? = 7{ KN(x/z)(DN(z)

For N = 2 — Clausen duplication

1 dz
Do(x)2 = — P Dy(z2)—
2 = 5 f Ok
which leads to
3 xd
(07 — 4x 0 — 2x)D2(x)° =0, Ox = —
dx

Previous Year reminder
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Duplication kernels via multiplicative convolution

Taking the "diagonal” y = x we obtain the Clausen duplication formula

o0 Xn 2 o0 " n N
o= (5 2) ~S e w- 500

n=0 n=0 k=0

Previous Yea inder
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Duplication kernels via multiplicative convolution

Taking the "diagonal” y = x we obtain the Clausen duplication formula

oo Xn 2 oo " n N
ont = (3 5] =55 =350

n=0 n=0 """ k=0

o) . o0 .
Hadamard product: f(x) = > ajx/ and g(x) = > bjx/
j=0 j=0

(F+£)0) = 5.2 § Fx/0e() Z(aj by

2mi

Previous Year reminder
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Duplication kernels via multiplicative convolution

Taking the "diagonal” y = x we obtain the Clausen duplication formula
> X" 2 > ¢ L mN
2 _ _ n..n —
ou = (S 25) =S =3 ()
n=0 n=0 k=0

o) . o0 .
Hadamard product: f(x) = > ajx/ and g(x) = > bjx/
j=0 j=0

(F + g)(x) = 2%?{ (x/t)g(t Z(aj b)x.

Then
Op(x)? = Dy (x) * D cnx" = by (x) x K(x) = i f K(x/t)bn(t)dt/t
n=0

Previous Year reminder
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Duplication kernels via multiplicative convolution

Taking the "diagonal” y = x we obtain the Clausen duplication formula

oo Xn 2 oo " n N
ont = (3 5] =55 =350

n=0 n=0 """ k=0

o) . o0 .
Hadamard product: f(x) = > ajx/ and g(x) = > bjx/
j=0 j=0

(F + g)(x) = 2%?{ (x/t)g(t Z(aj b)x.

Then
Op(x)? = Dy (x) * D cnx" = by (x) x K(x) = i f K(x/t)bn(t)dt/t
n=0

K(x/z) = K(x,x|z) is a generating function of ¢,

Previous Year reminder
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Binomial coefficient sums
o0 n n N
Kn(t) =" [ <k) ] ", t=x/z

N = 2 - Clausen duplication for Bessel
1
Vv1-—4t

N = 3 - Apéry like sequence of type A (D. Zagier). Heun function

Ka(x) =

t(t+1)(8t — 1)K + (2482 + 14t — 1)K + (8t +2)K =0

Generic N > 1: period from Landau-Ginzburg model

N—1 N—1
w=Jla+v)+J[a+v™
i=1 i=1

Corresponding family and its period

1 dvidYs dYn_:

1
Vy =1/t, Kn(t) = nngr  aIN-1
n=1/ w(®) (2mi)N—1 fé 1—-tVy Y1 Vs N1
TN—1

Previous Year reminder
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Picard-Fuchs operators

N=2 (4t—1)6:+ 2t,

N=3 (t+1)(8t—1)82+t(16t+7)0; + 2t(4t + 1),

N =4 (16t —1)(4t+ 1)03 4 6t(32t + 3)62 + 2t(94t + 5)6; + 2t(30t + 1),

N =5 (32t —1)(4t — 7)%(t? — 11t — 1)07 + 2t (4t — 7)(256t> — 2084t% 4 4942t + 143)03 +
t(3072t* — 2302413 + 7256812 — 102261t — 1638)02+
t(2048t* — 12896t% 4 30072t> — 66094t — 637)0;+
2t(256t% — 1472t% 4 1904t> — 7868t — 49),

N=6 (t—1)(27t+1)(64t — 1)(75t> + 1420t> + 561t + 9)¢°+
+ (842400t° + 18022725t° — 1363487t* — 4622791t> — 12755112 — 1977t — 9)6+
+ 5t(452880t° + 10962507t* + 249154413 — 1779376t> — 46584t — 168)07 +
+ 5t(644760t% + 17135271t + 6994741t> — 1716533t% — 56024t — 96)63+
+2t(1282500t5 + 36696915t* + 19164721t> — 2088858t — 100236t — 72)6%+
+ 2t(540900t° 4 16436910t* + 9826066t> — 428487t> — 38811t — 9)0;+
+ 12t%(15750t* + 5031753 + 327205t — 1845t — 1044).

Previous Year reminder
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Picard-Fuchs operators

odDyr |1 | 2|3 | 4|6 |8 | 10| 12| 15| 18 | 21 | 24 | 28 | 32 | 36 | 40

Previous Year reminder
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Picard-Fuchs operators

N 2134|567 8 9 10 | 11 | 12 | 13 | 14 | 15 | 16 | 17
odDyr |1 | 2|3 | 4|6 |8 | 10| 12| 15| 18 | 21 | 24 | 28 | 32 | 36 | 40

Number of unipotent blocks increase on each fifth iteration

Previous Year reminder
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Picard-Fuchs operators

N 2134|567 8 9 10 | 11 | 12 | 13 | 14 | 15 | 16 | 17
odDyr |1 | 2|3 | 4|6 |8 | 10| 12| 15| 18 | 21 | 24 | 28 | 32 | 36 | 40

Number of unipotent blocks increase on each fifth iteration

1 1/20 1/31 1/41 1/5! 1/60 0 O
0 1 1/21 1/31 1/4 1/5 0 0
0 0 1 1/20 1/3! 1/48 0 0
y® 0 o0 0 1 1/20 1/31 0 0
0 0 o 0 0 1 1/20 0 0
0 0 0 0 0 1 0 o0
0 o 0 0 0 0 1 1/21
0 0 0 0 0 0 0 1

Previous Year reminder
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Mirror maps

q—3¢°+3q¢% +5q* — 18¢° + 15¢° + 24¢" — 75¢% + 57¢° + 864'° + O(qu)

=2 =2 =2
Il
o o~ W

q—4q% — 6G° + 564" — 45¢° — 360¢° + 894" + 960¢° — 6951¢° + 46604 + O (g'?)
q —5q¢° — 40q° + 115q* — 645q¢° — 128464% — 177350q" —

— 2574585q° — 44198680¢° — 736554815¢'° + O (g'!)

N=6 g-6q°—135q> —380g* — 24960q° — 6963664°—

— 26153302q" — 9018881044° — 35369115894¢° — 1381135576280q¢° + O (q'!)
q—7q° — 371q° — 4543q"* — 3786374 — 20096783q° — 1568975093q"
—1123103050314¢® — 9251250532328¢° — 758736375700793¢"° + O (q'!)

Previous Year reminder
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N-Bessel kernels as periods

N-Bessel kernels as periods
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Kn(x,y|z) are periods of P2-families of algebraic varieties

essel kernels as pel
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Kn(x,y|z) are periods of P2-families of algebraic varieties

K,(Vm)(xl7 X2 ...Xm|z) are periods of P™-families

N-Bessel kernels as periods
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Let
N—1 N—1
Wn(xy,2)=x [[a+Y)+y [[a+Y ) -z=0
j=1 j=1
Define
N—1
1 1 dyY;
K ,2) = -
N(ny Z) (27”')N71 ‘7{ WN(x,y,Z|Y) i YJ

N-Bessel kernels as periods
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Let
N—1 N—1
Wn(xy,2)=x [[a+Y)+y [[a+Y ) -z=0
j=1 j=1
Define
N—1
1 1 dyY;
K ,2) = -
N(ny Z) (27”')N71 ‘7{ WN(x,y,Z|Y) i YJ

Theorem (l. Gaiur, V.R., D. van Straten) Ky(x, y,z) is a kernel for N-Bessel function

N-Bessel kernels as periods
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Let
N—1 N—1
Wn(xy,2)=x [[a+Y)+y [[a+Y ) -z=0
j=1 j=1
Define
N—1
1 1 dyY;
K ,2) = -
N(ny Z) (27”')N71 ‘7{ WN(x,y,Z|Y) i YJ

Theorem (l. Gaiur, V.R., D. van Straten) Ky(x, y,z) is a kernel for N-Bessel function
N—1

y
Wi(x,y,z|Y) = 14+Y,; (X+7)7ZZO
n(x,y,2|Y) jl:[l( 7) YiYa.. Yn_1

N-Bessel kernels as periods
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Let
N—1 N—1
Wn(xy,2)=x [[a+Y)+y [[a+Y ) -z=0
j=1 j=1
Define
N—1
1 1 dyY;
K ,2) = -
N(ny Z) (27”')N71 ‘7{ WN(x,y,Z|Y) i YJ

Theorem (l. Gaiur, V.R., D. van Straten) Ky(x, y,z) is a kernel for N-Bessel function
N—1

y
Wi(x,y,z|Y) = 14+Y,; (X+7)7ZZO
n(x,y,2|Y) jl:[l( 7) YiYa.. Yn_1

Proof: Kontsevich-Odesskii formal power series for kernel + combinatorics

A+ kN oy
KN(X:Y’Z):Z< k ) J+k
ik “

N-Bessel kernels as periods
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Multi-Kernels

Multi-product

O () PN () - .. Dy (1) O (xm) = 2%,?fKN(xl,xz,...xm|z)¢,v(z)%.

N-Bessel kernels as periods
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Multi-Kernels

Multi-product

O () PN () - .. Dy (1) O (xm) = 2%,?fKN(xl,xz,...xm|z)¢,v(z)%.

Kn(x1,x2, . .. xm |2) is a convolution of Ky(x, y|z) with itself m — 2 times

ssel kernels as periods
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Multi-Kernels

Multi-product

O () PN () - .. Dy (1) O (xm) = 2%,?fKN(xl,xz,...xm|z)¢,v(z)%.

Kn(x1,x2, . .. xm |2) is a convolution of Ky(x, y|z) with itself m — 2 times

Theorem (l. Gaiur, V.R., D. van Straten) Kernel Ky(x1, x2,...xm |2) is a period of

N-1 m—1 m—1N—1
Wlslm)(xl,,,.xm,z)—H<1+Zyj(/)>. X1+ZH£ —z=0,

j=1 =1

U]
K, . Xm|Z) = q
N(X1, X2, « + . Xm |2) (2ri)N—1 7{ WIEIm)(Xl X0 Xm, Z) H y(
b ) b J

N-Bessel kernels as periods
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Multi-Kernels

Multi-product

O () PN () - .. Dy (1) O (xm) = 2%,?fKN(xl,xz,...xm|z)¢,v(z)%.

Kn(x1,x2, . .. xm |2) is a convolution of Ky(x, y|z) with itself m — 2 times

Theorem (l. Gaiur, V.R., D. van Straten) Kernel Ky(x1, x2,...xm |2) is a period of

N—1 m—1 moIN-1
Wlslm)(xl,...xm,z): H <1+ Z Yj(/)> S ox+ Z H pax] —z=0,

I
j=1 I=1 =1 j=1 Yj( )
i.e. 0
1 1 dyY;
Kn(x1,x2,...xm|2z) = - 7{ J
m (2TI'I)N*1 WIE,m)(Xl,XL---vaZ) RJ: YJ(I)

Proof: Similar to the multiplication one

N-Bessel kernels as periods
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Related Examples: Watson formula

In Watson (13.46, formula (9))

o0 4 1 %K(\/alzw), ‘\/31228334 <1
/ Jo(anA)AdX = = L K( A )

o ,
0 i 31322324 a1ara3as

K (k) is complete elliptic integral of the first kind

4
16A% = H(al + a2 + a3 + as — 2ap).

n=1

N-Bessel kernels as periods
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Related Examples: Watson formula

In Watson (13.46, formula (9))

o0 4 1 %K(\/alzw), ‘\/31228334 <1
/ Jo(anA)AdX = = L K( A )

o ,
0 i 31322324 a1ara3as

K (k) is complete elliptic integral of the first kind

4
16A% = H(al + a2 + a3 + as — 2ap).

n=1

LHS is a " pairing”
(Jo(aaN), Jo(a1\)Jo(az2r)Jo(asA))

N-Bessel kernels as periods
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Related Examples: Watson formula

In Watson (13.46, formula (9))

o0 4 1 %K(\/alzw), ‘\/31228334 <1
/ Jo(anA)AdX = = L K( A )

o ,
0 i 31322324 a1ara3as

K (k) is complete elliptic integral of the first kind

4
16A% = H(al + a2 + a3 + as — 2ap).

n=1

LHS is a " pairing”
(Jo(aaN), Jo(a1\)Jo(az2r)Jo(asA))

RHS is a product kernel for 3 Bessel functions. Corresponding elliptic curve is

2 B, 3 2
1+X+Y) al+?+7 —a; =0

N-Bessel kernels as periods
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: X,Y,al,a2,a3,a4=QQ["X,Y,al,a2,a3,a4"].gens()

W o= (1T+X+Y) R (XFY+al 2+Y+a272+X*a3"2) - XfY+ad"2;
sage.schemes.toric.weierstrass WeierstrassForm
sage.schemes.toric.weierstrass Discriminant

factor(Discriminant(W, [X,Y]))
(-1/16) * (-al — a2 + a3 - a4) * (-al — a2 + a3 + a4) * (-al + a2 + a3 -
a4) * (-al + a2 + a3 + a4) * (al — a2 + a3 — a4) * (al — a2 + a3 + a4) *
(al + a2 + a3 — a4) * (al + a2 + a3 + a4) * ad4”4 * a3™4 *x a2™4 * al™4

N-Bessel kernels as periods
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N = 3 Elliptic family

Family
xXXY(1+X)(14+Y)+y(1+X)(1+Y)—2zXY =0,

N-Bessel kernels as periods
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N = 3 Elliptic family

Family
xXXY(1+X)(14+Y)+y(1+X)(1+Y)—2zXY =0,

Deformation of Beauville family of type IV

X+Y)Y+2D)xZ+yX)+2zXYZ=0

N-Bessel kernels as periods
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N = 3 Elliptic family

Family
xXXY(1+X)(14+Y)+y(1+X)(1+Y)—2zXY =0,

Deformation of Beauville family of type IV
X+Y)Y+2D)xZ+yX)+2zXYZ=0

Kernel

12,9 2o
A (33 (x+y—z)3)

K3(X,y7Z) =

Gauss hypergeometry as expected

N-Bessel kernels as periods
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N = 4 K3 families

Famil
g xXXYZ(1+X)1+Y)1+Z2)+y(1+X)(1+Y)1+Z)—zXYZ=0.

10.00L0.00

[-2:—-1:1] [-2:1:1]

N-Bessel kernels as periods
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Singularities: Landau Discriminants,
Buchstaber-Rees

Singularities: Landau Discriminants, Buchstaber-Rees
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Appeared families have a very specific geometry of singularity loci

nants, Buchsta
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Appeared families have a very specific geometry of singularity loci

For standard multiplication formulas all singularities are of discriminantal type
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Product formulas singularities

The singularities of the family

N—1 N—1
Waix,y.z)=x [Ta+Y)+y [Ja+Y ) -z=0
j=1 j=1

is a projective curve in P2 which a union of triangle
xyz =0
and irreducible rational curve
AN(X,y,z):xN-l—yN—i-zN—i-...,
which is given by the property

An(u, N W) = T+ wv +nw),
w,1n

where in the product w and 7 run over the N-th roots of unity.

inants, Buchstaber-Rees

Volodya Roubtsov LAREMA UMR 6093 du CNRS, 1 Year Later



Product formulas singularities

The singularities of the family

N—1 N—1
Waix,y.z)=x [Ta+Y)+y [Ja+Y ) -z=0
j=1 j=1

is a projective curve in P2 which a union of triangle
xyz =0
and irreducible rational curve
AN(X,y,z):xN-l—yN—i-zN—i-...,
which is given by the property

An(u, N W) = T+ wv +nw),
w,1n

where in the product w and 7 run over the N-th roots of unity.

Remark: Ap(x,y,z) us a homogeneous polynomial with integer coefficients

inants, Buchstaber-Rees
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N = 2 singularity loci and unfolding

nants, Buchstab
Volodya Roubtsov Higher Bessel Functions: 1 Year Later 6 May 2024




Singular locus

Theorem The polynomials Ap(x, y,z) may be expressed via T-discriminants of the 2N — 2
degree polynomials given by

Pey,z(T) = xTV 11+ TV 4 y(1 4+ TV - TNz,
More precisely, the equality holds

(—DN(N — 12NV (xy)N 2 Ap(x, v, z) = discT(Px,y,2(T))

Landau Discriminants, Buchstaber-Rees
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Singular locus

Theorem The polynomials Ap(x, y,z) may be expressed via T-discriminants of the 2N — 2
degree polynomials given by

Pey,z(T) = xTV 11+ TV 4 y(1 4+ TV - TNz,
More precisely, the equality holds

(—DN(N — 12NV (xy)N 2 Ap(x, v, z) = discT(Px,y,2(T))

Theorem The projective curve Ay = 0 is a rational curve that has (N — 1)(N — 2)/2 double
points. All singularities belong to P2(R). Moreover, coordinates of the singularities belong to

Q(cos(2m/N)).

Landau Discriminants, Buchstaber-Rees
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1.0 1.0
0.5 0.5
- g
0.0 0.0 { Q
—0.51 —0.5 4
-1.0 4 —1.0 A D
1.5 T T T T T T —154 T T T T T T
-15 -1.0 -0.5 0.0 0.5 1.0 -1.5 -1.0 -0.5 0.0 0.5 1.0
e=0 e=1

nants, Buchstab:
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12
o] J
— 10
Py
s
_a]
6
6]
]
_g]
5]
“10]
||
—124 ' ' i i i i
-12 -10 -8 -6 -4 2 0 o 2 4 3 M 10 12
€ = 1000 e = —1000

nants, Buchstab:
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Multi-product singularities

The singular locus of

N—-1 m—1 , m—1N—-1 x
W,s,m)(xl,...xm,z):H 1+ZYJ() . X1+ZH% —x0 =0
j=1 =1 =1 j=1 Y

is given by
X0X1X2X3 « . . XmA(X0, X1, . . - Xm) = 0,

where A is symmetric polynomial given by

w/N:I

m
Al ul . ully = H u0+2w,-u,- , (1)
i=1

wi

where w; runs independently over the N-th roots of unity.

Landau Discriminants, Buchstab
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N-valued groups, Buchstaber-Rees polynomials

N-valued group is a map
p: X x X = Sym"(X)

u(x,y) =x*y =lz1,22,...,zn), 2z = (x*y)

Associative, has unity and inverse element

X x Sym™(X) 225 Sym"(X x X)

XxXxX Sym™ (X)

Sym™(X) x X ~225 Sym"(X x X)

inants, Buchstaber-Rees
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N-valued groups, Buchstaber-Rees polynomials

Coset construction: affine mfd with action of the discrete group => multivalued group

ties: Landau Discriminants, Buchstaber-Rees
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N-valued groups, Buchstaber-Rees polynomials

Coset construction: affine mfd with action of the discrete group => multivalued group

Buchstaber-Rees: Consider C with action of Gy (multiplication by N-root of unity)

Xxy = [(Xl/Ner’yl/N)n, 1§r§N]

inants, Buchstaber-Rees
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N-valued groups, Buchstaber-Rees polynomials

Coset construction: affine mfd with action of the discrete group => multivalued group

Buchstaber-Rees: Consider C with action of Gy (multiplication by N-root of unity)
Xxy = [(XI/Ner’yl/N)n, 1<r< N]
Corresponding divisor

An(x,y,2)=(z—21)(z—2)...(z—2zn), p(x,y)=[z1,2,...2]

coincides with singularities of Wy(x,y, z)

inants, Buchstaber-Rees
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N-valued groups, Buchstaber-Rees polynomials

N=2 x>+y?>+22—2xy —2yz — 2xz
N=3 (x—z+y)®+27xyz
N=4 x*— 4x3y —4x3z + 6x2y2 — 124X2yz +6x%22% — 4y3x
— 124xy?z — 124xyz> — 423x + y* — 4y3z 4+ 6y%2% — 4yz% + 7*
Yy 3z y Y Y y:

ties: Landau Discriminants, Buchstaber-Rees
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Integrality properties: computer experiments

Integrality properties: computer experiments
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Exotic expansions

d d d d
{?92’—1 - ?99’—1} K =0, {?ey—l - 79"’ 1] K =0,
Ix [z ly z

with initial conditions

1
KN(07 Y, Z) = -
zZ=y
Applying Frobenius method we get

o0
1
Kx,y,2) = ai(y.2)x,  aoly,z) = ——
j=0 z-y
1 d v 1d, vy 1
aj(y,z) = Tv,? laj-1(y, 2)] = Wj(e )J;

Integrality properties: computer experimel
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Kernel reads

1 +z 2+ 4yz + 22
Ka(x,y;2) ~ + (v )?’X-‘r(y 4 5 )x2
z-y (z-y) (z—vy)
+
(y3 +9y2z +9yz% + 23) 34 (y4 +16y3z + 36y222 + 16yz3 + 24) .
(z—y) (z—y)°

Operator which annihilates series

d
(x2+y2+z2—2xy—2xz—2yz)d—K—&—(X—z—y)K:O
X

Gives Sonine-Gegenbauer type kernel

Integrality properties: computer experimel
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N-numerology

Kernel is
xm N
KM(x,y|z) = E piy y’z)iy)mNJrl’ deg PV = m(N —1).

Statement: P;(x,y) are monic palindromic

Py = S O T =T T =T <
k+n=i(N—1)

Coefficients are

k (N
Ny -(m) _1d Nm+1 m+NT G
( )Tk,m(Nfl)—k T K dtk -t Z( j ) =

k (N
= k-th coefficient of (1 — t)Vm+! Z (m +J)
‘ J

Some of these numbers are known
A181544 for N =3
A262014 for N =4

Integrality properties: computer experimel

37
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+ z

+ 4yz + 22

+ 9y%z + 9yz? + 73

+ 16y3z + 36y%z%2 4 16yz% + z*

+ 25y*z 4 100y3z% 4 100y2z3 4 25yz* + 2°

+ 36y°z + 225y*z% 4 400y3z% 4 225y27* + 36yz° + Z°

+ dyz + 22

+ 20y3z + 48y22% + 20yz3 + Z*

+ 54y5z + 405y%22 + 760y323 + 405y2z* 4 54yz> 4 26

+ 112y7z + 1828y°%2% 4 8464y°z3 4 13840y%z* + 8464y32° 4+
1828y22% 4 112yz7 4 28

y10 4 200y9z + 5925y822 + 52800y7z3 + 182700y5z* + 273504y°2° +
182700y42% + 52800y3z7 + 5925y2z% + 200yz° + 210

o AN OO W N

‘<°°‘<‘<‘<‘<‘<‘<‘<‘<‘<

Integrality properties: computer experiments
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Realness and positivity

m| N=2 N=3 N=4
2 | (1,2 (1,2) (1, 8)

3 | (1,6) (1, 16, 10) (1, 66, 324, 104)

4 | (1,12, 6) (1, 48, 198, 56) (1, 234, 5076, 19304, 11136)
5 | (1,20, 30) (1, 104, 1176, 2144, 346)

6 | (1,30, 90,20) | (1,190, 4360, 21200, 21650, 2252)

Integrality properties: computer experiments
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Links and perspectives
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Hecke operators and Kontsevich polynomial

Kontsevich (2007-2009): To make explicite Langlands correspondence for SL,— local systems L
on ]P’]IFP \ four points with unipotent local monodromies, which correspond to a special Heun
equation

L:=0f0+t+ X f=t4at>’+bt+c

- a cubic polynomial (See also Teruji Thomas, 2006 (MSci at U Chicago with V. Drinfeld and
Niels uit de Bos, 2019 (PhD U Essen with J. Heinloth.)
Define
P(x,y,z) = disc:(f(t) — (t — x)(t — y)(t — 2))
Let Fp— a finite field with a prime characteristic p # 2. x € P1(Fp), Hx € Mat(p41)x (p+1) (Fp)
such that
(Hx)yz := 2 + #{w|w? = P(x,y, z) + correction term}

A miracle: [Hx, Hy] = 0! Operators Hy, x € P*(F,) generate a Hecke algebra H.

H v Fan(PH(Fp)) : (Hx(V)y = Y (Hx)yz(ve), x, v,z € PY(Fp), (V) = (vx) € Fun(P*(Fp)).

Drinfeld: when PGL>(F,(t))— automorphic representations correspond to normalized common
Hecke eigenvectors:

HX(\7) = WV, VxVy = Z(Hx)yZ(VZ)

z
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Hecke operators and Kontsevich polynomial

2-Bessel kernel singularities is a degeneration of the Kontsevich polynomial
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Hecke operators and Kontsevich polynomial

2-Bessel kernel singularities is a degeneration of the Kontsevich polynomial

Kernel may be considered as an analog of the Hecke operator in the analytic context
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Hecke operators and Kontsevich polynomial

2-Bessel kernel singularities is a degeneration of the Kontsevich polynomial
Kernel may be considered as an analog of the Hecke operator in the analytic context

Higher Bessel Kernels should correpond to the degeneration of the higher rank local systems
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Non-Abelian Abel’s theorem

Non-Abelian Abel’s theorem by V. Golyshev, V.R., A. Mellit and D. van Straten:

Volodya Roubtsov. LAREMA UMR 6093 du CNRS, Higher Bessel Funct Year Later



Non-Abelian Abel’s theorem

Non-Abelian Abel’s theorem by V. Golyshev, V.R., A. Mellit and D. van Straten:

Kernels are lifts of the Abel's law on a base curve
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Non-Abelian Abel’s theorem

Non-Abelian Abel’s theorem by V. Golyshev, V.R., A. Mellit and D. van Straten:
Kernels are lifts of the Abel’s law on a base curve

Example: Kontsevich polynomial - elliptic curve Abelians law
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Non-Abelian Abel’s theorem

Non-Abelian Abel’s theorem by V. Golyshev, V.R., A. Mellit and D. van Straten:
Kernels are lifts of the Abel’s law on a base curve

Example: Kontsevich polynomial - elliptic curve Abelians law

N-Bessel kernels lift Buchstaber-Rees law
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Non-Abelian Abel’s theorem

Non-Abelian Abel’s theorem by V. Golyshev, V.R., A. Mellit and D. van Straten:
Kernels are lifts of the Abel’s law on a base curve

Example: Kontsevich polynomial - elliptic curve Abelians law

N-Bessel kernels lift Buchstaber-Rees law

Lift from the corresponding spectral curve

0 1 0 0 o0
0 0 1 0 o0

d d
d=xg=A=x= 10 o o 1 0

o
o
o
o
=

T, A) = (—1)Vdet(A/x —A)=AN —1/x=0
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Bessel moments

Bessel moments

[e3<]

(Pi)y = / lo(2) Ko(2)*~'z% 7 dz, 1<i,j<|[(k—1)/2]
0
Bernoulli matrix
(By): = (—1)k (k= i)!(k—=j)!  Bk—i—jt1
ij

K (k—i—j+1)!
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Bessel moments

Bessel moments
(Pr)j = / lo(z) Ko(z) 2% Ydz, 1<i,j<|(k—1)/2]
0

Bernoulli matrix . )
i (k= D)MWk —J)!  Br—i—jm1

(B = (=1) k! (k—i—j+1)!

Quadratic relation
Pr - Dy - P = (—2mi)* By

Conjectured by Broadhurst and Roberts. Proved and extended by Fresdn, Sabbah and Yu
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Bessel moments

Bessel moments
(Pr)j = / lo(z) Ko(z) 2% Ydz, 1<i,j<|(k—1)/2]
0

Bernoulli matrix . )
i (k= D)MWk —J)!  Br—i—jm1
k! (k—i—j+1)

(Bi)j = (=1)

Quadratic relation
Pr - Dy - P = (—2mi)* By
Conjectured by Broadhurst and Roberts. Proved and extended by Fresdn, Sabbah and Yu

Known as Kloosterman motive, framework: Irregular Hodge theory
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Bessel moments

Bessel moments

[e3<]

(Pi)y = / lo(2) Ko(2)*~'z% 7 dz, 1<i,j<|[(k—1)/2]
0
Bernoulli matrix
(By): = (—1)k (k= i)!(k—=j)!  Bk—i—jt1
ij

k! (k—i—j+1)!
Quadratic relation
Pr - Dy - P = (=270 By
Conjectured by Broadhurst and Roberts. Proved and extended by Fresdn, Sabbah and Yu
Known as Kloosterman motive, framework: Irregular Hodge theory

=> Oscillatory integrals for Dwork superpotentials and corresponding Thom-Sebastiani sums
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Bessel moments

P. Vanhove formula

0 1 1 / dX, I+1 1+1
Io(2)Ko(2)"* zdz = = — IT7=25 w= {1+ x| [1+) x71
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Bessel moments

P. Vanhove formula
0 / I+1 1+1
1 1 dX
/lo(z)Ko(z)H'lzdz: = / 71_1—,(, W= 1+ZX,- 1+in_1
0 2 x50 1= W(X) o X« i=1 i=1

Same potential as for 2-Bessel multi-product restricted to diagonal, BUT different
integration path
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Bessel moments

P. Vanhove formula
[e @)

1 ! X 1+1 1+1
I+1 _ . 1
/IO(Z)KO(Z) zdz = o / 1= W(X |_| X (1 + ;_1 X:) (1 + ;_1 X; )
Xi=0 - - -

0

Same potential as for 2-Bessel multi-product restricted to diagonal, BUT different
integration path

Studied as one parametric families

Xm
Xo + X Xm) o+ = ) =1/t
(Xo+Xe+...+ m)( +X1+ +Xm) /

Appeared in banana graph Feynman integrals (Bloch, Kerr and Vanhove; Klemm, Diihr).
Calabi-Yau case m = 5 (Hulek and Verrill; Candelas c.s.)
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Bessel moments

P. Vanhove formula

oo 1 I ax, I+1 I+1
I+1 _ . 1
/lo(Z)Ko(Z) zdr= o / . W(X UT <1+;x,> <1+;x,. )
X0 = - =

0

Same potential as for 2-Bessel multi-product restricted to diagonal, BUT different
integration path

Studied as one parametric families

Xm
Xo + X Xm) o+ = ) =1/t
(Xo+Xe+...+ m)( +X1+ +Xm) /

Appeared in banana graph Feynman integrals (Bloch, Kerr and Vanhove; Klemm, Diihr).
Calabi-Yau case m = 5 (Hulek and Verrill; Candelas c.s.)

Wy give a universal differential forms which connects oscillatory integrals in LHS and
periods in RHS

Works not only for diagonal
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Bessel moments

P. Vanhove formula
[e @)

1 ! X 1+1 1+1
I+1 _ . 1
/IO(Z)KO(Z) zdz = o / 1= W(X |_| X (1 + ;_1 X:) <1 + ;_1 X; )
Xi=0 - - -

0
Same potential as for 2-Bessel multi-product restricted to diagonal, BUT different
integration path

Studied as one parametric families

Xm
Xo + X Xm) o+ = ) =1/t
(Xo+Xe+...+ m)( +X1+ +Xm) /

Appeared in banana graph Feynman integrals (Bloch, Kerr and Vanhove; Klemm, Diihr).
Calabi-Yau case m = 5 (Hulek and Verrill; Candelas c.s.)

Wy give a universal differential forms which connects oscillatory integrals in LHS and
periods in RHS

Works not only for diagonal

Reminds us Givental's MS which connects

Oscillatory Integrals <+  Periods
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Bessel moments

P. Vanhove formula
[e @)

1 ! X 1+1 1+1
I+1 _ . 1
/IO(Z)KO(Z) zdz = o / 1= W(X |_| X (1 + ;_1 X:) <1 + ;_1 X; )
Xi=0 - - -

0
Same potential as for 2-Bessel multi-product restricted to diagonal, BUT different
integration path
Studied as one parametric families

Xm
Xo + X Xm) o+ = ) =1/t
(Xo+Xe+...+ m)( +X1+ +Xm) /

Appeared in banana graph Feynman integrals (Bloch, Kerr and Vanhove; Klemm, Diihr).
Calabi-Yau case m = 5 (Hulek and Verrill; Candelas c.s.)

Wy give a universal differential forms which connects oscillatory integrals in LHS and
periods in RHS

Works not only for diagonal

Reminds us Givental’s MS which connects
Oscillatory Integrals <+  Periods

Should work also for N > 2, but need to find a corresponding pairing
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Kloosterman motive Moments B,

FSY ? FSY ?
o/ DN—-1 Kernel WN K(.%',y,Z)
QH*(P ) LG-models Quantum DE Picard-Fuchs

MS Laplace

Dwork family Picard-Fuchs
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Thank you for your time
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